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Ine the present edition I have neither altered 
the arrangement, nor added to the matter of 
this work ; having done all that I thought 
necessary in those respects in the former 
edition.—The different Societies which were 
formed in London about forty years ago, 
and whose defective plans are so justly ex- 
posed and condemned in the first Volume, 
have, with very few exceptions, sunk into 
insignificanee or ruin;,and the account of 
them is no further interesting than as it cone 
stitutes an original part of this work, and 
may perhaps serve to prevent the formation 
of similar Societies in future—The great 
success and flourishing state of the Equitable 
Society have led to the establishment of 
numerous other offices for making assurances 
on lives and survivorships ;—in all of which 
the tables of that Society have been adopted 

with 
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with little or no variation :—But in most of 
those offices the profits, instead of being 
equally divided, as.in the Equitable Society, 
. among the assured, are to be distributed 
exclusively among the assurers, in propor- 
tion to the sums which they have subscribed 
towards forming the capital of the company. 
I am sorry, however, to observe, that I 
know of no society or company of this kind 
whose plan is altogether unexceptionable.— 
‘The original constitution of the Equitable — 
Society was formed on principles which 
must long ago have produced its ruin, had 
it not been timely checked and improved by 
the prudent forbearance.and discretion of 
succeeding members. By, the measures taken. 
to guard against the improvident distribution 
of its stock, and, as far as circumstances will 
admit, to make every person to participate 
in preportion to his interest in such part of 
the surplus as may be safely alienated from 
its capital, this Society cannot well be made 
more secure, or rendered a greater benefit to 
the public—But it should be remembered 
(and it behoves the new Assurance Com- 
panies to bear it particularly in mind) that 
the premiums of this Society were originally 
twice as high as they are at this time—that 
they had existed 20 years before those pre- 
miums 
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miums were in the least reduced, and above 
30 years before they were reduced to their 
present amount—that the greater part of 
their assurances at first were for short terms 
(which for many reasons are by far the most 
profitable) —that their expenditure was very 
inconsiderable—and that they had accumu- 
lated, in proportion to the sums assured, a 
large surplus before they ventured upon the 
slightest diminution of it. In the com- 
mencement of a Society the probabilities of 
life, when compared with those in the tables 
of observations, will always be found much 
higher than in the more advanced state of it; 
for at this early period the lives having been 
just selected on account of their healthiness, . 
while in the tables those of every description 
are included, it will happen of course that 
fewer die at first than the tables suppose. 
But this difference in favour of the Society 
must not be expected to continue always in. 
the same degree, but rather to be perpetually 
lessening \as the lives become older, and in 
consequence enjoy more nearly the same 
state ef health as mankind in general at their 
respective ages.—This has been particularly 
the casein the Equitable Society, where it is. 
found from long experience, that the proba- . 
bilities approach nearer to those in the table, 
as 
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as the lives become more advanced, till in 
old age they are reduced almost to an equa- 
lity —Should any Society, therefore, in the - 
first years of its existence, presuming on the 
higher probabilities of life among its mem- 
bers, be led to reduce its premiums or in an 
undue degree to divide its profits ; exclusive . 
of the folly of adopting any such measures in 
this early period, it will, by raising false 
hopes and alienating that part of its capital 
which ought to have been suffered to accu« 
mulate for many years, be laying the foun- 

dation of future disappointment and ruin. 
The motives which lead to the establish- 
ment of these companies arising generally 
from private interest rather than from any 
desire of benefiting the public, the hope of 
increasing the present value of their property 
will always be in danger of inciting them to 
a premature division of their capital; especially 
when encouraged by this fallacious appear- 
ance of success during the earlier part of 
their existence—When Dr. Price first wrote 
on the subject of Life-assurances, it was in | 
general so little understood, that the appli- 
cation of the Equitable Society about that 
time for a Charter, was rejected by our Law- 
officers, on the ground that their premiums 
were insufficient, although they were nearly | 
twice 
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twice as high as they are at present.—It is 
to this work, and to the great success of the 
Equitable Society, in consequence of the ad- 
vice and assistance of the Author at its com- 
mencement, that the public are indebted for 
their information, and (provided the differ- 
ent- companies lately established should be 
conducted with skill and discretion) for the 
important benefits arising from the more 
extended practice of Life-assurance. _ 
Although this work, when first publched) 
was not intended to be a complete treatise 
on the Doctrine of Annuities and Reversions, 
it contains, however, amidst a vast variety of 
- other important matter, the solutions of most 
of the cases in which one or two lives are: 
concerned; which are rendered the more 
valuable from their application to the differ- 
ent Societies which had then been established 
for the benefit of Age and Widows.—The 
many tables also which it contains of the 
probabilities of human life, deduced from 
real observations, form an invaluable addi- 
tion to this work; for by their assistance ac- 
curate solutions are now given instead of 
those approximations founded on an errone- 
ous hypothesis, which in many cases were so 
incorrect as to be altogether unfit for use— 
To Dr. Halley, Mr. De Moivre, and Mr. 
2 Thomas 
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Thomas Simpson, and particularly to the 
latter, we owe the first rudiments and im- 

provements of this science. But. for the 

more accurate knowledge of it we are in- 
debted to Dr. Price; and though he has not 

-extended his investigations to the more com- 
plicated cases of three lives, he has laid a 

sure foundation for them by those tables 

_ which he has constructed, and which in the 

earlier and later stages of life had been ill- 
supplied by the hypothesis of Mr. De 

Moivre. I have long intended to avail my-- 
self of those tables, and to complete what 

Dr. Price unfortunately has left undone ; nor 

have I yet given up my intention, but hope, | 
should my life be prolonged and my health’ 
permit, to accomplish an object, which ap- 

pears to me to be not only interesting, but 

to this country useful and important in the 

highest degree.* 

The enumerations, which, within the last 

12 years, have been twice undertaken of the — 
inhabitants of Great Britain, eich to have 


* [have already given correct solutions of most, if not 
all of the cases in which two and three lives are involved in 
the computation; which have been published in the Philo- 
sophical ‘Transactions, and also inserted in this Work, 
But they are given in an Algebraical form, and by no 
means fitted for an elementary, or popular treatise on the 
subject. 

G rails 
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made their number much greater than Dr. 
Price had supposed.. ‘They prove, however, 
in the most decisive manner what he has 
laboured to maintain, from so many docu 
ments, in opposition to most of his op- 
ponents, that the proportion of inhabitants 
to the number of houses is less than six to 
one; and, (had the surveyors of windows 
made correct returns of those houses which 
were exempted on account of poverty,) that. 
he had even over-rated the population of the 
kingdom.—Had he lived, however, to have 
witnessed the results of those enumerations, 
he would certainly, as a true friend to his 
country, have felt pleasure in finding the 
number of its inhabitants so greatly to have 
exceeded his computations; but it must have 
been a pleasure mingled with pain and sor- 
row, when he discovered the source of his — 
error, and found that it consisted only in 
relying too much on the inaccurate returns 
of the surveyors, and, in consequence, esti- 

mating the paupers of the kingdom at less - 

than haif their real number. | 
On the subject of the National Debt, 
which so much engaged the attention and 
alarmed the fears of the Author, I have not 
thought it necessary to make any additional 
observations. While the present expendi- 
‘ ture 
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ture continues, and the debt is every year in- 
creasing so tremendously, it can be of little 
use to ascertain its amount at this particular 
period, or to oppose any arguments to the 
folly and extravagance with which it is ac~ 
cumulating. When it amounted ta 240 
millions, Dr. Price considered the state of 
the nation as hopeless. It now exceeds 
three times that sum, without the prospect 
of its being stayed in its progress, and has 
certainly so far proved his fears to have been 
premature, or rather his ideas of fictitious 
credit to have been much too limited. 

In proposing and recommending the esta- 
blishment of a Sinking Fund, Dr. Price con- 
ceived it to be as impossible that it should 
become the instrument of increasing the 
debt, as that a stoppage of payment at the 
Bank should have produced that effect —Had 
he, however, survived a few years, he would 
have had melancholy proofs of the erroneous- 
ness of his opinion.—He would have beheld 
the nation involved still deeper in debt, not 
only by means of the fund which was formed 
for its extinction, but by the very catas- 
trophe which he had so often deprecated as 
the death and destruction of all public credit. 
—The resources of the country have indeed 
proved to be far greater than Dr. Price, or 

Pai. even 
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even his most zealous opposers had ima- 
gined, and consequently have protracted that 
ruin which he anticipated. But they are not 
inexhaustible ; and if the same profusion and 
disregard to all economy in their manage- 
ment and expenditure be continued, the 
evils which he predicted must ensue; with 
this only difference, that the ruin, by being 
longer delayed, will become more dreadful, 
and add millions to the number of those 
who are involved in distress and misery. 


| W. MORGAN, 
London, Sept. 25, 1812. 
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BEFORE the Reader enters upon this Work, it will not 
be improper to give him the following information con- 
cerning it. 7 an 

A few years ago, many gentlemen, of the first eminence 
in the law, formed themselves into a Society, for providing 
annuities for the widows of all such persons in judicial 
offices, barristers, civilians, and solicitors, as should chuse 
to become members. A plan was agreed upon and 
printed; but, some doubts happening to arise with re- 
spect to it, the directors resolved to ask the opinion and 
advice of three gentlemen, well known for their skill in 
calculation. This occasioned a further reference to me 3 
and the issue was, that the plan being found to be in- 
sufficient, the whole design was laid aside. 

About the same time, several other societies were formed 


with the same views ; but all on plans alike improper and 


insufficient. Finding, therefore, that the public wanted 
information on this subject, I was led to undertake this 
work; imagining, that it might be soon finished, and that 
all I could say might be brought into a very narrow com- 
pass. But in this Ihave been much mistaken. A design, 
which I at first thought would give little trouble, has car- 
ried me far into a very wide field of inquiry: and en- 
gaged me in many calculations that have taken up much 
time and labour. I shall, however, be sufficiently rewarded 
for my labour, should it prove the means of preventing 

any 
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any part of that distress, which is likely to be hereafter pro- 
duced by the societies now subsisting for the benefit of 
widows. I have proved the inadequateness of their 
plans, by undeniable facts and mathematical demonstra- 
tion.—I have, further, given an aceount. of some of the 
best plans, which are consistent with a sufficient proba- 
bility of permanency and. success. Should, therefore, 
any of these societies determine to reform themselves; or 
should any institutions of the same kind be hereafter 
established, they will here find direction and assistance. 

In Question VI. Chap. I. a general method is described 
of finding the values, in single and annual payments, of 
all life-annuities which are to begin after a given term of 
years; and, in the 4th Section of the 2d Chapter, the 
plans of the societies for granting such annuities are parti- 
cularly considered, and proved to be extremely deficient. 
———Indeed, the general disposition which has lately shewn 
itself to encourage these societies, isa matter of the most 
serious concern ; and ought, I think, to be taken under 
the notice of the Legislature. The leading persons among 
the present members will be the first annuitants ; and they 
are sure of being gainers: And the more insufficient the 
scheme is, on which a society is formed, the greater will 
be the gains of the first annuitants. The same principle, 
therefore, that has produced and kept up other lubbiles, 
has a tendency to preserve and promote these; and, for 
this reason, it is to be feared, that, in the present case, no 
arguments will be attended with any effect. The con- 
sideration, that “ the gain made by some in these societies, 
* will be so much plunder taken from others,” ought im- 
mediately to engage all to withdraw from them, who have 
any regard to justice and humanity ; but experience proves, © 
that this argument, when opposed to private interest, is 
apt to be too feeble in its influence. 

It cannot be said with precision, how long these societies 
may continue their payments to annuitants, after beginning 
them. A continued increase, and a great. proportion of 

young 
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young members, may support them for a longer time than 
I can foresee. But the longer they are supported by such 
means, the more mischief they must occasion.—So, a 
tradesman, who sells cheaper than he buys, may be kept 
up many years by increasing business and credit; but he 
will be all the while accumulating distress ; and the longer 
he goes on, the more extensive ruin he will produce 
at last. | 

In the latter end of the first Chapter, I have stated very 
particularly, the method of computing the values of 
assurances on lives and survivorships, in all cases where no 
more than two lives are concerned: And, in the third 
Chapter, I have pointed out a considerable error, into 
which there is a danger of falling in computing some of 
these values. The societies and offices for transacting 
business in this way, are very useful; and it is necessary 
that they should go upon the best principles, and possess 
all the information that can be given them. 

But there is no part of this work in which the public is 
so much concerned, as the sixth Chapter. It will be there 
proved, that had the sums raised for public services since 
the Revo.urTion, been much greater than they have been, 
the increase of the public debts to their present state might 
have been prevented in the easiest manner, and at a 
trifling expence. A method, likewise, of reducing within 
due bounds these debts, heavy as they now are, will be 
proposed.—All competent judges will, I believe, see, that 
this method being founded on the most perfect improve- 
ment that can be made of money, is the most expeditious 
and effectual that the natures of things admit of. Nor, in 
my opinion, if the nation is not yet too near the dimat of its 
resources, can there be any good reason against carrying It 
into execution.——It is well known, to what prodigious 
sums, money, improved for some time at compound in- 
terest, will increase.* A state, if there is no misapplica- 


a A penny, so improved from our Saviour’s birth, as to double itself 
VOL, i. b 


XVIII : PREFACE TO THE 

tion of money, must necessarily make this improvement 
of any savings, which can be applied to the payment of its 
debts. It need never, therefore, be under any difficulties; 


for, with the smallest savings, it may, im as little time as 
its interest can require, pay off the dargest debts.. 


In the first Essay I have made many observations on the 
expectations of lives, the pernicious influence of great towns 
on health, and manners, and population; the increase of 
mankind ; and other subjects in the doctrine of Annuities 
and Political Arithmetic. In the second Essay I have. 
stated carefully the proper method of forming Tables of 
the probabilities of human life, from given observations : 
And, at the close of this work, besides several new. Tables, 
I have thought it necessary to give Mr. Simpson’s Tables of 
the values and expectations of Lonpon lives.——-I have 


évery 14 years, or which is nearly the same, put out to 9 per cent. 
compound interest at our Saviour’s birth, would, by this time, (that is, 
in 1773 years) have increased to more money than would be con- 


tained in 150 millions of globes, Even equal to the earth in magnitude, 
and all solid gold. * 


* This computation is made on the supposition that a cubic inch of 
gold is worth about 35/.—But since a cubic inch of water is known to 
weigh 254 grains nearly, and the specifick gravities of standard gold 
and water are to each other as 18,888 to one, it will follow thata cubic | 
inch of gold, according to the Mint price of 31. 17s, 103d, per oz. will 
amount to 38/, 10s. 14d. and consequently that a penny improved at 
compound interest so as to double itse!f once in 14 years, from the time 
of our Saviour’s birth to the year 1773, would have accumulated only 
to 107 millions of such globes as are meutioned by Dr. Price,—buj this 
is abundantly sufficient to prove the strength of his argument.—In the 
year 1792, it. would haye accumulated on the above supposition to 914 
millfons of those globes. 

if instead of supposing money to double itself every 14 years it be 
improved at 5 per cenf. compound interest, the accumulation in 1791 
years will amount only to 144 millions, and in 1773 years to no more 
than 60 millions of globes, The difference therefore between the sup-. . 
position of movey’s doubling itself every 14 years and of its being im- 
proved at 5 per cent, compound interest, is far from being jnconsidera- 
ble, especially in a long term of years. M. 


_ also, 
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also, in the notes at the end of the first Volume, given the 
Demonstrations of the Answers to the Questions in Chap. t, 
These. Demonstrations | have chosen to keep out of sight 
in the body of the work, in order to avoid discouraging 
such readers as may be unacquainted with mathematics. 


Upon the bid. A great part of the work now offered 
to the Public is, I believe, new; and | am in hopes also, 
that it will be found to contain some improvements in those 
branches of philosophical enquiry, which are the sub- 
jects of it, 
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THAT favourable reception of this Work, which has 
occasioned the present Edition of it, so soon after two 
former editions, is such a proof that it has been of some 
use to the public, as amply rewards me for the attention 
and labour which I have bestowed upon it. In revising it 
on the present occasion, I have been anxious about im- 
proving it as far as possible. Several additional facts and 
observations have been inserted in different places, parti- 
cularly in the First Essay and the Postscript to it.—That 
part of the Second Section, Chap. II. which treats of the 
Scotch establishment, has been new composed, and care~ 
fully aecommodated to the more accurate information con- 
cerning it, with which I have been favoured. 

The SupPLEMENT is an addition which was made to the 
second edition.—The observations in it on the present state 
of our population have been a good deal enlarged.—This is 
a very serious and important subject. If, indeed, there has 
been that diminution of our people which the evidence I 
have produced seems to shew, it must alarm every one who 
wishes well to his country, and it ought to engage the im- 
mediate and vigorous attention of government.—— Many 
differ from me in this point; and I wish I could find suf- 
. ficient reason to believe as they do. Several great manu- 
facturing towns have, I know, increased ; but these are 
nothing to the whole kingdom; and even by their in- 
crease, our population may, on the whole, have lost more 

3 than 


XRil PREFACE TO THE 


than it has gained.—In truth; it would have been strange 
if our numbers had not been declining; for I can scarcely 
think of any great cause of depopulation, which has not 
for the last 80 years been operating among us. 

The prodigious traffic now carried on in Life-annuities, 
and the rage for forming and, encouraging Annuity Schemes, 
which has for some time been spreading through the king- 
dom, has rendered the information which I have meant to 
convey in the following work particularly necessary. And 
I have had the pleasure to observe that it has been attended 
to. Several of the Annuity, Societies.in, Lonpon have 
been dissolved; and there is reason to hope, that those. 
which still remain will not be able much longer to support 
themselves on their present plans, in opposition to the 
evidence of demonstration, and, the calls of justice and 
humanity. ‘These Bubbles, however, are of little con- 
Sequence, compared with that GRAND NATIONAL EVIL, 
which is the subject of the sixth chapter of this treatise. 
This is. an evil on which [I could, not imagine, that any such 
efforts, as mine’ would rake any great impression, Perhaps, 
indeed, the united efforts of all the independent part of the 
kingdom would now be too weak to save us from the dis- 
tress with which it threatens us, | 


Much has been said for some time of a plan mentioned 
in PARLIAMENT, at the end of the last session, for paying 
off the Narionat Desr. This raised some expectations ; 
and I will beg leave here te give a brief account of it. 

After providing for all the current services, there re- 
mains this year (1773) a saving or overplus of 1,200,000. 
With this sum, and a profit of £150,000 from a Lottery 
consisting of 40,000 tickets,.a MILLION AND A BALF of 
the.3 per cent. annuities, purchased at 90, will be paid 
off.—When this was proposed to the House of Commons, 
it was at the same time announced, that it would be the 
COMMENCEMENT OF A PLAN FOR PAYING OFF THE NA- 

SIONAL DEBT; for, if no extraordinary services should 
call 
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eall for any other application ‘of the public surplusses, the 
same payment, increased by the interest of former payments, 
is intended to be made every year while the peace lasts :" 
And thus, reckoning compound interest at 3 per cent. 
SEVENTEEN MILLIONS will bel ‘paid off oC. a peace of: 
ten pas | 


On this sin I wil take’ the ee with all the defer-» 
ence which becomes me'to the station and abilities of the 
oy of it, to offer the following remarks. — at 

It implies, that there is to be a Lottery every year 
pony the whole continuance of ‘peace.—Formerly, lot- 
teries were expedients for procuring money on more ad- 
vantageous terms, to which government had recourse, 
when pressed by the necessities of war. They are now, it. 
seems, to be established as permanent resources never to be 
given up or suspended.—This must shock every person who 
is duly acquainted with the mischief occasioned by lot- 
teries, particularly among the lower classes of people. 
The rage for gaming threatens the ruin of all that is 
virtuous and manly among us. It is increasing, fast, and 
wants not to be fostered by government. 

Qdly. The surplus of the present year is in part the effect 
of some extraordinary savings in the last year, (1772) 
which cannot be expected another year: And, I believe, 
that those who are best acquainted with this subject, must 
be sensible that there is no sufficient reason to -expect, 
while the augmentation of the navy is continued, a con- 
stant surplus of so much as a MILLION per ann. 1 mean 
this on the supposition, that the produce of the Sinking 
Fund will continue what it is taken for this year, and what 
‘it has been the last three years, or 2,600,000. But this 
is certainly more than can be depended on. The difficulties 
of the East India Company; that stagnation of credit 
which has lately distressed the public; and many other 
causes, may poss sibly occasion Deficiencies. Should there, 
however, be an increase,-it will be owing, I am afraid, to 

: a very 
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a very bad cause: I mean, to an increase of our importa- 
tions proceeding from luxury, and turning the balance of — 
trade against us; and, consequently, draining the king- 
dom of its specte, and leaving it more and more to the 
precarious and dangerous support of paper money. But, 
3dly, Let the surplus of the public revenue prove what 
it will, there is too much probability that, even during the 
continuance of peace, some emergencies or other will be 
often furnishing reasons or pretences for employing it in. 
other ways than the payment of the public debts. This has 
been the case hitherto; and from the year 1730 to the 
present time, it has never happened, that we have gone on 
above three or four years together employing sarplusses in 
discharging debts. Though in profound peace, there have 
been calls for a different application of them; ner can IL 
imagine what reason there is for believing that our circum- 
stances are so much changed for the better, that there 
will arise no such calls for ten years to come, should the 
peace last so long. But, (|. 
4thly, The most capital defect in this plan is, that its 
operation is to cease as soon as a war begins. That 
is; it is to cease at the very time when it would operate to 
most advantage, and make the quickest progress in re- 
deeming the public debts. This has been demonstrated in 
the chapter on public credit in this Treatise, and in my 
Appeal to the Public on the Subject of the National Delt. 
Is it then any wonder, that such a plan has had ne 
effect on public credit ?—Does it mean any more than that 
the surplusses of the revenue shall be applied to the dis- 
charge of our debts, when there are no other uses for 
them ?—And was there ever a time when this was not 
done? Is not this the very plan we have been pursuing 
_ these forty years, and to which we owe our present in- 
cumbrances? Certain it is, that‘ nothing but a plan that 
shall go on operating uniformly in war as well as in peace, 
or the establishment of a permanent fund that shall never 
be diverted; that is, in other words, a return to the 
3 scheme: 


THIRD EDITION, | XXV 


scheme adopted by the legislature in 17163; and which 
even now stands established by law, but which, through 
the unpardonable misconduct of men in power, has been 
defeated of its good effects: Nothing, I say, but this can 
do us any essential service; or, in our present circum- 
stances, be much more than trifling with the difficulties 
and dangers of the public.—Establish such a fund—Con- 
sign it to a particular commission, acting under penalties, 
in sucha manner as shall take it out of the hands of the 
Treasury, and form a check even on the House of Com- 
mons itself.—Supply from time to time all deficiencies just 
as if no such fund existed ; and, by these and other mea- 
sures, convince the kingdom that something effectual is 
meant, and that the public debts are indeed in the way to 
be extinguished.— Ler THIS BE DONE; and we may soon 
see a new state of things; public credit may revive; and 
the kingdom enjoy at least a chance for being preserved.—~ 
By the confidence which such a measure would give in 
government security; but more especially, by the in- 
creasing sums which would be thrown annually into the 
public markets, and returned to the public creditors, the 
3 per cents. would soon be raised to par, and in some time 
probably far above par. It is well known, what an effect 
borrowing every year has in sinking funds. Paying every 
year would certainly have an equal contrary effect. Ina 
time of war, particularly, it would give such a demon- 
stration to the public, that an zrrevocable plan of redemp- 
tion was at last established, as could not but produce the 
happiest effects. It would indeed in these circumstances 
be necessary to borrow an extraordinary sum annually 
equal to the appropriation. That is; supposing the fund 
to set out with a million per ann. it would be necessary to. 
borrow so much more annually than would have been 
wanted had the fund been capable of being diverted. But 
this being done to convey a conviction with which the very 
power of borrowing was connected ; and to preserve a_ fund 
on which the very being of the state depended ; no bad 

consequences | 
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consequences. conld follow. The annual charge on the 
public, occasioned by the war, would be even ess than it” 
must have otherwise been. For, let us suppose ten mié- 
lions necessary to be borrowed every year to defray the ex-_ 
pences of war, nine millions only of which would have been 
wanted, had not the million surplus been locked up.— 
Suppose farther, that the scheme, by keeping up public 
credit, and throwing money. every year into the hands of 
lenders, enables government to borrow at £1 per cent. less 
interest than would be otherwise required; that is, at 4 
instead of 5 per cent.—In these circumstances, there would 
arise a present saving to the kingdom of £50,000 per anmn. ; 
for the interest of ten millions at 4 per cent. is £50,000 
less than ihe interest of nine millions at 5 per cent. And. 
such a saving, repeated every vear of a war, would be an’ 
object of some importance to the kingdom.—Indeed, there 
may be no possibility of conceiving what important effects 
in this way, the establishment of such a scheme might pro- 
duce. During its progress in discharging our debts, and 
before it could give any relief by the annihilation of taxes, 
it might save the kingdom, by preserving it from difficul- 
ties which would have sunk it. And every one must be 
sensible of this, who has considered what danger there 
is that a war, shoald it become unavoidable before our 
debts are put into any certain course of redemption, will 
either entirely overwhelm publi¢ credit, or so much weaken’ 
it, as to produce an impossibility of borrowing except on 
very exorbitant interest, and, consequently, of finding 
taxes sufficiently productive to pay such interest. The 
general apprehension now is, that the nation is overloaded; 
and that its debts will never be paid. This keeps the fantie 
near 18 per cent. lower than they were in the last peace, 
In the next war such apprehensions will increase, and pro- 
duce great danger. But should it be then seen, that a 
plan for redeeming our debts, the most efficacious possible, 
was going on; and, in consequence of being guarded in 
some such manner as I have hinted, would not (or could 
bot 
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not easily) be revoked ; in these circumstances, all danger 
would be so far lessened, that it might be practicable to 
find new taxes which would support the expences, of war 
during the operations of the scheme. 
But [ am got far beyond the limits I prescribed myself 
when I begun this Preface.—As the national debt is a sub- 
ject unspeakably interesting to this nation, I could not 
allow myself to omit any thing that appeared to me of con- 
sequence upon it; and the Reader of this Treatise will on 
this aecount, I hope, excuse me, if I have detained him 
here too long and too unprofitably. Much has been be- 
fore said on tis subject by writers of more consequence to 

no purpose ; and we shall pursue the path we are in, till 
the edge of the precipice towards which we are advancing 
awakens us, and ruin becomes unavoidable.—The distress 
occasioned by the shock lately given to the bubble of 
paper-credit, is, Iam afraid, a prelude to greater calamities, 
and a warning to prepare for them. 
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THIS work having been for some time out of print, I 
resolved about four years ago to prepare for the press a new 
edition of it, expecting that I should have only a few cor- 
rections and additions to make of no particular conse- 
quence. But in this expectation I have found myself 
greatly mistaken. Such a variety of new matter came in 
my way, and such means of improving this work were 
communicated to me, as have led me to bestow upon it 
more attention and labour than can be easily imagined, 
and to increase it from one to two volumes. 

It is probable that nothing could have engaged me to 
undertake so much labour had I foreseen it; but having 
begun, I could not avoid going on; and I was encouraged 
by the reflection on the favourable manner in which the 
former editions of this work had been received, and also 
by the hope that on ove subject of human enquiry I should 
besable to produce a work more complete than any that the 
public has been yet furnished with. 


The additions of most consequence in the present edition 
are the following. 

There has been added to the Second Chapter an account 
of several forezgn Societies ; and a continuation of the his- 
tory of such annuity societies as are still subsisting in Lon- 
don, to the time when that Chapter was printed off; that 
is, to the beginning of the year 1782.———The largest of 

these 


XXX PREFACE TO THE 


these additions respect the Amicable Corporation for Per= 
petual Assurances at Serjeant’s Inn; and the Society in 
Chatham Place for Equitable Assurances on Lives and 
Survivorships. The former of these Societies, should 
they think proper to look into these observations, will, I 
am persuaded, find that they require their attention. 
But it is the Society last mentioned, which, through the 
whole of this Treatise, I have had chiefly in view. Having 
for many years been concerned in advising this Society 
(the first of the kind in the world, and increasing fast), 
T have been anxious about giving it all the information and 
/assistance possible-——-The additional observations ad- 
dressed to it in this edition will be found chiefly in this 
Volume from page 181 to 191; and at the end of the 
Remarks on the 36th Table in the 2d Volume. And, 
from these observations, it may be learnt in particular, 
that though: this Society, in consequence of having hap- 
pily begun too high, has already found itself capable of 
‘making great abatements in its demands, it is still capable 
of making farther abatements. 

In the former editions of this work, I had intimated that 
a publication of the tables by which its business is trans- 
acied would, be proper, together with an account of the 
principles assumed, and the method taken in composing 
them. ‘This is an information to which the public has a 
right, and which is now given it in different parts of this 
work, and particularly in the Second Volume at the end of 
the Remarks on the 36th Table. 


Many corrections have been made and several additional 
notes inserted in the First Essay. Some of these have been 
occasioned by two late publications; one by Mr. Wales, 
master of the mathematical school at Christ-Church; and 
the other by Mr. Howlet. See, particularly, the notes in 
_p- 17, 24; 26, and 27, Vol. IL. The Table in p, 70, 
. Vo}. UL, is also now first inserted. 


Te 
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To the fourth Chapter a Posiscriptghas been added, the 
principal intention of which is to point out the reasons for 
discarding the valuation of single and joint lives derived 
from Mr. De: Moivre’ 5 hypothesis ; ; and also to describe a 
method of computing these values from any given tables of 
mortality, which, while it leaves no possibility of any mis- 

takes, renders such computations as easy and expeditious as 
their nature will allow. . 

The third Essay* is the same that it has been in all the 
former editions. But to the Fourth” some additions have 
been made ; particularly, the notes in p. 88, 90, and 91, 
Vol. Il. .The first two of these notes have in view a re- 
mark of Mr. /Vales’s; and the design of the last is, to re- 
tract an assertion in the former editions concerning the 
duration of life in old age in great towns, and to shew the 
reason why a greater proportion of the inhabitants of Lon- 
don died formerly in old age than have died lately. 

But the additions of most consequence are the Tables in 
the Second Volume, with the remarks explaining the con- 
struction, use, and application of them.——1In the general 
introduction to these Tables, and inthe remarks on 
Table XVI. p. 306, it is shewn (and, I think, undeniably) 
that the Tables of the values of lives deduced from the 
London bills of mortality err only by giving them too high; 
and that, with respect to the main body of the inhabitants, 
the unfavourableness of London to the duration of life 
continues much the same that it used to be. 

_ Tables I. IL. I. and IV. are an abridgement of, Mr. 
Smart’s tables of compound interest, and contain all that 
is important in them. 

The XVIIth Table, shewing the mean probabilities of 
the duration of life according to a register of mortality at 
NortTuaMPTon, has been inserted in all the former edi- 
tions; but it is now given more correctly; and tables de- 
duced from it have been added, of the expectations of life 


a In the present edition, the third Chapter.——M. 


b Now the second Essay in the second Volume.—N. 
gy 
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and the values of single lives and of any two joint lives at 
all ages, and for’ three rates of interest. The labour of 
computing these tables was undertaken in order to set aside 
all occasion for using the defective valuation of lives 
founded on Mr. De Moivre’s hypothesis ; but not having 
been able to finish these computations till a great part of 
this Treatise had been printed off, I have been obliged to 
continue the use of the old tables so far as to take from 
them many of the examples of the solutions of questions 
in the first and following chapters. 

When tables of the values of éwo joint lives are given, 
the values of three joint lives may be deduced from them, 
with perfect ease, by Mr. Simpson’s sae inserted in the 
Second Volume of this Treatise.° 

This rule saves so much trouble, that I have thought it 
worth while to procure calculations of the XXXVth and 
XXXVIth Tables, on purpose to determine how far it may 
be depended on. The result is given in the remarks and 
comparisons at the end of those Tables. And it seems to 
appear that it finds the values of three joint lives so nearly 
as to leave little room for wishing in this instance any 
greater degree of correctness. 

The rules from p. 221 to p. 233, Vol. I. describe a 
method of deducing, with sufficient accuracy, the value of 
any life or number of lives at al/ rates of interest, from the ~ 
correct value given at one rate of interest-———In com- 
puting, therefore, tables of the values of lives, according to 
any given observations, no more will hereafter be neces- 
sary than to compute them for any one rate of interest. 

All improvements, however, of this kind would be of 
little consequence, were there no tables which state cor- 
rectly the laws that govern human mortality in different 
situations. One principal part of my business in this work 
has been to frame such tables ; and any one who will look 
ever the collection of tables in the Second Volume, and 


¢ See Remarks at the end ef the 86th Table. M. ~ , 
particularly 
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particularly those from the 41st to the 47th Table, will see 
that [ have been furnished vee the best means of doing 
this. 

With respect to the Tables, in particular, deduced from 
the Swedish Observations, I cannot hesitate to pronounce 
that they exceed in correctness every thing of this kind 
which has been hitherto offered to the public; and that 
nothing is wanting to make our knowledge in this instance 
complete, but similar observations in other kingdoms.—By 
these Tables I have been enabled to state minutely the 
different rates of mortality at all ages among males and 
females; and to form tables of the values of single and 
joint lives for each sex, as well as for both sexes collectives 
ly; in consequence of which, I have been farther enabled 
to determine the increase of the values of annuities payable 
during survivorship, occasioned by the longer duration of 
lives among females; and thus to furnish a direction of 
some importance to the various societies in this kingdom 
and abroad for providing annuities for widows. : 
_ i must not in this place neglect to acknowledge the 
great obligation I am under to Mr. WarcentIn of the 
Royal Academy of Sciences at SrockHoim, for the com- 
munications which have enabled me to make the additions 
to this Treatise last mentioned. It will be found also, that 
IL have been much indebted to Mr. OzpER of Oldenburgh 
for several useful communications. 

In the observations and rules in page 200, &c. Vol. I. I 
have given a general account of the method of computing 
the values of presentations to livings, and of the renewals of 
leases held either for terms certain or for lives. | 

The rules ffom p. 263 to p. 271, Vol. I. shew how to 
deduce, from the values given of any annuities payable 
yearly, their values when payable half-yearly or quarterly, 
or when secured by land and payable half-yearly, And 
the last Table in p. 271, exhibits the particular differences 
between these values for two rates of interest. 
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The collection of Tables is preceded by a SuPPLEMENT 
which formed a part of the Third Edition of this work. In 
the present Edition several notes have been added to this 
Supplement ; but the addition of most consequence is the 
Postscript en the subject of the population of the king- 
dom.——In the former Editions, and also in the publi- 
cation entitled an Essay on the Population of England — 
from the Revolution, &c. I gave an account of several facts 
which seemed to me to shew, that our population has de- 
clined. Great pains have been taken to prove this to be a’ 
mistake.* In the Postscript just mentioned, I have entered 
a little farther into this controversy ; and it will appear that 
though I still retain my former opinion, yet [ wish to be 
considered as far from being decided in it, and therefore as 
open to receive any evidence which can be produced to 
overthrow it. 3 

Being willing to comprize in this Edition all that I have 
written on the duration of human life, and the values of 
life-annuities, I have inserted ‘Three Essays on these sub- 
jects, which have been published in the Philosophical 
Transactions of the Royal Society. 

A pretty copious Index closes the whole. 


The additions I shall last mention are those which relate 
to public credit and the national debt ; and I have chosen 


a4 Much has been said also about a mistake into which it is supposed 
{ have fallen in estimating the quantity of gold coin in the kingdom. 
The truth, in this instance, is briefly this.—The third proclamation for 
calling in the gold coin brought in near doudle the sum that was ex- 
pected, In consequence of this, an estimate which I had published in 
the First Tract on Civil Liberty, proved short of the truth about three 
millions and a half; and it appears now, that, exclusive of two mil- 
lions purchased by the bank and melted into bars, the gold coin of the 
kingdom was (in 1773) about sixteen millions, instead of twelve millions 
and a half, as {had reckoned it. And this is the account I have given 
in the last edition, p. 74, of the Tract just mentioned, except that 
being then not informed. of the coin purchased by the bank, 1 have not 
mentioned if, 
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to mention them last, on account of their ta na’ 
ture and. importance. | 

~ In the Preface to the Third Edition, sea Pp. Xxil) I took 
notice of a plan announced in 1773 by Lord North to the 
House of Commons, for paying in the ten following years 
17 millions of the public debt. It is necessary I should 
here just mention, that this plan was never afterwards 
heard of.———The remarks I have made upon it, were 
followed with a proposal for expediting a plan of redemp- 
tion in such a manner, as to cause an appropriation of a 
million per ann. to discharge, in forty years, a hundred 
millions of the public debts then bearing 3 per cent. in- 
terest. ‘T'his proposal has not been continued in this Edi- 
tion, because I intend soon to lay before the public a plan 
more efficient, and better adapted to the present state of 
our funds. I must, however, observe that, having now no 
hope that an efficient plan of redemption will ever be esta- 
blished, I think with regret of the time and attention | 
have bestowed on this subject. Nothing relieves me, but 
the reflection that the object about which I have lost my 
time, has been the removal of an evil which, if no such 
‘measures as | have proposed are adopted, must bring on a 
catastrophe which will make this country a warning and a 
terror to the world. 

At the end of the chapter on public credit I have, in 
this Edition, inserted a brief history of the Sinking Fund ; 
and also a particular account of the increase of the public 
debts from 1776 to 1783.°¢ and of the state of our finances 
at the time of signing the Preliminaries of peace in January 
last.! . ‘Ehis account is, I believe, as correct as it is possible 
at present to make it; and I have chosen for many reasons 


€ This aceount was omitted by Dr. Price in the 5th Edition, but 
f endeavoured to supply the deficiency in the sixth Fdition by 
giving the amount ef the public debts in 1786, and also at the time of 
signing the Definitive Treaty of Peace in April, 1902, (p. 337, 

Vol. L.)—M. 
! These statements were omitted by the sscnieiee the fifth edition,—M 
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that it should form a part of this work. Hereafter, pro- 
bably, it will be read with amazement. Our folly, in this 
instance, is without example. Lord Norru enjoys the 
singular distinction of having contributed more to it than 
any former minister. By a war which has degraded the 
kingdom, and a dissipation of treasure which. was never 
equalled, he has, in the short compass of seven years, 
doubled a debt before too heavy to be endured. And let 


future generations rise up; and, if possible, let them call 
him—Blessed.& 


Newington-Green, March 29, 1783. 


g Had Dr. Price lived to witness the profusion of the last ten years,* 
he would probably have moderated the severity of this censure—The 
debt which appalled him, when it amounted to 230 millions, has lately 
swollen to the enormous mass of 540 millions,+ and the yearly expen- 
diture of a peace-establishment which he considered as iusupportable at 
16 millions,:will in future require an annual taxation of more than 34 
millions !—The paper-circulation which he so justly deplored when he 
first published this work, appears to have been then only in its infancy : 
it hasnow completely inundated the country. The coin has disappeared, > 
und the Bank, for whose credit he was so apprehensive, has for many 
years ceased to pay its notes in specie. The American war, which he 
regarded as so injurious and disgraceful to the kingdom, has been suc- 
ceeded by another infinitely more ruinous, and more degrading én its 
consequences. Had he therefore lived to witness these, and a long train 
of other calamities which are too deeply felt to need the recital of them 
-~had he lived te behold the Man, during whose administration they 
were produced, retiring from office in triumph, and congratulating the 
nation on the envied state of prosperity to which it had been lately 
exalted, he would have changed the object of his resentment, and ac- 
knowledged that Lord North had long lost the distiaction assigned to 
him in this preface.—-M. . 


* This was written in 1803. 
+ See page 338 in this Volume. 
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THE following invaluable work is one of the fruits of a 
life which was uniformly devoted to studious enquiry, and 
to the promotion of the best interests of mankind. ‘The 
motives that first led the author to engage in these labours 
were the most humane and honourable, and he considered 
the success that attended them as the highest reward and 
gratification he could enjoy. Even in preparing his notes 
for the former edition, which unfortunately were never 
completed, he mentions his life as then drawing near its 
close, but that he had reason to reflect with satisfaction 
on the time which he had employed in those pursuits. 

The different Prefaces which have been affixed to the 
several editions published by the Author himself, render it 
unnecessary to enter minutely into the origin and progress 
of this work. But it may not be improper to observe, that 
the ‘advice and instruction which it contained could not 
possibly have been communicated at a more seasonable op- 
portunity, than at the time of its first publication in 1769. 
——The various Societies for the benefit-of age and widows 
which were then continually rising up to allure and to de- 
feat the hopes of the ignorant and distressed, were become 
an object of serious concern, and if the evil had not been 
effectually opposed, it would certainly have proceeded to a 
much more alarming extent. On the first appearance, 
however, of this work, the rage for establishing new So- 
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cieties immediately subsided, a partial reformation took 
place in some of those which had been already formed, and 
in a short time the greater part of them, convinced of 
their mistakes, dissolved themselves. A few, indeed, per- 
severed in an obstinate adherence to their original plans, 
but they have long since exhibited a melancholy proof of 
their own folly, and of the truth and justice of the admoni- 
tions which had been wasted upon them. 

It was Dr. Price’s intention to have written a new Pre- 
face to the former edition, in which he meant to have con- 
tinued his account of the state and progress of the few So- 
cieties which then remained, and also to have inserted 
whatéver additions and remarks he might have thought 
necessary to the improvement of the following volumes.— 
But he died soon after the first of them was' printed, and 
Jeft only a few detached hints and observations in regard to 
the plan which he was to have adopted.—Being anxious to 
exert every effort in my power towards fulfilling his inten- 
tions, [ then endeavoured, though in a much inferior 
Manner, to pursue the method which he had pointed out 
for himself; but in the present edition I have ventured to 
deviate from that plan, by introducing the remarks which 
J had formerly inserted in the preface, together with some 
additional observations, in the form of notes to the differ- 
ent ‘chapters which treat of those Societies. 

Besides the peculiar satisfaction which he Jedund from 
this work as having been instrumental in domg ‘much 
good, Dr. Price was also accustomed to reflect on it with 
pleasure, as it contained, in his opinion, many imiprove- 
ments in the doctrine of Annuities and in Political 
Arithmetic.—It was his wish therefore to have rendered it 
as complete as possible; and the great number of tables 
and valuable observations with which he has enriched each 
edition, and particularly the fourth, area proof of his zeal 
and succéss in accomplishing this purpose.—To the fifth 
edition a new table was added of the values of two joint 
lives, computed under his direction from the probabilities 
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of life at Northampton, reckoning interest of money at 6 
per cent. and also three other tables of the values of single 
lives, communicated and computed by myself, from the 
same table of observations at the several rates of 6, 7, and 
8 per cent. ‘These 1 believe were all the new tables, ex- 
cepting those in the Appendix, which Dr. Price meant to 
have added to that edition :—nor did he seem to entertain 
the most remote idea of making any material alterations 
either in the arrangement or the matter of the second 
volume, which he did not live to correct——-When that 
edition was put to the press it was done in some haste, and 
his other engagements prevented him from attending to 
the correction of it before the first two chapters were 
printed off. Had not this been the case, he meant instead 
of the present answers.to the 11th and 12th questions in 
the first Chapter, to have substituted others from a paper 
communicated by myself to the Royal Society in the year 
1788, which was honoured with their approbation, and 
published in the 78th Volume of their Transactions. But 
being disappointed in this intention, he reserved what he 
had to say on the subject for a note at the end of the. 
second volume.—As far as relates to these questions I 
have endeavoured to supply the deficiency. 1 have also 
explained some of the notes at the end of the first volume 
which appeared to me to be too coneise, and have deduced 
from the real probabilities of life other solutions of such 
Problems as had been derived from Mr. De Moivre’s hy- 
pothesis, —intending by this means to give a further proof 
that it ean seldom or ever be necessary to have recourse to 
such an expedient in the doctrine of Annuities.—In con- 
sequence of a reference made by Dr. Pricein a note at the 
end of the third Chapter, (Vol. I.) I have inserted all the 
different rules respecting the values of reversions depending 
on survivorships between three lives, which 1 had com- 
municated to the Royal Society in the vears 1789, 1791, 
1794, and 1800, and which were published in the 79th 
81st, 34th, and 90th Volumes of the Philosophical ‘Trans~ 
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actions. These, like all the other additions I have made, 
have been kept separate from the work itself; so that, if 
any errors have been committed, they may be easily ascribed 
to the real author. 

As all the solutions in the first Chapter, except those of 
the 11th and 12th questions, are strictly true* according 
to any table of the probabilities of life, I do not know that 
this part of the work admitted of any other improvement 
than the addition in those two questions of correct rules in 
lieu of the approximations which had been taken from Mr. 
Simpson’s Select Exercises. But in regard to the second 
Chapter, which contains an account of the different So- 
cieties for the benefit of age and widows, the circumstances 
and even plans of some of these have undergone such con- 
siderable alterations since the year 1773, when the fourth 
edition was published, that it became necessary, in this 
and the former edition, agreeable to the author’s own in 
tention, to give a more accurate account of their state. 

In the first Volume of this work an account is given of 
a plan for enabling the labouring poor to provide support 
for themselves in sickness and old age by small weekly 
savings from their wages. Since the first publication of 
this plan Dr. Price had bestowed great attention on the 
subject ; and being furnished with more information than 
he then possessed, he was enabled to compute the valuable 
‘Tables which are inserted in the Appendix.—These were 
intended to have served as the foundation of a plan to be 
established by the legislature, which should hold forth such 
particular encouragement to the poor as should induce 
them to give it the preference to those insufficient and 
erroneous plans, which have been so generally adopted in | 
this kingdom. Nothing could be more important than 


a The Solutions of the 15th and L6th questions are true, and the rules 


fleduced from them are sufficiently correct for any useful sii Stall 
See Note (EH) Vol. f. 


b Note page 149, 
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such a design. It was founded on the best principles, and 
had the happiest tendency to assist the poor by encouraging 
industry and saving; and by raising them above the wretch- 
ed necessity of depending upon the parish for subsistence 
when rendered incapable:of' providing for themselves. The 
bill for establishing: this ‘plan was brought into parliament 
about twelve years ago, and after having passed the House 
of Commons was rejected by the Lords.—But it is to be. 
hoped that this want of success will not prevent the subject 
from being resumed hereafter: For its usefulness and im- 
portance, -when properly understood, can hardly fail to 
engage every branch of the legislature in its support. It is 
observed by Dr. Price® that the poor’s rate’ in the year 
1777 amounted to £1,556,804. Since that time it has 
been doubled; and the truth seems to be, that there isa 
growing distress among the poor, occasioned most probably 
by the price of provisions having increased more in propor= 
tion than the price of labour; which renders it almost im- 
possible for a poor man, if he have a wife and family, te 
subsist on his wages.—This melancholy truth might be 
proved in the most convincing manner from the valuable 
information communicated to Dr. Price by Mr. Moréton 
Pitt, the member for Dorsetshire, whose humanity has 
led him to make particular enquiries into the state of the 
poor of this Kingdom.—But it would be foreign to my 
purpose to enter into disquisitions of this kind, though I 
cannot help observing how much it is to be lamented that 
ethers have not been stimulated by this benevolent exam- 
ple to make similar enquiries, and to interest themselves in 
adopting such measures as might effectually relieve the 
distresses of the labouring poor. By the formation of ra- 
tional plans for this purpose. the many wretched schemes 
which have so often risen up to delude their hopes would 
disappear, the indigent labourer and his family might then 
took forward without anxiety to seasons of sickness and old 


© Note page 151, Vol. L 
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age, and the more wealthy enjoy the advantage of a re- 
duction in the enormous expence with which the parishes 
are loaded for the maintenance of their poor.—It is indeed 
a great misfortune that the different parochial clubs esta- 
blished in this kingdom should in general be founded on 
such erroneous principles, and that a disposition so laudable 
in itself should not be properly directed and encouraged by 
the legislature. The funds of these Clubs have, it is true, 
been preserved by a late Act of Parliament from the de- 
- predations of their treasurers. But it would have been as 
well, perhaps, if provision had been made in the same Act 
against the formation of such clubs, or of any Society for 
the benefit of Age, Widows, &c. without having previously 
submitted their plans to some persons competent to judge 
of their efficiency.—At present they are formed from the 
crude suggestions of the most ignorant, who in order to 
procure a sufficient number of subscriptions often propose 
the most extravagant terms; so that it soon becomes a 
matter of very little consequence to the greater part of 
the subscribers whether they are robbed by their treasurer, 
or ruined by the multitude of their claimants. But of all 
the phantoms which are held up to entice and to deceive 
the public, none are more mischievous or deserve more 
severe reprehension than the ‘Tonrines which have lately 
prevailed so much in every part of this country. By these, 
while the adventurer is flattered with the extravagant hope 
of making his fortune in a short period and at a small ex- 
pence, the worst spirit of gambling and idle speculation 
is called forth, and all those baneful effects which are pro- 
duced by a State Lottery in London are extended to the 
remotest corners of the Kingdom. Is it not then a matter 
of serious concern that this mischievous spirit should derive 
sanction and encouragement from those who ought to exert 
every effort in opposing it? The annual establishment of a 
State Lottery is now regularly enumerated among the ways 
and means of the Minister; but of all the wretched mea- 
sures of finance which have lately been adopted, it is im- 

possible 
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possible to imagite one so unprofitable to government, and 
at the same time so deleterious in its consequences to the 
public. Wretched must be the:condition of that country 
where the morals of the people are sacrificed to the mterests 
of the revenue, and where the public exigencies are pro« 
vided for by the pernicious assistance of such expedients. 
While’ the worst passions of the human mind are thus 
eherished and maintained by those who ought to exert 
their power in suppressing them, we may indeed lament 
the mischievous consequences, but it will be of little avail 
to oppose them by the sober efforts of reason and argu- 
ment. 


It was Dr. Price’s intention, as appears from some re-+ 
ferences in the former edition, to have continued his ac- 
count of the public revenue and expenditure to the begin- 
ning of the year 1791.—He, had also proposed to have 
published the three plans for paying off the national debt, 
which were communicated by him to Mr. Pitt in conse- 
quence of an application having been made to him for his 
opinion and advice on that subject.—One of these plans 
was adopted by the minister without the slightest acknow- 
ledgment, and now forms the foundation of an Act for re- 
_ ducing the public debt, which was established by the legis- 
lature in 1786, and contributed more than any other mea- 
sure to raise the credit of the late Administration. In 
order as far as lay in my power to fulfil the intentions of 
Dr. Price, I have in the first Volume inserted those plans, 
together with such remarks as were necessary to explain 
them. These formed a part of a pamphlet published by 
myself on the subject in the year 17°33; which having been 
long out of print, I thought:so much at least of it might be 
preserved in this work, as would tend to illustrate the con- 
duct of a Minister, who, whatever may be his pretensions 

In 
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in other respects, does not appear to include gratitude im 
the list of his virtues.—At the conclusion of these remarks 
I have also added an account of the National Debt ;—not 
indeed at the period to which Dr. Price intended to have 
brought it, for that would have given a very imperfect idea. 
of its amount, but to the end of the year 1801; from which 
it will be seen how feeble the operations of the best plans 
must have proved against the accelerated accumulations of 
the last ten years. 

But the chief alterations in this edition will ws found in 
the arrangement of the work. All that related to the same 
subject I have endeavoured, as far as circumstances would 
permit, to bring together; so that some of the Chapters 
which composed the second, now form a part of the first 
Volume, and on the contrary some Chapters in the first are 
transposed into the second Volume. By this means the 
whole is rendered more methodical at least, and the reader, 
in consequence, when studying any particular subject, will 
not be interrupted, as in the former editions, by having to 
examine different parts of the work before he finds all that 
has been written in it on that subject. 

Hence the questions ‘concerning Reversionary payments, 
and the application of those questions to the establishment 
of Societies for the benefit of Old Age and Widows, are 
followed by an account of the different Societies of this 
kind now existing in Great-Britain. In the next Chapter 
is given the method of calculating the Values of Rever- 
sions depending on Survivorships, which appears to have 
been: written chiefly with the view of correcting an error 
into which Mr. De Moivre had fallen in the solution of 
those Problems.—To these succeed an account of the 
values of the renewal of leases, and a Chapter containing 
the most expeditious method of computing the values:of 
single and joint lives according to any tables of observation. 
In the 5th Chapter are given Theorems for finding the 
difference between the values of Annuities payable yearly, 


tn quarterly, and momently 3 which, together with 
the 
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the algebraical notes at the end of the first Volume, con- 
tain all that was formerly dispersed throughout the differ- 
ent parts of the work on the subject of Annuities and Re- 
versions. 

The National Debt seems to be a subject not im- 
mediately connected with any of the other matters of 
which these volumes are composed. The 6th Chapter, 
therefore, which treats of public credit, the establishment 
of a sinking fund, the amount of the public debt, &c. is 
inserted at the end of the 1st Volume, in order that the 
whole of what has been written on the expectations of 
life, the population of the kingdom, and the method of 
forming tables of observations, might be connected to- 
gether in the 2d Volume. 

The different Chapters on these subjects constitute a 
great part of that Volume; and the remainder, excepting 
an appendix at the end containing some computations and 
rules for the better formation of benefit clubs, is entirely 
occupied by the vast variety of ‘Tables, which render this 
work valuable above every other publication of the same 
kind. It is necessary, however, to observe that in this 
new arrangement not the slightest variation has been made 
in the text, nor has any other improvement been intended 
by the notes and alterations in this edition, than to 
methodize the general plan of the work, and as far as pos- 
sible to follow Dr. Price’s practice of extending and adapt- 
ing the information it contains to the circumstances of the 
present time. 


W. MORGAN. 
January, 1803. 
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CHAPTER I. 


Questions relating to Schemes for granting 
Reversionary Annuities, and the Value of 
Assurances on Lwes. 


QUESTION I. 


« A SET of married men- enter into a 
“ society for securing annuities to their wi- 
“dows. What sum of money, in a single 
_“ present payment, ought every member to 
“contribute, in order to entitle his widow 
“to an annuity of #30 for her life, esti- 
“ mating interest at 4 per cent?” | 


ANSWER. 


Tt is evident, that the value of such an 
expectation is different, according to the dif- 
ferent ages of the purchasers, and the pro- 
portion of the age of the wife to that of the 
husband. Let us then suppose, that every — 
person in such a society is of the same age 
with his wife, and that one with another all 
the members when they enter may be reck-_ 
oned 40 years of age, as many entering above 
this age as below it. It has been demon- 
Strated by Mr. De Mowre and Mr. Simpson, 
SyNGL. I B that 
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that “the value of an annuity on the joint 
“ coniimuance of any two lives, subtracted 
“ from the value of an annuity on the life 
“in expectation,’ gives the true present 
value of an annuity on what may happen to 
remain of the latter of the two lives after the 
other. 
In the present case, the value of an annuity 
_ to be enjoyed during the joint continuance of 
two lives, each ? 40, >is 9.826, according 
tothe probabilities of life in the Table of 
Observations formed by Dr. Halley, from the 
| bills 


Vea 


* See Fablé VIE. Vol. TL. 

- b.The ‘values of joint lives ‘and reversions, as deduced 
from the Breslaw observations, are not given im -any part 
of this work from Mr. De Moivre’s rules in his treatise on 
annuities on lives. For these rules are approximations, 
Which give results so far from the ‘truth, as to be, not 
only useless, but dangerous. ‘In the 4th Chapter a par 
ticular account of this will be given, and also of the me- 
thod in which these values, have been calculated. 

Mr. De Moivre has éalculated the values of single lives, 
onthe supposition of an equal decrement of life through all 
its stages till the age of 86, which he considered as the 
utmost probable extent of life. Thus, let there be 56 
persons alive at 30: years of age. ‘It-is supposed that one 
will die every year till, Yn 56 years, they will ‘be all dead. 
The same. will happen. to 46 at 40, in 46 years. ‘To 36 
at‘50, in’ 36 years, and so on for all other ages. The 
number of years which a given life wants of 86, he calls 
the complement of that life. Fifty-six, therefore, is the 
complement of 30; 46 of 40, and 36 of 50. | 

This hypothesis eases very much the labour of calcu- 
lating the values of lives; and at most ages: between 30 
and 70, or 75, it is so conformable to Dr. Halley’s Table 
of Observations, that I shall not, in these questions, think 
it necessary to distinguish between the values of single 

lives 
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bills of mortality of Breslaw in Silesia. The 
value of a single life 40 years of age, as given 
by Mr. De Mowre, agreeably to the same Ta- 

ble 


lives as deduced from this Table; and the same values 
deduced from the hypothesis. 

Ik order to avoid putting the reader to trouble, I have 
given this table among other tables in the 2d Volume. 
And I have also given two tables which I have formed 
from the bills of mortality at Northampton and Norwich. 
These last. answer more nearly to Mr. De Moivre’s hypo- 
thesis than Dr. Halley’s table ; and the difference between 
the values of single and joint ‘lives by the hypothesis, and 
the same values computed strictly ‘from the tables, is 
generally less in these tables than in Dr. Hailley’s. When 
therefore, in the course of this work the values of single 
and joint lives aré mentioned, as given agreeably to Dr. 
Halley’s table, it must be understood, that they are taken — 
from the 6th and 7th tables, and given im strict agreement 
only to the hypothesis; and that for this reason, they 
are in reality still more,conformable to the Northampton 
and Norwich tables. 

The inhabitants of London, as is well known, not liv- 
ing so long as the rest of mankind, the values of single 
and joint lives there are considerably less than those just 
mentioned. And, therefore, whenever J have had Lon 
don lives sin view, I have given particular notice of it, 
and taken their values from Mr. Simpson, who has calcu- 
lated them from the London tables of observation. See 
the ‘Tables in the 2d Volume. (a) 

(a) When this work was first published no other tables 
of the values of annuities on single and joint lives had 
been computed from real observations, than those given 
by Mr. Szmpson from the very inaccurate bills of morta- 
lity in London. Dr. Price, therefore, at that time was 
under the necessity, in exemplifying his rules, of having 
recourse to Mr. De Movvre’s hypothesis, | which, agreeing 
nearly with the Breslaw table in the middle:stages of life, 
he considered as more. correct than tables deduced from 

B2 the 
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ble, is 13.20%; and the former subtracted 
from the latter, leaves 3.37, or the true num- 
ber of years purchase, which ought to be 
paid for any given annuity, to be enjoyed by 
a person 40 years of age, provided he survives 
another person of the same age, interest being 
reckoned at 4 per cent. per annum. ‘The an- 
nuity, therefore, proposed in this Question 
being £30, the present value of it is 30 mul- 
tiplied by 3.37, or £101 284. 

By calculating from Mr. Szmpson’s Tables* 


the decrements of life in a large town, where they are 
always found to be much higher than among mankind in 
general.—In the fourth edition, however, new tables were 
given of the values of Single and Joint lives deduced 
from observations at Northampton, Sweden, &e. which 
have rendered this hypothesis altogether unnecessary, and. 
enabled us to obtain the exact values of Annuities and 
Reversions in all cases, instead of those values which in 
the earlier and later periods of life do not even approxi- 
mate to the truth.—But inasmuch as Dr. Price chose to 
continue his original examples in the two editions which 
he published after computing the above-mentioned tables, 
{ have not ventured to alter them, but have contented 
myself with giving the correct’ values in the notes sub- 
joined, which will be found in general to differ but little 
from those in the body of the work, owing to the ex- 
amples having for the most part been confined to the 
middle stages of life, where the hypothesis agrees nearly 
as well with the Northampton, as it does with the Breslaw 
table of observation. M. 


© See Table VI. 


* The annuity by the Northampton table is worth 
3.377 years purchase, or £101 6s. ¢ M. 


© See Tables X and XI, Vol, II, 
ee OMFG ‘formed. 
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formed. from the bills of mortality of Lon- 
don, this value comes out 102. 

The difference in the value of the reversion 
will be inconsiderable, whether the common 
age is taken a few years more or less than 40. 
‘Thus married men of 30 ought not, accord- 
ing to Dr. Halley's Table, to give two-fifths 
of a year’s purchase more, for any given re- 
versionary annuity for their wives, than mar- 
ried men of 50, provided they are of the same 
ages with their wives; and one quarter more, 
according to Mr. Sampson's Table. If the 
wives are younger (as is generally the case) 
there will indeed be a considerable difference; 
for the value now determined would be 
£120 according to the Breslaw Observa- 
tions, supposing the two lives to be 40 
and 33, or that wives are one with another 
seven years younger than their husbands ; 

and £119 8s. according to the London Ob- 
servations. 


QUESTION Il. 


“Supposing such a society as that de- 
“ scribed in the preceding Question, to be 
“ limited to a certain number of members, 
“ and constantly kept up to that number, by | 
“ the admission of new members as old ones 
“are lost, in consequence of their own 
“ deaths, and the deaths of their wives: 
_© What is the number of annuitants which, 
5 oof ip 
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“in some. time after its establishment, will 
“ come to be constantly upon it?” 


ANSWER, 


Since every marriage produces either a 
widow or widower; and since all marriages 
taken together wouid produce as many wi- 
dows as widowers, were every man and his 
wife of the same age, and the chance equal 
which shall die first; it is evident, that the 
number of widows that have ever existed in 
the world, would, in this case, be equal to 
half the number of marriages. And what 
would take place in the world, must also, on 
the same suppositions, take place in this so- 
ciety ——In other words; every other per- 
son in such a society leaving a widow, there 
must arise from it a number of widows equal 
to half its own number.—But this does not 
determine what number, all living at one and 
the same time, the society may expect will 
come to be constantly upon it. For if every 
widow lived no more than a year, the society 
would never have more annuitants upon it, 
than came on in a year. And on the con- 
trary, if none ever died, the number of an- 
nuitants would go on increasing for ever.— 
Tis, therefore, pina ge in order to answer 
the present enquiry, to determine how long 
the duratin of survivorship between persons 
of equal ages will be, compared with the du- 
ration of marriage. And the truth is, that, 
nag ss | the probabilities of life to decrease | 

unifornily; 
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uniformly *, the former is equal to the latter; 
and consequently, that the number of sur- 
vivors, or (which is the same supposing no 
second marriages) of wdows and widowers 
alive together, which will arise from any 
given set of such marriages constantly kept 
up, will be equal to the whole number of 
marriages; or half of them (the number of 
widows in particular) equal to half the num- 
ber of marriages——Now, it appears that in 
most towns the decrease in the probabilities 
of life is in fact nearly uniform. According 
to the Breslaw, the Norwich and Northampton 
‘Tables of Observation, almost the same num- 
bers die every year from 20 years of age to 
77%. After this, indeed, fewer die, and the 
rate of decrease in the probabilities of life is 
retarded. But this deviation from the hypo- 
thesis is inconsiderable; and its effect, in 
the present case, is to render the duretion of 
survivorship longer than it would otherwise 


* That is, supposing that. out of any given number 
alive at any age, the same number will die ev ery year till 
all are dead. See the preceding note. That on this hy- 
pothesis, the duration of survivorship is equal to the du- 
ration of marriage, when the ages are equal; or, in other 
words, that the expeciation of two joint lives, the ages 
being equal, is the same with the expectation of survivor- 
ship, may be learnt from the 18th and 20th problems of 
Mr. De Moivre’s treatise on annuities; and a demonstra- 
tion of it, together with a particular explanation of this 
subject, may be found at the beginning of the first Essay 
to which I must beg the reader to turn, if he is at any 
loss about the full meaning of what is here said. 


s See Tables V. VIII, and XVIL. Vol, U. 


be, 
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be. According to the London Table of Ob- | 
servations, the numbers dying every year 
begin to grow less at 50 years of age; and 
from hence to extreme old age, there is a 
~ constant retardation in the decrease of the 
probabilities of life’. Upon the whole, there- 
fore, it appears, in answer to the present 
Question, “ that according to the three 
—« former Tables of Observations, and sup- 
- © posing no widows to marry, the number 
“ enquired after is somewhat greater than 
“ half the number of the society; but, ac- 
“ cording to the London Table, a good deat 
“ greater.” 

It must be carefully remembered, that this 
‘has been determined on the supposition, that 
husbands and their wives are of equal ages, 
and that in this case it becomes an equal | 
chance which shall die first. In reality nei- 
ther of these suppositions is just. Husbands 
in general are older than their wives; and, in 
equal ages, the mortality of males has been 
found to be greater than the mortality of fe- 
males. For both these reasons, it is much 
- more than an equal chance that the husband 
will die before his wife, or that the woman 
shall be the survivor of a marriage, and not 
the man. . This will increase considerably 
the duration of survivorship on the part of 


* The reason of this difference between the London 
and other Tables, will be given at the end of the se- 
cond Essay, : 


the 
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the woman, and consequently the number 
enquired after in this Question. The mar- 
riage, of widows will also diminish this num- 
ber, and the operation of these causes. will 
be different in different situations. But it is 
by no means to be expected (in the situation 
of the societies | have in view) that the di- 
minution from the latter cause will be con- 
siderable enough to overbalance the opera- 
tion of all the other causes which have been 
mentioned, and reduce the number under 
consideration SO low, as half the number of 
dg eel 
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In London it appears, that there is a re- 
tardation of the decrease in the probabilities: 
of life, which renders the duration of survi- 
vorship between two lives of equal ages, con- 
siderably longer than their joint continuance. 
It seems worth observing, that this is the 
reason why, though the probabilities of life, 
and therefore the values of single and joint. 
lives, are less in London than in other places, 
yet the values of reversions depending on sur- 
vivorships, are in some cases greater there. 
It is proper to add, that this/ikewise is the 
reason why, in calculating the values of joint 
lives and reversions, the present value of an 
annuity payable yearly to the survivor af two 


* It will be observed hereafter, that this observation 
has been found to be trueim fact. 


equal 
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equal lives, may come out equal to, or even 
greater than, the present value of a like an- 
nuity for the joint lives. As an annuity, 
during such survivorship, will probably not 
become payable for some years, and there- 
fore the money given for it will have time 
to accumulate, it is manifest, that the value 
of it could never be equal to the value of an 
annuity on the joint lives, the payment of 
which begins immediately, were not the ob- 
servation now made true. 


QUESTION III. 


“Such a society as that described in the 
“ preceding Questions being supposed; in 
“what time will the number of annuitants 
“upon it come to a maximum 2” 


ANSWER. 
piss order to be more clear in answering this 
Question, I will first suppose the society to 
comprehend in it from its first establishment, — 
ali the married persons of all ages in any town 
or country, where the number of people con- 
tinue constantly the same. In this case, the 
whole collective body of members will be at 
their greatest age at the time of the establish- 
ment of the society: and the number of 
members, together with the number of wi- 
dows left every year, will, taking one year 
with another, admit of no increase or dimi- 
nution. The number of widows in life to- 
gether, derived from any given number com- 
l 


ing 
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ing on a society every year, will increase con? 
tinually, till as many die off as are added 
every year; that is till they come to die off 
as fast as possible. But they cannot die off 
as fast as possible, till the whole collective 
body of widows are at their greatest age: or, 
till there is among them the greatest number 
possible of the oldest widows; and, therefore, 
not till there has been time for an ace 
cession to the oldest widows, from the 
youngest part of the widows that come on 
annually. = 

- Let us, for the sake of greater precision, 
divide the whole medium of widows that 
come on every year, into different classes ac- 
cording to their different ages, and suppose 
some to be left at 56 years of age, some at 40, 
some at 36, and some at 26. The widows, 
constantly in life together, derived from the 
first class, will come to their greatest age, 
and to a maximum, in 30 years, supposing, 
with Mr. De Moivre, 86 to be the utmost 
extent of life. The same will happen to the 
second class i in 40 years, and to the third in 
50 years*, But the whole body, composed 
of these classes, will not come to a maxi- 
mum, till the same happens to the fourth or 
youngest class; that is, not till the end of 
6o years. After this, the affairs of the society 


* In note (A), at the end of the 2d Volume, a rule is 
given by which the numbers: alive at the end of any par- 
ticular number of years may be very easily determined, 


will 
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will become stationary, and the number of 
annuitants upon it of all ages will keep 
always nearly the same. 


Such is the answer to this Question, sup-— 
posing a society to begin with its complete 
number of members, consisting of married 
persons of all ages, in the same proportion to 
one another, with the proportions in which 
they exist in the world. If it begins with 
its complete number of members, but at the 
same time admits none above a particular 
age: If, for instance, it begins with 200 
members all under 50, and afterwards limits 
itself to this number, and keeps it up by ad- 
mitting every year, at all ages between 206 
and 50, new members as old ones drop off; 
in this case, the period necessary to bring on 
the maximum of annuitants will be just dou- 
bled. For, in the first place, the whole col- 
lective body of members will be Go years in 
getting to their greatest age, as may easily 
appear from what has been just said. ‘The 
annual medium of widows therefore, that 
will come on the society will increase con- 
tinually for 60 years; it being evident, that 
the older any set of married men are, taken 
one with another, the faster they wul leave 
widows. And after this annual medium. is 
increased to a maximum, 60 years more will 
be necessary to bring to a maximum the num- 
ber in life together, derived from such a fixed 
annual medium constantly coming on——lIf 
"LV such 
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such a society is any number of years in gain- 
ing its maximum of members, the time ne- 
nessary to bring on the maaimum of annuitants 
will be still further prolonged, and will be 
equal to twice 60 years with that number of 
years added.— Most of the societies for grant- 
ing annuities to widows are of this kind: 
and, therefore, supposing them to gain their 
complete number of members in ten years, 
and for ever afterwards to preserve it, the 
number of annuitants upon them will go on 
increasing for 130 years—It is proper, how- 
ever, to be remembered, that the increase 
will be quicker at first, and afterwards slower; 
and that, within 20 or 30 years of the end 
of this term, it will be so slow as scarcely to 
be sensible, though still real. 

All who will bestow due attention on this 
subject must see these decisions to be just; 
and a demonstration of them might be given, 
ina form more strictly mathematical, were’ 
it necessary. 


QUESTION IV. 


_ Suppose the members of such a society. 
“as that described in the preceding Ques- 
“tions, to chuse making annual payments 
— © during the continuance of marriage, in lieu 
“ of the sum which the reversionary annuity 
“for their widows is worth in present mo- 
Ay BE yt Dat ought these annual paymenis 
“ to be, estimating interest at 4 per cent 2” 


ANSWER. 
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, ANSWER. 

This will be easily determined, by finding 
what annual payments, during two joint lives 
of given ages, are equivalent to the value of 
the reversionary annuity in present money.— 
Suppose, as in Question I. the two joint lives 
to be each 40, and the reversionary annuity 
2230 per annum. An annual payment during 
€he continuance of two such lives is worth, 
according to Dr. Halley's ‘Table of Observa- 
tions, 9.82! years purchase. ‘The annual 
payment then ought to be such as being mul- 
tiplied by 9.82, will produce™ £101.1, the 
present value of the annuity in one payment 
by Question I. Divide then 4101.1 by 
9.82, and the quotient, or £10.3 will be the 
answer.——This is very nearly the annual 
payment of all the members at an average, 
supposing equal numbers to offer themselves 
for admission of every age between 30 and 

50. As much as some give less, others 


' See Table VII. Vol. If. 


= Particular notice should be taken of the method of 
notation here used, because it will be carried through the 
whole of this work.——The figures on the right hand of 
the full-point signify the decimal parts of £1. Thus; 
£L101.1, is 101 and the 10th of £1 or £101 and 2s.— 
£9.39, is £9, and 39th hundredths of £1 or £9 7s. 
t0d,—_+_- £11.33, is £11, and 33 hundredths of #73 
or £11 6s. 7¢d.——In gene*!; it should be remembered, 
that 2 shillings allowed for every unit in the first place 
of decimals, and two-pence half-penny for every unit in 
the second place of decimals, will give, nearly enough, 
the value of the decimal part of every such expression. 


ought 
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ought to give more, according to their ex- 
cess of age. Thus, the annual payment of 
a married person, 30 years of age, ought to 
be £9.39; and of a person 50 years of age, 
£11.33 °——_If the values of joint lives and 
of the reversionary annuity are taken agree- 
ably to the London Table of Observations, 
these annual payments will be, for 30 years 
of age’, #£10.9—for 40, #£12.6—for 50, 
Bl4.5. | | 
» If either the rate or interest is supposed 

lower, or wives are supposed younger than 
their husbands, the annual payments will be 
increased. But thereis no occasion for point- 
ing out particularly the difference. It may 
be easily found in any cases by the directions 
now given. There is, however, one obser- 
vation which ought to be here carefully at- 
tended to——This method of calculation sup- 
poses, that the first annual payment is not 


» These payments by the Northampton ‘Table are 
£9.19 and £11.82 respectively. M. 

° The value of two joint lives of 30, taken from Table 
XII. Vol. Hf. is 9.6. 'Phis subtracted from the value of - 
the life in ‘expectation, or from 13.1, by Table Xf. 
gives 3.5, the number of years purchase which an an- 
nuity for a life of 30 years of age, after another life of 
the same age, is worth. This remainder, multiplied by 
30, gives £105, the value in a single payment, supposing 
the reversionary annuity to be £30. And £105 divided 
by 9.6, gives £10.9, the value of the same annuity in 
-annual payments, during the joint continuance of the two 
lives, according to the London observations.—By similar 
operations all the other values above given have been 
found. 


to 


~ 
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to be made till the end of a year. If it is to 
be made immediately, the value of the joint 
lives will be increased one year’s purchase; 
and, therefore, in order to find in this case 
the annual payments required. the value in 
present money found by Quest. I. must be 
divided by the value of the joint: lives in- 
ereased by unity, and, in this way, the pre- 
ceding values at 4 per cent. according to the ~ 
Breslaw Observations, will be found to -be 
££8.62—£0.35—-£10.07 > According — to 
the London Observations, £10, Li. 1.2,— 
£12.7. | 


QUESTION V. 


«A society may chuse to make abate- 
“ments in these annual payments, and te 
“require the remainder of the value of the 
“reversionary annuity to be given, in fines 
“or premiums, at the time of admission. It 
“may, for instance, chuse to fix the annual 

“ payments of all the members to 5 guineas. 
“ What, in.this case, would be the premium 
«due at admission, the annuity being sup- 
« posed .s£80 per annum, and interest being 
“‘at.4 per cent 2” 


ANSWER. 


From the whole present value of the an- 
nuity in one payment, subtract the value of 


P By the Northampton Table, £8.45, £9.36, and 
£10.5, M. 
7 5 guineas - 


Reversionary Annuities, &e. = 17 


5 guineas per annum, during the joint lives; 
and the remainder will be the answer 

Supposing the joint lives both 40, the 
whole present value of the annuity in one 
‘payment is, according to the Lreslaw Obser- 
vations, 2101.1, by Quest. IL—The value 
of 5 guineas per annum, or of 45.25 per 
annum, during two such joint lives, is 
£5.25, multiplied by the value of the joint 
lives: that is, 5.25, multiplied by 9.82, or 
£51.55; and this subtracted from #£101.1, 
gives £409.55, the answer required for two 
lives at the age of 40. ‘The answer found 
in the same way for two lives whose com- 
mon age is 30, is £46.5,—and for two 
Hvegat 505 30504. | 

According to the London Observations, 
these values are, for two lives, at 30, 
£54.0.—At 40, £59.4.—At 50, £63.3. 

If the first of the annual payments is to be 
made immediately, the true answer will, in 
every instance, be the values found in the 
manner now directed, diminished by the an- 
nual payment; or, in the present case, 5 
guineas less than the values specified. 

The values, in sengle and annual pay- 
ments, of any other reversionary annuity, will 
be as much greater or less than these, as the 
annuity itself is greater or less. 


4 These three values by the Northampton Table are 
349.75, £44.65 and £53.05. M. 


iva). C QUESTION 
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QUESTION VI. 


“ A person 35 years of age wants to bey 
“an annuity, for what may happen to re- 

‘main of his life after 50 ‘years. of age. 
~? WHat is the value of such an’ annuity in 
“ ready money, and also in. annual payments, 
“till he attains to the saidage; that is, -in 
“annual payments for 15 years, subject in 
“the mean time to failure, should his life 
“ fail?” | BAP a0 

| ANSWER. 

The present value of such an annuity is 
the present value of a life at 50, in money to 
be received 15 years hence, and the payment 
of which depends on the contingency of the 
continuance of the given life 15 years. ‘That 
is; it is equal to the value of a life at 50, 
multiplied by the present value of £1 to be 
received at the end of 15 years, and also. by 
the probability that the given life will con- 
tinue so long.—A life at 50, according to 
Mr. De Mowrés valuation of lives, and 
reckoning interest at 4 per cent. is worth 
11.34 years purchase. ‘The present value 
of £1 to be received at the end of 15 years, 
is, by lable I. Vol. al. 0.5553. And the 
probability that a life at 35, will continue 15 
years, is, according to the Breslaw Observa- 
tions +6" And these three values, multi- 

plied 


* The probability that.a given life shall continue any 
number of years, or reach a given a8, is (as is well 
(known} 
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plied by one another, give. 4.44, or the 
number of years purchase that ought to be 
given for the annuity——The annuity then 
being supposed 2£50, its value in present 
money is £222. 

In order to find this value in annual pay- 
ments, while the given life is attaining 50, 
it is necessary to find the value of an annuity 
for 15 years, subject to failure on the ex-_ 
tinction of the given life. And the value of 
such annuity is, evidently, the last value 
subtracted from the value of the given life; 
or, in the present instance, £4.44, sub- 
tracted. from £13.97., (See Table VI. 
Woy PE) * thats se0:5 3+ 22” then, 
being the present value of an annuity of £50 
for the remainder of a life now 35, after at- 
taining 50; and 9.93"being the number of 
known) the fraction, whose numerator is the number of 
the living in any ‘Table of Observations opposite to the 
given age and denominator, the number opposite to the 
present ; age of the given life. Thus, in the present in- 
stance ; 846 is the number in Dr. Halley’s fable oppo- 
site to 50, and 490 the number opposite to 35. 348 (or 
the odds of 17 to 7) is, therefore, the probability that a 
person whose age is 35 shall attain to 50, or live 15 years. 
in the same manner it will appear, that, according to the 


same ‘Table, the probability that a person at this age shali 
live 25 years, is 2225 or nearly an even chance. 

_ At Norwich and Northampton a person at the same age, 
has an even chance of living 26 years; but in London, 

scarcely 20 years. See Tables V. VIfT. TX, and XVI. 

at the beginning of Vol. JT. ZT -will add, though foreign 
to my present purpose, that a person at the same age has 
in these towns a better chance of living one year, than 
in. London, in the proportion of 3 to 2. | 


eZ 
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years purchase, which ought to be given for 
an annual payment to last 15 years, if a life 
now 35 lasts so long, it follows that the 
value of the same annuity in annual pay- 
ments, till this life attains 50, is £222 di- 
vided by 9.53; or £23.3. 

This calculation supposes, that the first of 
the annual payments is not to. be made till 
the end of a year. If the first payment is 
made immediately, the value will be, the 
single payment divided by the value of the life 
for the given term increased by unity; that 
is, in the present case, £222 divided by 
10.53; or £21,085. : 

If the value of the annuity is required in 
a single payment, over and above any given 
annual payment; deduct the value of the an- 
nual payment from the whole value in a sin- 
gle present payment, and the remainder will 
be the answer.—Thus, let 5 guineas, in the 
present instance, be the given annual pay- 
ment for the assigned term; and let the en- 


* It never happens that the annual payments are made 
in this manner—~The usual, indeed the invariable method 
is, to advance the first payment immediately, and the re- 
maining ones at the leginning of each of the following 
years ; so that the number of payments shall be equal to 
the number of years.—The single payment therefore 
ought to be divided by the value of the life for one year 
less than the given term increased by unity ; hence #222 
in the present case, instead of being divided by £10.53, 
should be divided by £10.18, (or the value of the life 
for 14 years increased by unity,) and consequently the 
annual payment will be '21.8, which agrees nearly with 
the same payment found by the Northampton Table. M. 


a by Sy A eo se ce ¢0./ 2 oe quiry 
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quiry be, how much more in present money 
the supposed annuity is worth. By what 
has been just said, 9.53, multiplied by 5 
guineas, that is, 450 is the value of the 
annual payment; and this sum deducted 
from £222, leaves £172 the answer. 

If the annual payment begins immediately, 
its value is 10.53, multiplied by 5 guineas, 
and the answer comes out £160.75*. 


In this way may be found the value, in 
single and annual payments, of any other 
annuity, payable to an assigned life, after a 
given term of years, taking any valuation of 
lives or interest of money. . But care must 
be taken to remember, that it is the title to 
the annuity that will commence at the end 
of the given term, and that the first payment 
is not to be made till a year afterwards; 
that is;'in the case here specified, not till 
the end of 16 years. 


, SCHOLIUM. 


The value of the remainder of two joint 
lives, after a given term of years, is likewise 
the value of 41 dueat the end of the given 
term multiplied by the value of two joint 
lives, each older by the given term than the 
given lives; and this product, multiplied by 


* If the payments are confined to the ‘beionte of 
each year, (See note, page 20) 5 guineas should be mul- 
tiplied into 10,18, and the answer will then be &f 168.55. 
| M. 
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the probability, that the given joint ‘lives shall 
not fail in the given term; or (which is the. 
same) by the product of! the two probabili- 
ties, that the single lives shall each continue 
the given term.. And the value of an an- 
nuity, on any given joint lives for a term of 
years beginning now, is this last value sub- 
tracted from the whole present value of, the 
joint lives...Thus; the:value of, two! joint 
lives, one 40 years of age, and the other 50, 
(see Table VIL. Vol: tl .) is 8.91; which, 
multiplied by 0.6755, the value of £1. due 
10 years hence, and by $44 (the probability 
that a life at 30 shall continue. 10 years) 
and also by 2+£, (the probability: that a life 
at 40 shall continue 10 years) give 3.92, the 
present value of the remainder of two joint 
lives, aged 30 and 40, after 10 years; sand 
-this value, substracted from.10.43,, (the: va- 
lue in Table VII. ibid. of two joint. lives, 
aged 30 and 40) leaves 6.51, their value for 
10 years, 

As the value of the longest of two lives is 
always the value of the joznt lives, sub-. 
tracted from the sum of the values of the 
two single lives; their value also for any — 
given term, is ‘the value of the joint lives 
tor the given term, subtracted from the sum 
of the values of the single lives for the given 
term. 

The truth of these rules may easily ap- 
pear without particular proof. I have, 
however, pointed out the method of de- 
| monstrating 
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monstrating them in a note® at the end of 
this work. 

~ By similar Abiketidls may be found the 
ree of three or more joint lives, or the 
longest of three or more’ lives, for a given 
term of: years, or of what shall remain of 
them after a given term Or-vears: f | 


“QUESTION Vil. 

“The present value is required of an an- 

« mit’ to be enjoyed by one life, for what 

“may happen to remain of it beyond an- 
“other life, after a ‘given term: that ys, 

“provided both lives continue, from the 

“ present time, to the end of a given term - 

“of Sat ee | | 


AN s WER. 

Pind the value’ of the annuity for 105 here fi 
lives: greater, by the given terny of years, ~“« 
than the: given lives. # Discount this'valueg 0 4— -4 
for the given term; and then, multiply by 
the probability, that the two given lives 
shall dozh continue the given term; and the: 
product will be the answer. 


| EXAMPLE 
Let the two lives be each 30. ‘The term 
seven years., ‘The annuity £10. Interest, 
4.per cent. Ho Lhe given lives, increased by 
7 ‘hat become each 20 ~The value of two 


ex «See: noté ‘B) at the end of Vol. a / Fey: 
joint 


i 
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joint lives each 37, is (by Table VII. Vol, 
II.) 10.25. The value of a single life at 
37, 1s (by Table VI.. ibid) 13.67. The 
former, subtracted from the latter, 1s 3.42, 
or the value of an annuity for the life of a 
person 37 years of age, after another of the 
same age, by Quest. [—3.42 discounted for 
7 years, (that is, multiplied by 0.76, the 
value of £1 due at the end of seven years 
by Table I. Vol. IE) is 2.6.—The. proba- 
bility that a single life at 30 shall continue 7 
years, is (by the hypothesis explained page 
2:) 3%, ‘The .probability, . therefore, that 
aa | | two 

x In this case, it is on some accounts best, as well as. 
easiest, to take the probabilities of life from the -hypo- 
thesis, rather than immediately from the Tables.—Fifty- 
six persons being supposed alive at 30, one will die every 
year, according to the hypothesis., At the end ef seven 
years then, the number of the living will be 49, and 32, 
or the odds of -7 to 1, is, by note, p. 18, the probability, 
that a life, aged 30, will continue 7 years; and this frac- 
tion, multiplied by itself, is the probability, that two 
lives of this age shall loth. continue 7 years.. In general, 
it must, be remembered, that the probability, that any two 
or more events shall ald happen; is the product arising 
from multiplying by one another, the probabilities of all 
the events taken separately. ‘The probability, therefore, 
that any number of persons will aid live any given time, 
is rightly found by multiplying into ene another the pro- 
babilities that each of them will live that time. ) It may 
further be of use to some, that I should observe here, 
that the difference between unity and the fraction ex~ 
pressing the probability that an event wilt happen, gives 
the probability that it will. not happen. Thus; the pro- 
bability, that a person 40 years of age will live 11 years, 
is, oy the Breslaw Table, (or Table V. Vol. II.) 224. 
Phe probability, tHerefore, that he: will not‘ live 11 years, 


1s 
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two such lives shall both continue 7 years, 
is 2424, or, in decimals 0.765. And. 2.6). 
multiplied by 0.765, is 1,980, the number 
of years purchase which ought to be given 
for an annuity, to be enjoyed by a life now 
30 years of age, after a life of the same age, 
provided both continue 7 years. The an- 
nuity then being #10, its. present value is 
£19.89. 

By similar operations, it may be found, 
that supposing the term one year, and the 
ages and the rate of interest the same, the 
present value of the same reversionary an~- 
nuity is 32.4; and that if the term is 15. 
years, the valued is EO 

For two lives each. 40,. these lalts are 
£30.33.—£17. 44,678, the term being 
1,7, or 15 years. : 

For two lives each 50, a same values 
for the same terms, are L282 5—£13.86— 
LA347. 


‘These. values, ential to the Lendon 


is “335 subtracted from unity or 242. In like manner : 
The’ probability that two persons aged 30 shall loth live 
7 years, being 0.765, the probability that they will no¢ 
both live so long, or that ove or other of them will die in 
7 years, is 0.765 subtracted from unity, or .235. | 

If any reader. is unwilling to take these assertions for 
granted, he should consult the beginning of Mr. De 
Moivre’s, or Mr. Simpson’s Treatises on the Doctrine of 
Chances, where he will find them deme strated, 

-¥Y By the Northampton Table 10.03, and the six 
following values by the same Table are £31, 01, £17.89, 
£76), £28.66, £143, and £4.64, M. 


* See Note (C) at the end of Vol. BF: 4 
7 Observations 
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Observations and Mr. Simpson’s Tables of 
the values. of: single and joint lives, are, 
For: 2''livés: at 30—1.32.05—1.18.62— 1.7.66. 
| at 40—/130.7 —115.0 —1.5.45. 
at 50—/.29.36—1.12.33—/.3.24. 


“QUESTION Vil + | 
“Tet the scheme of a society for granting 
“ annuities to widows, be, that if a member 
“lives a year after’ admission, his widow 
“shall be entitled toa life annuity of £20. 
“If seven years, to #10 more, or £30 in’ 
“the whole. If fifteen years, to another 
“additional 24210, or '#£40 ‘inthe whole. 
“ What ought to be’ the annual payments of. 
“the members for. the: ages of 30, 40, and 
“50, supposing them of ° the same ages 
“ with their wives, and allowing a 
* interest at 4 five cont ae | 


“ 


ANSWER. ‘ a ae, 
According to the hypothesis,° explained 
p. 2; and, therefore, very nearly according . 
to Tables of Observation for. Breslaw 
and Norwich, or Tables V. aad VIL. ‘at the ; 
beginning of Vol. If. oi 


£844; £8.60; } =. 05. 
According to the London Observations. - 
£0.41; . £10,17;.- £10.92, | 


* According to the Northampton Table £8.34; £8.91; 
M. 


£9.44, 2 
These 
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These ‘values are easily deduced from the 
values in ‘the last Question. For example. 
The value of £10 per annum for life to 40 
after 40, provided the joint lives do not fail. 
in one. year, is, RET KitENnS to the hypothesis, 
£30.33. The value of £20 per annum, 
in the same circumstances, is therefore 
£60.66. In like manner, the value of 
£10 after seven years, is £17.44. And 
of £10 after 15 years £7.3. These values 
together make 85.4, or the value of the 
expectation, described in this Question, in 
a single present payment ; which, divided by 
Q. 82, the value (by Table VII. Vol. IL) of 
two joint lives at 40, gives £8.69, the va- 
Jue of the same expectation in annual pay- 
ments, during the joint lives... In the same, 
manner may be found the answer in all cases: 
- to any Questions of this kind. iO | 
These calculations suppose, ‘that the" an= 
ect payments do not begin till the end of 
ayear. If they are to begin enmediately, the 
true arnual payments will be, as was before 
observed, the single payments, divided by the 
value of the joint lives increased by unity ; 
and in the present case they will ns by the 
hypothesis, : 


er er Oe 807 
By the London Observations, 
£8.52; £09.06; £0.51. 


» By the Northampton Observations £7.66, £8. 09, 
£3.4, M. 
6 | 
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By the method of calculation now ex- 
plained may be easily found in all cases, 
supposing the annual payments previously 
settled, what are the reversionary annuities 
corresponding to them in value. ‘Thus, the 
annuities being the same with those men- 
tioned in this Question, the mean annual 
payments for all ages between 30 and 50, 

are nearly £8 according to the highest pro- 
_ babilities of life; #9 according to the low-: 
est; and 8. guineas the medium‘; interest 
being at 4 per cent. and the first payment to. 
be made immediately. rick | 
_ If the mean annual payments, beginning 
immediately, are fixed to five guineas, the 
corresponding life annuities will be nearly 
(by the hypothesis) £12, if the contributor 
lives a-year, and £24 if he lives seven years; 
or (by the London Observations) £12 if he: 
lives a ‘year, and £20 if he lives seven 
years ®. Ob 


+ It 


* The value of this expectation, supposing married, 
men 40 years of age, and their wives 30, is, in a single. 
payment, £113. In annual payments beginning imme- 
diately, £9.88, by the hypothesis. And £107—and° 
£10.93, by the London Observations. (J) oda 

(4) By the Northampton Table 116.4 and £10.13. 

: M. 


“ If the annuities in expectation are 214 provided a 
member lives a year, and £20 provided he lives seven 
years, the proper imean single payments for all ages, taken 
one with another, under 50 or 52, is 50 guineas nearly, 
according to all the Tables of Observation, supposing 
equality of age between men and their wives. And the 

. addition 
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- It is observable, that the difference in the 
values of the annuities, arising from differ- 
ence of ages and the difference in the pro- 
babilities of life, is less in this Question than 
dn Question IV ; and that, consequently, the 
plan proposed in it, is the safest, as well as 
the most equitable and encouraging, that a 
society can adopt. 

It is necessary to remark here further, Her 
yearly payments which begin immediately, 
are more advantageous than half-yearly pay- 
ments which begin immediately. In an Essay 
published in the Philosophical Transactions, 
Vol. LXVI. p. 109, and inserted in the 
latter part of this volume, I have shewn 
that in the case of life-annuities, half-yearly 
payments which begin at the end of half a 
year, are nearly a fifth of a year's purchase 
better than yearly payments which begin at 
the end of a year. And it is manifest, that 


apdition which ought to be made, on account of excess 
of age on the man’s side, is, taking the nearest and the 
easiest round sums, about a guinea and 4 for every year 
as far as 17 years ; OF, in the annual payments, (sup- 
posed 5 guineas) 3 zaguinea per annum for five years ex- 
cess, and + a guinea more for every four years excess 
beyond five years, till the excess comes to be 17 years. 
And, I believe, that 60 guineas in single payments, and six 
guineas in annual pa yments beginning immediately, may 
very well be stated as the dowest common paymeuts proper 
to be required, supposing all married men under 52, taken 
into a society, without inquiring into the difference of 
age between them and their wives, the annuities being 
all along supposed to be /ife annuities, and interest reckoned 


at 4 per cent. 
half- 
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_half-yearly payments, which begin immedi- 
ately, are no more than half a year's pur- 
chase better than those which begin at the 
end of half a year. But yearly payments, 
- which begin immediately, are a whole year’s 
purchase better than the same payments to 
begin at the end of a year. The difference 
of value, therefore, between yearly and half- 
yearly payments, supposing both to begin 
immediately, is three tenths of a year’s pur- 
chase in favour of the former. The whole 
of this subject may be seen accurately btaped 
in the essay just referred to. 


QUESTION IX. 

“The value is required of an nbilitae to 
“be enjoyed for what. may happen to re- 
“main of one life after another, provided 
“the life in expectation continues a given 
‘ime Tt 


ANSWER. 


Find by Question VI. the present value of | 
the annuity for the remainder of the life in 
expectation, after the given time, and multi- 
ply this value by the probability, that the 
other life shall fail within that time. Find 
also by Question VII. the value of the rever- 
sion, provided both lives continue the given 
time. Add these values to one another, and 
the sum will be the answer in a single present 
aia 


EXAMPLE. 
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-Anannuity of £10 for the life of a person 
now 30, is to commence at the end of 11 
years‘, if another person now 40, should 
be then dead; or, if this should not happen, 
at the end of any year beyond 11 years in 
which the former shall happen to survive the 
latter: What is the present value of such an. 
annuity, reckoning interest at 4 per cent. and 
taking the probabilities of lite as they are in 
Dr. Halley’s Vable, or Table V. at the begin- 
ning of Vol. Il.?. 
. The value of £10 per annum,, for the 
remainder of the life of a person now 30, 
after 11 years, found by Question VI. is 
£69.43. he probability that a person 40 
years of age shail live 11 years, is, by Dr. 
fTalley’s Table, 232. The probability, there- 
4ore, that’ he will die ‘in -11 years,: is 223 


443 


subtracted from unity‘, or 442; which mul- 


tiplied by £69.43, gives £17.16. The 
value of the reversion, provided both live 11 
years, found by-. Quest. VII. is 217.23. 
And this value added to the former, makes 


© That is, the title to the annuity is to commence at 
the end of 11 years, and the first payment to be made a 
year afterwards, in case the life in expectation should 
continue so long, and the other fail. But if loth lives 
should continue the ,given term,. the first payment is 
always. to be made at the end of the year, in which the 
former life shall happen to survive. the latter. See 
Quest. VI. EEE ED 

# See the Notes p24. 2° y.., 


£34.39 
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£34.39 the value required in a single pre- 
sent payment; which payment divided by 
2£11.43, (the yalue by Table VII. Vol. II. 

of two joint lives, aged 30 and 40, with 
unity added) gives £38; or the value re- 
quired in annual payments during the joint 
lives, the first payment to be made immedi- 
ately.—If, every thing else being the same, 
the assigned term is 15 years, the value re- 
quired will be £29 in a single payment, and | 
£2.55 in annual payments. 


QUESTION X. 


«< What money in hand, or in annual 
‘** payments during life, ought a person of 
““an assigned age to give for a sum of 


8 See the demonstration of this rule in Note ©) 
Vol. IL. (c) 

(c) This demonstration is derived from Mr. De Moivre’s 
hypothesis, and therefore I have added in the note above- 
mentioned another demonstration founded on the real 
probabilities of life, from which the following rule is 
obtained, which is rather more concise than the rule 
given by Dr. Price. —‘* Find by Quest. VI. the value of 
“ the annuity for the remainder of the life in expectation 
‘after the given time. Find also by the Scholium to 
“the same Question the value of the annuity for the | 
“remainder of the two joint lives after the given time. 
* The latter subtracted from the former will be the value 
* required.”—~Thus; the value of an annuity of £10 on 
a life of 30 after i years is £69.43—the value of the 
like annuity during the remainder of two joint lives aged 
30 and 40 after 11 years is £35.08. Subtracting thig 
latter sum from the former we have £34.35, as given 
above, for the value required. By the © Norshamplon 
Table the value of this annuity is 33.77. 

money, 
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‘money, ‘ payable at his death to his heirs®? 
+ “fh other words, what money in hand, or 
ory annual “payments. during life, ought a 

“Berson of a given age to pay for an assu- 

“Pance of, any ; a, sum on his as 


ANS WER. 

oSubHAce thé value of the life from the 
perpetuity. Multiply. the remainder by the 
product of the given sum into the interest of 
£100. fora year : and this last product, , di- 
vided by £100 increased by its interest for a 
year, will give the answer ina single pr esent 
payment. And this. payment, divided by the 
value of the life, will give the answer in 
annual | payments, during the continuance of 


re the life. 


Example. . Let the life be 3o. ‘The sum 
£100. The valuation’ of lives, that in 
Table VI; ‘Vol. If. and the rate of interest 
4 per cent. The perpetuity, therefore’, is 
25. The interest of £100 for a year is 4 
£100, increased by its interest for a year, 
eee And the value of the life 14.68." 
The value of the life, subtracted from the 


This Quéstion is the same with Problem, tei in Mr. 
De Moivre’s Treatise’ on Annuities, and Problem 26th, - 
iu Mr. Svmpson’s Select Exercises; but the answers there 
given are right only when applied to. reversionary, estates, _ 
and therefore must be materially wrong when applied to 
reversionary sims, as will appear from the Scholiwm to- 
this Question, and from Note (E) at the end of this Vol. 


' That is; the value of the fee-simple of an estate’ 
found by dividing # 100 by the rate of interest. 


VOL, I. D had id 
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perpetuity, gives 10.32, which, multiplied 
by the product of £100 into 4, or by £400, 

gives 4128, <And_ this, divided by 104, 

gives £309.7, the value of £100, payable 
at the death of a person aged 30, in a single 
present payment. —And this payment, di- 
vided by 14.68, is £2.7, the same value in 
annual payments during the continuance of 
the life, 

These values found in the same way agree- 
ably to the valuation of lives for London, in- 
Tablé XI. Vol. II. are £45.76, and £3.49. 
If the life is 36, and interest 4 per. cent. these 
values are £43, and 3.1, by Table VI. 
Vol. If. and 4.1, by Mr. Simpson's va- 
luation of lives for London 4 in Table XI —If 
interest is reckoned at 3° per cent. the same. 
values are, by De Mowvre's valuation of lives, 
for 30 years of age, £48.14, and 2.86— 
Por 36 years of age, 51.43, and 2£3,.28*, 

It appears here, that difference of interest, 
makes no’ considerable. difference i in the an- 
swers to Questions of this kind, except when 
the valties are required in a single payment. 

If the first of the annual payments is to be 
made immediately, the single payment is to © 
be, divided by the value of the life, with 
unity added to it, agreeably. to what has been: 
already observed; andthe annual payments 
in this case (interest ae at 4 BEE cent.) 


& These values by the Northampton Table are £47.8 
and £2.83, and £51.28 and €3.26. M. 


will 
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will be by Mr. De Mowvre’s valuation of lives 
(or Table VI. Vol. II.) for a life at 30, 
£2.58—At 36, £2.90. 

If the payments are half-yearly payments 
beginning immediately, the single payment 
must be divided by the value of the life in- 
creased by seven tenths, (see Question VIII. 
page 29.) And the half-yearly payments, 
for the age of 36, will be half 2.96, or 1.48. 
- And half 1.48,°or .74, is likewise nearly the 
proper quarterly payments. 

Again; if an annual payment, beginning 
immediately, of £2.9, ought (reckoning in- 
terest at'4 per cent.) to purchase £100 pay- 
able atithe failure of .a life now 36; £5, by 
the rule of proportion, ought to ‘purchase 
£172; And inclike manner, it may be 
found; that the same annual contribution, in 
half-yearly or quarterly payments, beginning 
immediately, ought: to purchase £170.— 
‘Ehese) sums, according to the London Obser- 
vations, are’£132;and £130 nearly. 

The reason of: ‘mentioning these particu- 
Jars will be seen in the next chapter. 


, - §CHOLIUM. 

If the reversion is not a sum, but an an- 
nuity for ever, or an estate in fee-simple, to be 
entered upon after a given life, its present 
value, in a single payment, will be “ the value 
“ of the life subtracted from the perpetuity, 
“‘ and the remainder multiplied by the an- 

oe or the annual rent of the estate.” 

D2 , And 
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And the value,’ in annual payments, will be, 
as before, the. single payment divided by the 
value of the life. Universally.’ “It ought.to 
be: remembered, that: a reversionary estate, 
after any given life or ‘lives,.is worth “as 
much more than acorresponding reversionary: 
sum, as, £100, Inereased by its: interest for. 
a year, is greater than £100.. Thus, the: 
present. values, lini single and annual pay- 
ments, of £4 per.annum for ever, and of 
£100 in money after-any assigned life, are. 
to one another, (interest being at 4 per cent.) 
28 104 to°100,) or 1.04 to one. The reason _ 
of this difference is, that\ the caleulations 
suppose, that the reversionary sum, and the: 
first yearly rent. of the:estere, or ‘first’ pay- 
ment of the annuity, are to. be ‘received: at. 
the same: time,cafter thevextinction of the’ 
lives:iny possession. Itaseasy to see, that 
this. is a circumstance which must make the 
latter of most. value.) But «to: prevent any 
doubts about it, [: shalbexplain it more par-" 
ticularly in a: ‘note in the mg it cian ade 


“QUESTION wa 
sas. person of a given ~age, having a 
* yearly income: which will fail with His - 
“lite, wants to make provision for another 
“person ofa given age, in case the latter 
“should happen to survive. What ought 
“the former to give in a single payment, 


Vid. Appendix, note (8): at the end of this Volume. 
cé or 


- % 
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‘* or in-annual payments during their joint 
“lives for a given sum, papanis at 2ilits 
** death'to the iatter ?” | 


_Itis manifest, that the value of the given 
sum in this case, must be less than in the 
case stated in the last Question; because, 
here the payment of -it,is suspended on the 
contingency, that one he shall survive an- 
other; whereas, in the other case, it is cer- 
tainly to be paid at. the failure of a given 
life. 

ANSWER. 

Find, by the solution of Problem XXXII. 
p: 297, Mr. Simpson's Select Exercises, the 
value of an estate, corresponding to the given 
sum, and depending on the given survivor- 
ship. Divide this value by £1, increased 
by its interest for a year, and the quotient 
will be the value of the given sum in a single 
present payment. And the single payment, 
divided by the value of the given joint lives, 


owill be the answer in annual payments 


during the joint lives... 

The solution Phave refered: to is as ; fol- 
lows: 
. “ Find the value of. an annuity.on two 
‘“ equal joint lives, whereof the common age 
“is equal to the age of the older of the two 


—** proposed lives; which value subtract from 


‘*‘ the perpetuity, and take half the remain- 
“der. Then say, as the expectation of the 
Bia dumitien 
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‘“« duration of the younger of the two lives 
‘‘is to that of the elder, so is the said half 
“‘yemainder to a 4th proportional, which 
** will be the number of years purchase to — 
‘‘ be given for the estate when the life in 
*¢ expectation is the oldest of the two. But 
“if this life is the youngest, then add the 
** number of years purchase just found to 
‘¢ the value of the joint lives, and let the 
“sum be subtracted from the perpetuity, 
“and you will also have the answer in this 
‘segee™. 


Let 


m Mr. Stimpson has given the following examples of 
this solution, adapted to London lives:——Example [. 
“* Suppose the age of the expectant to be 40, of the pos- 
“ sessor 30. The rate of interest 4 per cent. and the 
« given legacy #5000 or £200 per annum. Then the 
“value of two equal joint lives of 40, being 8.1, (see 
“Table XIi.) and the perpetuity 25, the remainder or 
‘¢ difference will be here 16.9; whereof the half is 8.45. 
“Therefore, it will be as 23.6 to 19.6, so 8.45 to 7.02 
“* years purchase, or £1404, the required value.” 

Example HW. “ Let the age of the expectant be 30, of 
* the jossessor 40, and the rest as in the preceding ex- 
“ample. Here the value of the joint lives 30 and 40, 
“© will be 8.8; which added to 7.02, (found above) the 
“ sum will be 15.82; whence the answey, in this case, 
‘is 9.18 years purchase, or £1836.” 

I have shewn, that the values of reversionary estates, 
and reversionary sums, are not the same as is here sup- 
posed. The rule gives the true value when applied to 
the former; but, when applied to the latter, the values 
given by it must be divided by #1 increased by its in- 
terest for a year, as above directed. The same observa: — 
tion is to be applied to Mr. Stmpson’s next Problem, or 
the 33d. hi iG: | 
_ In inese Pxamples 23.6 and 19.6, are the expectations, 
in Table X. of 30 and 40, according to the London ie 
| 2 | eg 
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Let the life in expectation be 30; and the 
other life 40: The sum, 2100. Interest, 
4 per cent. The valuation of lives, Mr. De 
Mowre’s, or that in Table VI. Vol. II. 

. The expectation of the first life, is 28; of 
the second life 23, by Mr. De Mowre's hypo- 
thesis. The value of the joint lives is 10.43. 

by Table VI. Vol. Il. The value of two 
joint lives, both 40, is 9.82, by the same 
Table. The estate corresponding to £100 
is £4 per annum, and the present value of 
such an estate to be entered upon by a per- 
son 30 years of age, provided he survives a 
person 40 years of age, is, by the rule just 
quoted, £33.32. And this value, divided 
by £1, increased by its interest for a year, 
or by 1.04, is £32.03, the value in a single 
present payment of the: sindof £100, dé 
pendent on the given survivorship. ‘And 
this single payment divided by 10.43, is 
£3.07, the required value in annual pay- 
ments, during the joint lives, if the first 
payment is not to be made till the end of a 
year. Butif the first payment is to be made 
immediately, the required value in annual 


bles of Observation ; and the method of finding them for 
any age, and from any ‘Tables of Observation, is ex- 
plained at the beginning of the first Essay. 

In Mr. De Moivre’s hypothesis, the expectation of a life 
_ is always half the complement. See note, p.2. Some- 
times the complement of a life is mentioned without any 
view to Mr. De Moivre’s hypothesis, and it then means 
double the expectation of the life, whatever that may be, 
agcording to any ‘table of Observations. 


paymenis 
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payments will be £32.03, divided by 11.43, 

or £2.8. These values, according. to. the 
London Observations, or Mn. Simpson's. ‘la-. 
bles founded upon them, are £35.30, ina 
single payment; and enon 6, in annual pay- 


ments, beginning immediately,» 
ra] 


Mr. Simpson, in the Problems ‘following 
that here quoted, has given | solutions of most 
other Questions, concerning, the yalues, of 
reversions depending on suryivorships, where 
the whole duration of two or three lives is 
concerned. And I am acquainted with, no, 
other solutions. of these Questions, which are, 
applicable to all Tables of Observations", and 

which 


~ The solutions of this and the following Question 
were certainly the most accurate of all that had been 
given previous to the fifth edition of this, work., . About 
three years before that edition was published, more correct 
solutions of these’ Questions’ were communicated by my- 
self to the Royal Society, and published in the 77th 
volume of the Philosophical Transactions.. ‘These,being 
derived from the real probabilities of life, depend on no 
hypothesis, and give the exact values in all ‘cases; while 
the solutions of Mr. Simpson, though applicable to any 
‘Table of Observations, are deduced from the expectations 
of life, and therefore can be regarded. only as approxima- 
tions, even where they happen to be most accurate. Inthe 
earlier and latter periods of life, however, they are much. 
too incorrect for use; nor can it indeed be ever necessary 
to have recourse to them, since the exact values may be 
obtained with little or no difficulty from the solutions 
above-mentioned. The general rule for determining the 
value of the reversion in the present Question may be 
expressed as follows: ‘ Let F represent a life one year 
‘younger, and P a life one year older than B. Multi- 

“ ply the value of an annuity on the joint lives of A P, 
“increased by unity, into the probability that B lives a. 
ee | 


y & 
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which, at. the, same time (proper regard being 
paid to the correction explained in the, last 
| | Question) 

i 0 © eae brat 


“year. Multiply. the distesiens teen: the sperpetuity 
“ and the value of an annuity on, the. Joint lives, of A B 
« into ‘the interest ‘of £ i ‘or a year... Add these two 
i: products. together, let their ‘sum be divided by #1, in- 
“creased by. its: anterest forva:years and reserve the quo- 
“tient. Divide the: value of, an, annuity jon, the joint 
“ lives of AF,’ by the probability, that F lives a year—- 
«Subtract: this’ from ‘the’ reserved quotient, and the 
“ remainder! being! multiplied into! half the given sum 
“‘ will produce the value required,. when, B the expectant 
“¢ is the oldest of the two lives.” If Bobe the youngest, 
the value will be obtained, as in, Mr. Simpson’s rule, by 
subtracting the value of A’s expectation, found above, 
from the whole value of the Benersion after the joint lives 


of A and. B. 


EXAMPLE. 


“thet it be required to determine the value of 2£100 
payable on the death of A, aged 24; should B, aged 67, — 
be then living; . computing, at 5, per cent. and from _ the, 
probabilities of life in the Northampton Table of Obser- 
vations. In this case the ages of F and P will be 66 and 
68 years. The value of an annuity on ‘the joint lives 
of AP, by Table XXVIIh and XXIX. Vol. Ib. is 5.924, 
the probability ‘that B lives’a year is. +}32, 6.924, (or 
5.924 increased: by unity,) multiplied ‘into +332, pro-_ 
Loa 6.550. The value of an annuity on the joint lives 

(or. 6.130,)» subtracted’ from 20, the perpetuity, 
oe bie 43.87; which being multiplied into .05, or the in- 
terest.of £1. for a-year, produces .694. ° Adding this to . 
the former product, and dividing 7.244, (their sum,) by 
1.05,. we have 6.899 for the quotient to be reserved. The. 
value of an annuity on the joint lives of A F, (or 6.33 1,) 
_ divided by +423 (d), (the: probability that F lives a year) 
quotes 6.675, which being subtracted from 6.899, the 

. reserved 
\ 


(d) Or, whichis the same thing, multiplied into 3453. 
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Question) may be considered as sufficiently 
correct ®. | 


QUESTION XII. 


“« Suppose an institution for the relief of 
** widows to extend its assistance likewise 
‘« to the families of married men, provided 
‘they leave no widows. Suppose, for in- 
‘* stance, that in this case children are to be 
“ entitled to £100.. What is such an ex- 
** pectation worth, in present payment, in- 
“* terest being at 4 per cent 2” 


ANSWER. 

If 40 is the mean age at which members 
are admitted on such an institution, and 32 
the mean age of their wives, the answer 
(supposing no subsequent marriages) is, by 
the 33d Problem in Mr. Sampson's Select Ex- 
ercises, p. 298, and the correction already 


reserved quotient, and .224, the remainder, being multi- 
plied into 50, or half the given sum, we have #11.20, 
for the value required. If A had been 67 and B 24, the 
foregoing value must have been deducted from 66.05, the 
whole value of the Reversion after the extinction of the 
joint lives of A and B, found by Question X. and the 
remainder, or £54.85 would have been the answer in 
this case. ‘These values agree nearly with the values by’ 
Mr. Szmpson’s rule. But if the difference of age between 
A. and B is very great, or a Table of Observations is used 
in which the decrements of life are not so regular as in 
the Northampton Table, the values by Mr. Simpson’s rule 
will be found in many cases to be one third wrong. M. 
® See the third Chapter. 


~ explained, 
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* explained, £13.80", taking the expecta- 
tions and yalues agreeably to Mr, De Mowre’s 
hypothesis. 


But 


? This Problem and its solution are given by Mr. 
Stmpson in the following words: ‘* A, and his heirs are 
“ entitled to an estate of a given value, upon the decease 
“of B, provided B survives A; to find the value of 
“ their expectatien in present money.—Solution. “ Find 
“the value of an annuity on the longest of two equal 
*‘ lives, whereof the common age is that of the older of 
“the lives A and B; which value subtract from the 
perpetuity, and take half the remainder; then it will 
“be, as the expectation of duration of the younger of 
“the lives A and B, is to that of the older, so is the 
“ said half remainder to the number of ‘years purchase 
$6 required, when the life of B zs the older of the two. But 
“if B le the younger; then to the number thus found, 
* add the value of an annuity on the longest of the lives 
* A and B, and subtract the sum from the perpetuity, for 
‘* the answer in this case.’ 

If the estate is £4 per annum, the age of B 40, and of 
A 30, interest 4 per cent., the answer by this rule comes 
out £13. 86, which divided (as in the preceding Question) 
by 104, gives £13.32, the value, as above, of £100 in 
money. If B is 30 and A AO, the same value is £15.71, 

N. B. The value of the longest of the two lives is always 
the difference between the value of the joint lives, and the 
sum of the values of the two given single lives. Thus; 
the value of a life at 40, is, by Table VI. Vol. II. 13.2, 
The sum of the values of two such lives is 26.‘, The 
value of two aoe lives, whose common age is 40, is, by 
‘Table VII. 9.82; and the difference is 16.58, or the 
value of the aac of two lives at 40. (e) 

() This rule, like the preceding one of Mr. Szmpson, 
being deduced from the expectation of life is equally in- 
correct: and therefore, in most cases, it will be best to 
adopt the following general rule deduced from the Solu- 
tion to which I have referred in pag. 40. “ Let F, as in 
“the former question, deyote a lite one year younger, fon 

3 
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But thereis a reduction necessary, on ac-_ 
count of the chance there is, that a widower 
may marry again.. Suppose, therefore, one 
halt of all widowers to marry a second and 
third time, and that two fifths of such wi- 

dowers 


** Pa life one year older than B.—-Multiply the value of the 
“ joint. lives of A P, increased .by unity, into the proba- 
“ bility that B lives a year. Subtract the difference be- 
* tween the. joint lives A.B and,twice the value of the 
“* single life B from the perpetuity, : and multiply the re- 
** mainder into the interest of £1 for ayear. Let this be 
* added to the former product, divide their sum by #1. in- 
“* creased by its titerest for a year and: reserve the quotient. 
© Divide the value of the joint lives AF by the probability 
* that F lives a year—subtract. this from the. reserved quo- 
fe tient, and the remainder being multiplied into half the 
~ given sum will produce the value required.” 


 BKAMPLE. 

Let it be required to determine the value of 100 
payable on the death of B,. aged. 65, should that happen 
after the death of A aged 25, computing at 3 per cen. 
and from the probabilities of life at Northamp‘on, The 
value of an annuity on the joint _ lives AP by Tables 
XXVIII. and XXIX. Vol. If. is 7.123 which being 
increased by unity and multiplied into 1843 (the proba- 
bility ha R lives a year, found by Table XVII.) pro- 
duces 7.7 The valuc, of an annuity on the joint 
lives A B is © 7.370 ~The value of an annuity on the life 
of B: by Table XIX. is 8.302, and the: interest. of, €1 
for, a. year is .03 —the oe hetween 7.37 and 
16.604 (or twice 8.302)..being subtracted from 33.333, - 
the perpetuity, and, 24.099 the. remainder multiplied - 
into. .03 produces 723, which being added to 7.725 the 
former product, and 8.448, their sum being divided by 
1.03: we have 8.202 for the quotient to be reserved.— 
The value of an annuity, on the joint lives AF is 7.611, 
the. probability that F lives a year is S7E4s the former 


‘divided 
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dowers survive these subsequent marriages. 
In this case, + added to’ of +, or, <2, of all 
who become aid ow ese?’ will die without leav- 
ing widows, ‘and therefore’? of £13.8, or 
£0.66, will be the answer. [f only ore fourth 
of all: who’ beéome widowers ‘mairy again, 
and two fifths: of these survive; the answer 
will be £11.73) 

~ This caleulation: supposes all: rineriAges to 
leave children who survive their parents. If 
this is considered as uncertain, the valués now 
determined must be diminished i the pro- 
portion of this uncertainty. ‘Thus ;"if one 
marriage in seven fails of leaving’ ehildten 4 
that survive their parents; these values will 
be reduced a seventh part, or to £8.28, if 
half, and £10.05, if" A Pi ge of all Wi- 
dowers marry. -— 

‘In this way may any ata duestions af the 
same kind be: answered on'any stippositions ) 


that ae be thought, most | Dig aint vos 4 


digitled me the aati sate pe ( ne 1. 984,. which being 
subtracted from 8.202 the reserued quotient, and .218, 

the remainder; being multiplied into 50, or half the given 
sum, we have £10.90, for the? value required. Sup-' 
posing A-to be 65 and B. 25 vears-of age, the: foregoing 
sum must be subtracted from 41. 761, the whole value of 
the reversion after the lorigest of the two lives of A and 
B, and 2£30.861, the remainder, 4 willbe the value in this 
edges <elirartte af . sete) boc, Ms 


-% This» for ghany. years a been neatly the Suet among: 
the: ‘ministers and professors in. Scotland. | 


( 4) Or, which is the same thing, multiplied io into Pre 


QUESTION. 
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QUESTION XIU. 3 
‘* Let an establishment be supposed which 
‘takes in at once all the marriages in a 
‘country, or all marriages among. persons 
‘of a particular profession within a given 
“ district, and subjects them for perpetuity 
*‘ to a certain equal and common tax, or an- 
** nual payment, in order to provide life an- 
“< nuities for such widows as shall result from 
** these marriages. What ought the tax to 
“« be, supposing the annuity £20, and caleu-_ 
‘« lating at 4 per cent. trom Mr. De Mowre's 
‘* valuation of lives ?” 


ANSWER. 


Since, at the commencement of such an 
establishment, all the oldest, as well as the 
youngest marriages, are to be entitled equaily 
to the proposed benefit, a much greater num-_ 
ber of annuitants will come immediately. 
upon it, than would come upon any similar 
establishment, which limited itself in the ad- 
mission of members to persons not exceed-— 
ing a given age. ‘This will check that ac- . 
cumulation of money, which should. take . 
place at first, in order to produce an income 
equal to the disbursements at the time when 
the number of annuitants comes to a ma.si- 
mum ; and, therefore, will be a particular bur- 
den upon the establishmentin itsinfancy. For 
this, some compensation must be provided ; 

and 
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me the equitable method of providing it, is, 
by levying fines at the beginning of the esta- 
blishment, on every member exceeding a given 
age, proportioned to. the number of years 
which he has lived beyond that age. But in 
the present question, it is supposed, that such 
fines cannot be conveniently levied, or that 
every payment must be equal and common, 
whatever disparity there may be in the value 
of the expectations of different members. 
‘The fines, therefore, must be reduced to one 
common one, answering as nearly as possible 
to the disadvantage I have mentioned, and 
payable by every member at the time when 
the establishment. begins. After this, the 
establishment will be the same with one 
that takes upon it all at the time they marry ; 
and the tax or annual payment of every mem- 
ber adequate to its support, will be the annual. 
payment during marriage, due from persons 
who marry at the mean age at which, upon 
an average, all marriages may be considered 
as commencing,-—There are then two points 
to be here determined. The fines necessary to. 
be paid at first, according to the account I have 
just given; and the constant annual payment, 
necessary to be made by every member, as 
an equivalent for the expectation provided 
by the establishment—The fines to be paid 
at first are, for every particular member, the 
same with the difference between the value 
of the expectation to him at his present age, 
and what would have been its value to him 
had 
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had the’ ‘scheme beg at the time he inar- 
tied? Ob they dite, eh ‘the whole bedy of 
idmnberse the die Laue Aa the’ value 
of the chino expectation, to pérsons at the 
meari ‘age of all’ thatriéd' pérsohs taken toge- 
ther as they éXibt th ‘the ‘world, ‘and ‘to per= 
sons at that age, whieh ig’ to be dceinied their 
mean age when they 3 marr foe ee . 
“Thus: ‘Tet 33 for the’ man, ind: 25 434 the 
woman, be ‘the méan Ages of all that marry. 
annually. "Bet also" a8. be’ the mean age of 
all the “married meh ih’ thé! Wworld,. and 40. 
of married women™. Now, he that” will 
calculate for these ages, in the manner di- 
rected in Quest. IV: Will find, that the value 
‘in annual pdijments « during” Marriage, and ber. 
ginning immediately, = of the expéctation of 
an annuity’ of. 20 per * ‘anni, by a person 
25 years” of a re, dftera lite whose age Is 33, 
“is £66k Ss And that £8. 04, is the value of 
the’ same ‘eepects ation, the “ages being 48 and 
40. . 
WE forint, diate! ‘is ‘the payment’ for. 
tpetuity fron every member of. the ‘esta-, 
ae mretit’ ‘and the Value of the d. ifference be- 
tween ieand the latter,” or of £1.4: per ann. 
payable ‘@uting two joint lives, whose ages 
are 40 and. 48, ‘that. As, £14, 2, is the finé. ne- 


fi must beg ot to at to hote (Fy i in, 1 the pe 
for an explanation of what T mean by the’ mean ages of 
married men-and women, and’ also for a. confirmation of 
the answer L have given to this Question. > _ . 


cessary \ 
i 
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cessary to be levied on every married mem- 
ber at the beginning of the establishment *. 
It would be easy to extend the benefit of 
such an establishment, so far as to provide 
£100 for the children of members, provided — 
they leave no widows; and the necessary ad- 
dition on this account to the perpetual an-— 
nual payments can scarcely, in the circum- 
stances this question supposes, be much more 
than about 15s. payable during life, and ex- 
cluding from all benefit such as happen to 
be widowers at the commencement of the 
establishment, and do not afterwards marry. 


If, in such an establishment, all persons 
of a particular denomination, whether mar- 
ried men, widowers, or bachelors, are sub- 
jected alike to the taxes and fines; they 
‘ought to be as much /ess, as the whole num- 
ber of :persons subjected to them is greater 
than the number of marriages constantly 
existing. 

In carrying these schemes into execution, 
there cannot be a more easy, or equitable 
way of raising the necessary fines, than by 
providing, that none shall be entitled to any 


* An annuity for ever, the first payment of which 
is to be made immediately, is worth 26 years purchase, 
interest being at 4 per cent. £14.2 therefore is equivalent 
in value to £0.55 or 11s. per annum, for ever. Add this 
to £6.64, and it will appear, that £7.19 per annum, be- 
ginning immediately, is the answer to this Question, sup- 
posing the value of the fine to be provided for in the per- 
vetual annual payments. 


VOR. E expectation 
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expectation for a few of the first years. ‘Thus, 
an establishment, .éntitling widows to £20 
per ‘annum fort life, and consisting of 667 
married . members, and 344 unmarried, al- 
ways kept up at an average, ought to begin 
with a capital of 2£14,2 multiplied by 667, 
or £0471, besides one payment in hand of 
the constant: annual payments. ‘That is, (the 
proper annual payment.of every member be- 
ing in this case, £22; multiplied by £6.64, 

or c£4.38) it ought to. begin with a capital 
of £13.899 over and above the payment-of 
4.88, ‘at. the end. of every year: for ever 
afterwardst.—The exclusion of all the first 
_ members from any benefit, unless théy \sur- 
vive the first to years, or live to make three 
payments, would raise this capital nearly. 

And such an exclusion for: three or four 
years, would be an advantage so consider- 
able, that it would probably give security 
and stability to the scheme for all yd inane 
time. 


In these observations, I have had in view 
some schemes which. have ‘been established 
in this kingdom ; but more particularly, one 
established by act of parliament among the 
clergy i in Scotland ; ‘of which I shall have 


' Or, supposing the value ‘of | £9471 (the fine) pro- 
vided for in the annual payments, it ought -to receive 
every year, at the leginning of the year, a eeeawen 
“from each member of 44.74. | , 


| ssiiealasi 
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oceasion in the next et to take further 
‘notice. 

Lt awe cdichsisin to caboolate here only from 
Be tHalley’s Table, or Mr. De Moiuvre’s hy- 
pothesis grounded upon it, because the London 
Table.is, by no means, adapted to the cases 
in view. . 

It. should. be fateled remembered, that 
When the mean ages, at which marriages 
eommence, are supposed. to be 33 and 25, 
all second and third marriages are included ; 
and that’it'is to be expected, that almost al] 
these’ marriages will begin after these ages; 
and ‘likewise, that a considerable proportion 
of the first marriages will begin a much lon- 

r time after these mean ages, than any of 
the other first marriages will begin before 
them. —Probably, therefore, these mean ages 
should not be taken younger. One or two 
years, however, more or less, in every sup- 
position I have made, will make no difference 
of oe: consequence. | 


7 


QUESTION XIV. 


Rises” person of a giyen age. has an estate de- 

3 (PERE on the continuance of his life for 
a given term. What ought he to give for 

“having it. assured. to him for that term?” 


ANSWER. 

i a the value of an annuity certaim for 
the given.term, found by ‘Vable If. sub- 
tract | the value of the life for the given terrn, 

| E 2 found 
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found by Quest. VI. and reserve the remain- 
der.—Multiply the value of £1 due at the 
end of the given term, (found by Table I.) 
by the perpetuity, and also by the probability, 
that the given lite shall fail in the given term. 
The product added to the reserved remainder, 
and the sw multiplied by the given annuity, 
will be the required value of the assurance 
in one present payment”, 


EXAMPLE. 

An estate or annuity of £10 for ever, will 
be lost to the heirs of a person now 34, 
should his lite fail in 11 years. What ought 
he to give for the assurance of it for this 
term?—That 1s; What is the present value 
of such an annuity to be entered upon at the 
failure of such a life, should that. happen in 
1i years. 

The value of the life of a person whose 
age is 34 for 11 years, is, by Quest. VI. 
(reckoning interest at 4 per cent. and taking 
Mr. De Mowre’s valuation of lives) 7.76; 
which, subtracted from 8.760, (the value 
of an annuity certain for 11 years) leaves 1 
the remainder to be reserved. 

The value of £1 to be received at the end 
of 11 years, is, 0.6406, by Table I. Vol. II. 
The probability that the life of a person, 
aged 34, shall fail in 11 years is, by Dr. 
Halley's Table, 12%; and the pap ti is 25. 


“ See the demonstration in note ( (G) at the uid of this: 


volume. 
‘These 
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These numbers multiplied by one another, 
and 1. added to the product, make 4132, 
which, multiplied by 10, (the given annuity) 
gives £43.2, the required value in a single 
present payment. 

#£43.2 divided by 1.04, gives £41.54 
the true value (by Scholium to Question X.) 
of the assurance of an equivalent sum, or of | 
26250 for 11 years on the given life*. ee 


Again pe wt afewl fai 
SP 2ried gute 


_* The premium of assurance for a given sum may be o-aonerte e 
more easily obtained by the following rule :*** Find the nt Ke dear te 
«“ value of the life for one year less than the given term. Fin bach 
“Let this value added to unity be divided by #1 in- sanr., 4 Mee 
“ creased by its interest for a Year. From the quotient < cla fffecccece aN 
“ subtract the value of the life for the given term, and zie tepee le 
“the remainder-being multiplied into the given sum will #~ < Coen 74 
“be the value required.” SO trtoere | 
The equivalent annual payments, the first to be made “fe<<- Me tees q 
- immediately and the others at the beginning of each year, <svvo. Al /4 
may be found, “ by dividing the single premium by the 4 fertees 7 
“ value of ihe life, with unity added, for one year leSs o299 cee | 
* than the given term.”” In the rules given by Dr. ‘Price; _ SYOs 
in this question, and the scholium, the first payment is sup-~ bis 
posed to be made at the beginning, and the last at the ex- 
piration of the ferm. But this method of assurance is 
never adopted; the annual payments being always made, 
according to the rule given above, at the beginning of each 
year. 


EXAMPLE. 


Let it be Tequired to determine the value of an as~ 
surance of £250, in single and annual payments, for a 
term of 11 years on the lite of a person aged 34, aecord- 
ing to the Northampton ‘Table of Observations, and at 
4 per cent. interest.—The value of the life for 10 years is 
7.335, and 8.335 (or 7.335 increased by unity) being di- 
vided by 1.04 quotes 8.014; from which deducting 
7.851, (or the value of the life for 11 years) we have .163 ; 

which 
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Again 41.54, divided by 8.76, (the valué 
of the given life for the given time with unity 
added to it) gives 4.74, the same value in an- 
nual payments beginning immediately, for - 

11 yearsY, subj ect to failure should the life. 
fail 
bET 
SCHOLIUM. 

In a similar way may the price of assu- 
rances on any two joint lives, or the /ongest 
of two lives for z any given terms, be calcu- 
Jated; the rule béing as follows: 
we From the value of an annuity certain » 
‘ for the given term, subtract the value of 
** the joint lives, or the longest of the two 
‘* lives for the given term, found by Scho- 
‘“* lium to Quest. VI. and reserve the remain- 
** der— Multiply the value of £1 to be re- 
** ceived at the end of the given term by the 
““ perpetuity, and also by the probability. 
‘* that the joint lives, or the longest of the teva 
“* ives, shall fail within the given term. 
“ "This product added to the reserved re- 
‘“* mainder, and the swm multiplied by the 
“annuity to be assured, will be the value of | 
‘ the assurance in a single present payment.” 


which being multiplied into 250, produees £40.75 for the 
value of the assurance in a single payment. find 40.75 
divided by 8.335 gives £4.89 for the same value in an-— 
nual payments to be made at the beginning of each year, 
_Y The last payment to be made at the end of the 1ith 
year; or 12 payments in all. : 


EXAMPLE. 


ce 
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‘EXAMPLE. 


‘What is the value of £ 10 per annum, 
** to be entered upon, should either of two 
on eet des one.40, and the other 30, years of 

““ age, die in ten ‘years, reckoning interest 
“at 4 per cent. and calculating from Dr. 
“* Halley's ‘Table. 00% # 

The value of two joint lives at these ages, 
for 10 years, (found by Scholium to Quest. VI) 
is 6.51; which, subtracted from 8.11,, (the 
value of an annuity certain for 10 years, at 
4 per cent.) leaves 1.60, the remainder to be 
reserved... 

_ The value of £ 1 to be wae ta oy ie end 
of 10 years, is 6755, by Table I. Vol. Il. 

_ Lhe probability, that the lives of one or 
other of two persons, aged 30 and.40, shall 
fail in, 10 years, is 434 by Table V.z.. And 
the perpetuity. 25. These numbers, mul- 
tiplied by one another, and 1.60 added to the 
product, make 7.48, which multiplied by 10, 
(the given annuity) gives #£74.8, the an- 
swer ina single present payment. 

£74.8, divided by 1.04, gives 71.92, 
the value of the assurance ar an equwalent 


* The probability taken from the Table, that a per- 
son, aged 30, shall live 10 years, is $32. That a person, 
aged 40, shall live 10 years, is $78. That they shall 
loth live 10 years, is 248, multiplied by 248, or 246. 
That they shall mo¢ loth live 10 years, or that one or other 
of them shall die in this time, is 24°, subtracted from 
unity, or 33%. See note p. 24. 


sum ; 
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sum; or of £250; £71.92, divided by 
7.51, (the value of the two joint lives for 10 
years with unity added) gives 9.57, the value 
of the same sum in annual payments be- 
ginning immediately, for 10 years, subject to 
failure should the joint lives fail. 


EXAMPLE ILI. 


«What is the value of £10 per ann. to 
‘* be entered upon, should two persons, one 
‘* 30, and the other 40, both die; that 1s, 
‘* should the longest of. the two lives fail in 
TO Feat. reckoning interest at 4 per ‘cent. 
“* and calculating from Dr. Halley’s Table?” 

The value of the longest of the two lives 
for 10 years, (that is, the value of the joint 
lives for 10 years, subtracted from the sum 
of the? values of the single lives for 10 years) 
is 7.91; which, subtracted from 8.11, the 
value of an annuity certain for 10 years, 
leaves .20 the remainder to be reserved.— 
The value of £1 to be received at the end 
of 10 years, is, 6755. he probability that 
the lives of two persons, aged 30 and , 
shall fail in 10 ae is, by PADIE SY a, 
multiplied by 2°, or $5235; and the per- 
petuity 25. These numbers, multiplied by 
one another, and .20 added to the product, 
make .740, which, multiplied by 10, (the 


* See Scholium to Question VI. 
: given 
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given annuity) gives 7.4, the answer in a 
single payment. 

7.4, divided by 1.04, gives 7. 11, the va- 
lue of the assurance of £250. | 


REMARK I. 


The values of single lives for given terms, 
when these terms are less than ten years, 
must, in answering these Questions, and also 
in answering the following Questions, be 
found true to at least 2 or 3 places of deci- 
mals. When they cannot be found to this 
exactness by any Tables, they must be cal- 
culated in the following manner: 

“Multiply the probability, taken out of 
‘‘the Table of Observations, that the life 
“* shall exist 1, 2,3, &c. years, by the value 
‘““ of £1 due at the end of 1, 2,3, &c. years; 
*“and the sum of the products will be the 
‘* value of the life for 1, 2, 3, &c: years.” 


For Example. The probability, that a 
person whose age is 34, shall live a year, is, 
_ by Dr. Halley's Table, +2°. The probability 
at the se age, of living 2 years, is, #33; 
3 years, *75—*°° multiplied by .9615, (the 
value, by ‘Table I. of £1 due at the end of a 
year, interest being at 4 per cent.) 1s, 942; 
or the value of the life for one year—+2-, 
multiplied by .925, (the value of £1 due at 
the end of two years) is .891. And this added 


to 
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to the former product, gives 1.833, or the 
value of the life for two years —+#44 multi- 
plied by .8890, (the value of £1 due at the 
end of 3 years,) is .841; and this product, 
added to 1.833, makes 2.074, or the value 
of the given life for 3 years. 

When the term exceeds 10 years, the rule 
in Quest. VI. will give these values with suf- 
ficient exactness; and it would do the same 
in all cases, were the values of lives given 
true to 3 or 4 places of decimals®, and in 
strict agreement to the ‘Tables ig Observation 
used. < 

The remark now made 1s a be extended 
to the values of jomnt lives for given terms: 
For’ these values, like those of siig/e lives 
cannot be found in solving ‘these Questions 
withsufficient accuracy, (when! the terms are 
small, and the values of lives are given only | 
to one or two places of decimals) by any 
method, except the tedious one, of mul- 
tiplying the probability that. the 2 lives 
shall both continue, 1, 2, 3, &c. years, by 
the value of 221 due at the end of 1, 2, 3; 
&c. years, and taking the sum of the pro- 
ducts 1 in the manner just described. 


> Such tables are given in the present edition of this 
treatise ; and therefore this remark is now Jess necessary 
than it was. See the tables of the values. of single and 
joint lives in the next volume, deduced from the register 
of mortality at Northampton, &c. 


REMARK 
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case: “of the Baas By a given time. a 
any life or lives, at the end of that time; and: 
not at the end of the year in which the failure 
may happen; its present value will be the pro- 
duct arising from the continual multiplication: 
by one another of the perpetuity increased, 
by unity, the value of 21 due at the end-of. 
the given time; the annuity, and the proba-' 
bility that the life, or lives, shall fail. within 
the given time. And care should be taken; 
not to confound these two sorts of Questions, 
with one another—Thus, the value in oné 
payment of £10 per ann. to be entered upon’ 
eleven years hence, in case a person aged 34 
should not live so long, is 20, (the perpetuity 
increased by unity,interest being at 4 percent.) 
multiplied by .6496, and by £10 and _also 
by 3333 or 34.8.—This value, divided by 
1.04, is 33.5, the value of an equivalent 
sum, or of £250 to be obtained on thé same 
conditions. 


The value of the assurance of any annuity 
on the whole continuance of any single life 
is, by Quest. X. the excess of the perpetuity 
above the value of the life, multiplied by the 
annuity. Andin like manner; the value of: 
the assurance of any annuity on the whole’ 
continuance of any two jot lives, or the 
longes! of two lives, is the excess of ‘the pers 


pet uaty 
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petuity above the value of the joint lives, or 
of the longest of two lives, multiplied by the 
annuity. This is very obvious; but no'ge- 
neral method has been yet explained of find- 
ing the values of assurances on lives and sur- 
vivorships for terms of years less thart the 
whole continuance of the lives. For this rea- 
son, | have been here more explicit than I 
should otherwise have been; and as such as- 
surances are now much practised, and may 
be very useful if their values are rightly de- 
termined, I have thought proper to add the 
two following Questions, which, when join- 
ed to Question XI. and Mr. Simpson's 32d 
Problem given in the note p. 38, will, I be- 
Heve, exhaust this subject as far as two lives 
can be concerned. 


QUESTION XV. 


“B, expectant, will lose a given sum, 

“should he survive A, within a gwen time. 
“ What ought he to pay for the assurance of 
“it?’—In other words: “ What ought he 
“to pay for a given sum to be received at 
“ the death of A, should he happen to sur- 
“vive him within a given time?” 


ANSWER. 


Divide the sem of the decrements of life 
in the Table of Observations from the age 
of A, for the given time, by the given time ; 
and, by the quotient, divide the number of 

the 
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the living in the Table at the age of A; and 
again, by this second quotient‘, divide the 
given sum, reserving the ¢hard quotient. 
Find the value of an annuity on the life 
of B, forthe given time. To this value add 
the quotient, that will arise from dividing the 
value of an annuity certain, for the given 
time, by twice the complement of the life of 
B; and the sum, multiplied by the reserved 
quotient, will be the required value in a single 


present ‘payment’. | 
EXAMPLE. 


© When the age of A is under 60, and the term so 
large as to exceed the difference between it and 70, it 
will be best, when the London ‘Table is used, to divide 
the given sum, not by the second quotient here men- 
tioned, but by the complement, or double the expectation 
of A. 

4d See the demonstration of this rule, and also of the 
rule that will be given for solving the next Question, in 
note (H) at the end of this volume. 

¢ The following rule derived from the solution of the 
llth Problem (see note G) is rather more simple, and 
is so far preferable to the rule given above, as it has 
been obtained without the aid of Mr De Moivres’s hy- 
pothesis, which it is best entirely to exclude from the 
doctrine of Survivorships, ‘* Divide the sum of the decre- 
“ ments of life from the age of A for the given time, 
*‘ by the given time multiplied into the number of the 
** living at the age of A, and reserve the quotient. Let, : 
“the value of the life of B for one year less than the. 
“given term, with unity added, be divided by £1, in- 
“ creased by its interest for a_ year. ‘To the quotient add 
“the value of aw annuity on the life of 5 for the given 
“ term, multiply this quantity into the reserved quotient 
“and also into half the given sum, and the product will 
“be the value required.” | 

EXAMPLE. 
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“BXA MPLE. 


pal the Table of Observations Be! Mr. 
Simpson's for London. (see the ‘Tables im the 
next volume). © ‘Let the rate of mterest be 
3: par cent. A, seven years of age. B, 30. The 
given time 14 years. ‘The given sum £100. 
Bt a sum sd pecrements, for 14 years 


“EX AMPL E. 


Let the respective ages of A and B be 7 and 30 years, 
the given sum £ 100, the term 14 years, the rate of in- 
terest 3 per cenit. and ‘the probabilities of life as they arein 
the Northampion 'Table.—The. sum of the decrements for 
‘14 years from the age of 7 is 865; the number of persons 
living at that age is 5925, ° which being multiplied into 14, 
and 865 divided by 82950 (the product) we have 0104 
for the quotient to be reserved. ‘The value of an annuity 
on the life of B for 13 years is 9.436, and 10.436 (or 
9.436 added to unity) divided by 1.03 (or £1 increased 
by its interest for a year) quotes 10.132; which being 
added to 9.937, the value of an annuity on. the life of B 
for 14 years, and 20.069 (the sum) being multiplied into 

0104, (the reserved quotient) and also f&to 50, (half the 
given sum) we have 10.4 for the value required. —The 
same value by the London Table is £11.94, or £1. 2s. 
more than Dr. Price makes it to be. But it should be 
observed, that when the decrements of A’s life for the 
given term.are equal (as they happen to be very. nearly by 
the London Table in the present case) that the exact value 
of the reversion is obtained by this rule, and therefore 
that the value. by Dr. Price’s rule in this instance is one 
tenth less than the truth. ‘This inaccuracy arises from ap- 
plying Mr. De Movwvre’s hypothesis to a Table of Obser- 
vations for which it is by no means suited. Had the 
Northampton, or any other table been used, which agrees 
better wiih this hypothesis, the values by both rules would 
have been nearly the same. 


from. 
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from the age of seven, is 75, which, divided 
by 14, gives 5. 36. The number of the living 
at seven is 430, which, divided by 5.36, and 
£100 divided "by the quotient, Bes) Lek 2y 
the quotient to be reserved. 

‘The value of an annuity for 14 years on 
the life of B, is, by Quest. VI. 9.54.—The 
value ofan annuity certain for 14 years, is, 
(by Table IT. Vol. If.) 11.296, which di- 
vided by 94.4, (twice the complement.of the 
life of B, by T ‘able X. ‘ gives .12, which, added 
to 9.54,. gives 9.66; and this again. multiplied 
by 1.12, the reser ved quotient, gives 10.82, 
the present value in one payment of £100, 
payable at the death of A aged 7, to B aged 
30, should A die and leave B the survivor 

within 14, years,9 

The present value for 14 years of two joint 
lives, one 7 and the other 30 years of age, 
may be fod, by the help ef Table XI. and 
the rule in the Scholiwm to Quest. VI. to be 
nearly 9 years purchase; and, £10.82 di- 
vided by this value with unity added, .er by 
10, gives 1.082, the foregoing value in an- 
nual payments during the joint lives for 14 
years, the first payment to be made imme- 
diately, and the /as¢ payment at the end of 
14 years, should ee sae lives not fail. 


f This table g gives the capecte ling only, but it shoild 
be remembered, that twice the expectation is 5 always the 
complement of a life. See note, p. 39. 
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SCHOLIUM. 

It deserves particularly to be remembered, 
that in this method likewise may be calcu- 
lated, what sums ought to be paid on any 
survivorship, within a given time, of one life 
beyond another, in consideration of any given 
sum now advanced.—The following Example 
of this is a case which has offered itself in 
practice. 

«« A person, aged 30, has in expectation 
** an estate which is to come to him, pro- 
‘« vided he survives a minor, aged 7, before 
‘he is out of his minority; that is, pro- 
** vided he should be himself living at the 
“* time of the minor's death, should that hap- 
‘‘ pen before he is 21.—In these circum- | 
“* stances, he wants to borrow £1000 on his 
“* expectation. What reversion out of the 
‘* estate depending on such a survivorship, is 
‘‘a proper equivalent for this sum now ad- 
“vanced, interest being reckoned at 3 per 
cent. and the probabilities of life being 
““ supposed the same with those in Mr. Sinp- 
* son’s Table of London Observations ?” 


ia 4 


ANSWER. 


It appears from what-has been just deter- 
mined, that for £10.82 now advanced, the 
_ proper equivalent in such circumstances, 1s, 
£100 to be paid, in case the survivorship 
should take place; or, by the correctzon in 

3 page 
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page 35, as much of the estate as £100 
will buy at 3 per cent. supposing the first rent 
to be received immediately; (that is; sup- 
_ posing the estate worth 24.33 years purchase) 
or £2.912 per annum.—By the rule of pro- 
portion, therefore, for 1000 the proper 
equivalent will be £ 9242 in money; org6209 
per annum out of the estate: | 
QUESTION XVI. 

‘“ £100 will be lost to B’s heirs, should 
‘he happen to die after A, ewithin a given 
‘“< time. What is the price of the assurance 
‘of it?—-That is: What is the present va- 
‘** lue of £100 payable at the death of B, 
** provided his death should happen after A’s 
* death, wethen a given time 2° 


ANSWER. 


Divide the sum of the decrements of life 
in the Table of Observations from the age of 
B, for the given time, by the given time; 
and by the quotient divide the number of the 
jiving at the age of B; and again, by this 
second quotient®, divide the given sum, re- 
serving the third quotient. 

Find the value of an annuity on the life A 
for a number of years, less by one year than 
the given time, which subtract from the va- 


= Or rather, if the Lozdon Table i is used, by the con 
plement of the life of B, when his age is under GO, and the 
term exceeds the difference between it and 70. 
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lue of an annuity certain for the same num- 
ber of years. Multiply the remainder by the 
reserved quotient, and divide the product by 
the amount of £1 for one year, and let this 
be a second reserved quotient. 

Again. Multiply into one another the ferst 
reserved quotient, and the value of an an- 
nuity certain for the given time; and divide 
the product by twice the complement of A’s 
life. This das¢t quotient, added to the second 
reserved quotient, will be the anszver in a pre- 
sent single payment?. | 

EXAMPLE. 


b The solution of the 12th question (see note G at the end 
of this volume) affords an easier and in general a more cor- 
rect method of determining the value “of this reversion : 
** Divide the sum of the decrements of life from the age 
** of B for the given time by the given time multiplied into 
“the number of persons living at the age of B, and re- 
** serve the quotient. Divide the difference between. the 
** value of an annuity certain, and the value of an an- 
“ nuity on the life of A for one year less than the term, 
““ by £1 increased by its interest for a year. Add the 
* quotient to the difference between the value of an an- 
** nuity certain and the value of an annuity on the life of 
“A for the given term. Let this quantity be multiplied 
*‘ into the reserved quotient, and also into half the given 
“‘ sum, and the product will be the value required.” — 


EXAMPLE. 


Les the respective ages of Band A be 40 and 30. . The 
sum £100. The rate of interest 4 per cent. The term 20 
years; and the probabilities of life as they are in the North- 
ampton ‘Table.—The sum of the decrements of life in this 
table from the age of 40, for 20 years, is 1597, which, 
divided by 3635 multiplied into 20 (or by the number of 
persons living at the age of B multiplied into the given 
3 = gives .022 for the quotient to be reserved.—The 
value 
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| EXAMPLE. , 

Let the age of Bbe 40. Of A 30. The 
sum £100. Rate of interest 4 per cent: 
The given time 20 years. ‘The Table of 
Observations, Mr. Sampson’s,or ‘Table IX. 
in the next volume—The sum of the de- 
crements of life, in this Table from the age 
of 40 for 20 years, is 127, which, divided 
by 20, (the given time) gives 6.35.—-The 
number of the living at 40 is 229, which; 
divided by 6.35, gives 36.06; and £100 
(the given sum) divided by 36.00, gives 
2.77, the first quotient to be reserved. 

The value of an annuity for 19 years on 
a life at 30 years of age, is 10.45; which, 
subtracted from 13.134, (the value of an an- 


nuity certain for 19 years, by ‘Table II.) 


_value of an annuity certain for 19 years is 13.134. The 
value of an annuity on the life of A for the same time is 
11.134. The difference, or 2, divided by 1.04 (or #1 
increased by its interest for a year) quotes 1.923. The 
value of an annuity certain for 20 years is 13.590. The 
value of an annuity on the life of A for the samie term 1s 
11.432. ‘The difference, or 2.158 being added to 1.923, 
makes 4.081 ; which, multiplied into .022, the reserved 
quotient, and also into 50, half the given sum, produces 
£4.489 for the value sought.—By the London Table this 
value is £7.71, which agrees nearly with the value by 
Dr. Price’s rule; and this will always be the case when 
the lives are between 20 and 50 years of age. But if one 
of the lives be very young and the other very old, this 
latter rule, when the London Table is used, will be found 
exceedingly incorrect. If the computation, however, be — 
made from the Northampton, or any other table agreeing 
better with Mr. De Movwvre’s hypothesis, the values, as in 
Question XV. will be nearly the same by both rules, M. 
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and the remainder multiplied by 2.77, gives 
_ 7.435. This product divided by 1.04, (the 
amount of £1 in one year) gives 7.15; the 
second reserved quotient. | 

2.77 multiplied by 13.50, (the value of an 
annuity certain for 20 years) gives 37.644; 
and this product divided by 94.4, (twice the 
complement of <A’s life by Table X.) gives 
8399, which, added to 7.15, gives 7.55 
the Answer; or, the value of £100 payable 
at the death of B, on the contingency of his 
surviving A aged 30, and both dying in 20 
years.. 

It is plain, that this is likewise the sum 
that ought to be lent to B now, on the ex- 
pectation of £100, at his death, provided it 
should happen after A’s death in 20 years. 

This rule gives the just solution in all 
cases, except when B, the expectant, is the 
youngest of the two lives, and at the same 
time the term of years greater than the com- 
plement of A’s life. In this particular case 
the following rule must be used. 

Find, by the preceding rule, the value of 
the assurance of the given sum for 4 term of 
years, equal to the complement of A’s life, 
and let this value be reserved. Multiply by 
one another the given sum; the value of £1 » 
to be received at the end of a number of | 
years equal to the complement of A’s life; 
and the value of an annuity certain for as 
many years as the given term exceeds: this 
complement. And the product, divided’ by 
| i the 
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the complement of B’s life, and the quotrent 
added to the walue reserved, will be the true 
yalue sought. 


EXAMPLE, 


‘Tet the age of B be 30; of A 40, The 
term 47 years; and every thing else as in 
the last Example. The complement of A’s 
life, is, by Table X. 39.2. The value of 
£100 to be received at the death of B, if he 
survives A within 39 years, may be found 
by thé’ preceding rule to be £16.15; the ya 
lue to be reserved—The value of #1 to be 
received at the end of 39 years is, by Table 
I. 2166, The value of an annuity certain 
for 8 years, (the excess of the given term 
above the complement of the lite of. A by 
Table’ X:) is, 6.733.) °° 

And these two valués multiplied by one 
another, and by #2100 give 145.835, which, 
divided by 47.2, (the complement of the life 
of B) and 16.15, added to the quotient, make 
£19.23, the value sought. | ) 


REMARK. 


As after finding the present value of an 
estate, or annuity, it is necessary to divide 
that value by the amount of £1 in one year; 
in order to find the present value of a swam 
equivalent to the annuity; so, after finding 
the value of a sum, it is necessary to multi- 
ply that value by the said amount; in order 
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to find from it the value of an equivalent 
annuity. 

In the first example, therefore, the value of 
an estate of £4 per annum would be &7.85. 
In the second example £20. And this is, 
as it ought to be, the value for the whole 
duration of the lives, agreeably to the Pro- 
blem in the note P. 38%, 


In 


* The value of a term, if it fall short of the difference 
between the age of B and that of the oldest life in the Table 
of Observations, cannot agree exactly with the value for 
the whole duration of life. Indeed it seldom happens that 
the value of an assurance (unless it be extended to the con- 
tinuance of both lives) is required for such a term as shall 
exceed the limit of A’s life. If this case, however, should 
occur, its solution may be obtained from the following 
rule: “ Find. by the preceding rule (see note p. 66) the 
‘value of the assurance for a term of years equal to the 
** differenee between the age of A and that of the oldest 


“ life in the Table, and let this value bé reserved. Find 


“by Question. XIV. the value. of the assurance of the 
s© given sum on the life of B, for the whole term, and also 
*¢ for a term which shall be equal to the difference between 
“the age of A and that of the oldest life in the Table. 
*¢ Subtract the latter from the former ; and the remainder 
*€ being added to the value reserved will be the answer.” 


EXAMPLE. 


Let the ages of B and A respectively be 30 and 56. 
‘The ‘term 48 years. The sum, the rate of interest, and 
the Table of Observations, the same as in the Example in 
note page 66.—The difference between the age of A and 
that of the last life inthe Table is 40. The value of £100 
to be réceived on the.death of B after A in 40 years is 
#£ 17.13, which is the sum to be reserved.—The value of 
an assurance'on the life of B for 48 years, is 37.69. The 
value of the same assurance for 40 years is 35.06. The 
difference, or 2.63, being added to 17.13, the sum reserved 

above, 


‘Y 
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In solving this Question, care also must be 
taken not to forget the first Remark under 
the foregoing Question. 

In this chapter, rules have been given for 
finding the values of all assurances on single 
lives, and any two lives, or any survivorships 
between two lives, whether for derms, or 
their whole duration. In the same way rules 
may be investigated for finding the values of 
all assurances on any three lives, or any sur- 
vivorships between them. But this isa work 
of more difficulty, and which requires great 
attention and skill. I can, however, with par- 
ticular satisfaction acquaint the Reader, that 
it has been lately executed, in the compleatest. 
manner, by-Mr. Morgan, in his Treatise on 
the Doctrine of Annuities and Assurances on 
Lives and Survworships *. | 

: BAR. 


dpate we hid £9. 76 for the value vealed —By ee 
Price’s rule this value is £19.55. Had the assurance been 
extended to the whole duration of the lives, the correct 
value would have been 21.59.—Hence it appears that al- 
though the term is rather longer than in the Example given 
by Dr. Price, yet that the value of the assurance is by no 
means the same with its value for the whole life. ‘The 
difference, however, is in this case rather too great by 
both rules, but in neither of them is the error consider- 
able. M. 
_ © These solutions to which Dr. Price refers, having been 
derived, like all which preceded them, from the expecta- 
tion, aie not from the real probabilities of life, are liable to 
the objections which I have already noticed, (see note, p. 40). 
i have, however, since the publication of the above Trea- 
tise, given correct solutions of all the Problems involving 
three lives in the survivorship; which the Reader may see 

in 
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CHAPTER IL. 


Containing an Application of the Questions in ~ 
the foregoing Chapter to the Schemes of the 
Societies tn Great Britain, for making As- 
surances on Lives and Survivorships, and 
for granting Annuities to Widows, and ta 
Persons in Old Age. | 


SECT. 1. 


Of the London Annuity, and the Laudable 
- Societies for the Benefit of Widows’. 


THe scheme mentioned in Quest. VIIT. 
was nearly that with which the London An- 
nuity Society set out in 1765. "The Laud- 
able Society was established in 1761, and 
formed on a similar plan. In both, the an- 
nual contribution of every member was five 
guineas, payable half yearly; and for this a 
title was given to an annuity of £20 to every 
widow during widowhood, if the husband 
after admission, lived ove year according to 
the first scheme ; or three years according to 


in the several volumes of the Philosophical Transactions 
for the years 1789, 1791, 1794, and 1800; and the ge- 
neral rules, deduced from these solutions, are inserted at 


oF o P : ‘ 


_ the end of this yolume. Me. 

* It must be remembered, that this section has in view 
the state of these societies in 1771,’ or at the time of the 
publication of the first edition of this tract. 


the 
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the™ second; of £30, if the husband lived 
seven years, according to both schemes; and 
£40 according to the first scheme, if he lived 
15 years, or 13 years, according to the second. 
—In both schemes also, there was no other 
premium or fine required, than five guineas 
extraordinary, at admission, from every mem- 
ber whose age does not exceed 45. The 
Laudable Societyadmitted none above 45,and 
the London Annnuity Society obliged every 
person between 45 and 55 to pay, at admis- 
sion, five guineas extraordinary, fais every 
year that he was turned of 45. 

These were the main particulars in the 
schemes on which these Societies were form- 
ed; and, therefore, ‘both of them, were the 
annuities to be enjoyed for life, received 
(supposing ‘the members all under 46 at ad- 
mission, and of the same ages with their 
wives, and money at 4 per cent.) but: little 
more than three-fifths of the true value of 
the annuities; or about one half, supposing 
wives, one with another, 10 years younger 
than their husbands ;' as appears from ues ) 
tion VIE. 

It appears further in tive js ey Sle 
‘supposing the annuities to be /fe annuities, 
and men and their wives of equal ages, the 


™ In this society a member who lived but one year, was 
entitled to no more than an annuity of #10 for his widow ; 
if he lived two years, to £15; if he lived three years, to 
220; four years, £253 seven years, £30; ten years, 

# 35; thirteen years, £40. 
expectation 
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expectation to which an annual payment of 
five guineas beginning immediately, entitles, 
is nearly 2£14 if the contributor lives a year, 
and £20 ifhe lives seven years*, taking the 
medium between the London and the other 
Lables of Observations. 


It is likely, that many persons will be very 
unwilling to believe, that these schemes could 
have been so deficient as they have beennow 
represented. | will, therefore, endeavour to 
prove thisin a way which, though less strict, 
is sufficiently decisive,and may be more likely 
to be intelligible to persons unskilled in ma- 
thematical calculation.—lI shall here confine 
myself to the scheme of the London Annnity 
Society.: The differences between it and the 
scheme of the Laudable Society are inconsi- 
derable, and what: shall: be said.of the one 
will be fully applicable to thecother. » 

According to this scheme, asi+it has been 
just described, all that live 15. years in the 
society will-be entitled to annuities of £40 
persannum, for their widows. Suppose the 
whole society, at admission, to be men of 40 
years of age, taken’ one with another. . A 
personiof this-age has an even chance of liu 
ing 28 years; and he has an even chance of 
c ontinuing with a wife of the same age, (that 


T vehi same annual pexjment will, on a same supposi~ 
tions, entitle to £.14 if a member lives a year, and sf 18 
_ if he lives three years. 


-s 
is, 
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is, of continuing in the society) 134 years®. 
Not much less, therefore, than half the 
members will continue in the society 14 
years; and, consequently, not much less 
than half the widows that will come upon 
the society will be annuitants of £40 per 
annum. These widows, however, being 
older than the rest when they commence an- 
nuitants, willcontinue on the society a shorter 
time; and, therefore, the number constantly 
in life together, to which they will in a 
course of years increase, will be proportion- 
ably smaller. Putting every thing as favour- 
ably as possible, let us suppose, that out of 
20 annuitants constantly on the society, five 
will be annuitants of £40, six of #30, and 
nine of £20. To 20 annuitants then the so- 
ciety will pay £560 per annum, or the 20th 
part of this sum, that is £28 to every annui- 
tant at anaverage. But such an annuity for 
a life at 40, after another equal life, provided 
Bae one year, is worth, (by Quest. 
VIL p.23.) ina single present payment, £85 
nearly, Cee to the London, and all the 


si? This i is the exact truth according to Mr. De Moivre’s 
hypothesis, and the Norwich Table. But. according to 
Dr. Haliey’s and the Northampton Table, a man 40. years 
of age has an even chance of living no more than 22 
years, and of joint continuance with a wife of the same 
age, 13 years.—Forty must be more than the mean age of 
the members of the society at admission, and on this ac- 
count the number of annuitants of £40 must be propor- 
tionably greater. ‘The mean age, therefore, has been taken 


very moderately. 
Tables 
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Tebles of . Cintas interest being all 
along supposed at 4 per cent. 

It cannot appear improbable to any one, 
that this should be the true value of sucha 
reversion. Itis not probable, that there is 
any situation in which the decrements of 
life are such as can make it a tenth part more 
or less. £85 in present payment is the same 
with £3...8s. per annum for ever.—But is an 
annual payment of five guineas, which must 
cease as soon as either of two lives each 40, 
fails, equal in value to such a perpetuity? 
Every one must see, that there is a great dif- 
ference.—A set of marriages between per- 
sons all 40, will, according to the probabi- 
hities of life in De. Halley's Table, last, ‘one 
with another, 15 years’; and an annual 
payment beginning immediately, during the 
Joint continuance of the lives of two persons 
of this age, is worth 10 years BSN AHF 


P See the beginning of Essay I. 
@ ‘Phe valae of such an annual payment, by able scr | 
or the London Observations, is 9.1; and 10.8, by: Mr. 
De Mow re’s hypothesis. —-] have not "taken into -this ac- 
count the five guineas fie paid at admission, because it is 
obviously of too little consequence to make any consider- 
able difference. The allowances T have made m favour 
of these schemes are more than equivalent to it. In par- 
ticular, it should be remembered, that the calculations 
suppose, that the payments required by these schemes, are 
yearly‘payments beginning immediately ; (seep. 29.) and 
that the first payment of the annuity is not to be made 
till the end of the year in which the husband shall-die ; 
and also, that the annuity is to he paid yearly, and no- 
thing to be duefor any part of the year in which the an- 
nuitant shall happen to die. : c1T' 
: The 
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The comparison then, in the piebaiit case, 1% 
between £3...8s. per annum for ever, and 
five guineas per annum for 15 years; or be- 
tween an annuity of £3.,.8s. worth 25 
years purchase, and an annuity of five gui- 
neas worth only 10 years purchase. 

But tothrow this subject into another light; 

Let the number to which the society is 
kept up be supposed to be 200. It has been 
demonstrated in Quest. IT. that at least half 
this number of widows will in time come to 
be constantly on the society; and it has also 
been just now shewn, that the medium of 
annuities payable to them, will be at least 
£28. ' After a course of years, then, the so- 
ciety willhave a constant expence to bear of 
£2800 per annum.—But what will be its 
income ?—In order to determine this, we 
must consider, that there are two sources 
from whence its income will be derived. 
First, the annual payments of the members. 
And, secondly, the money accumulated, or 
the capital raised during the time the number 
of annuitants is coming to a maximum.— 
‘The first of these sources affords 1000 gui- 
neas, or £1050 per annum. ‘This wants 
£1750 of the annual expence just men- 
tioned; and, therefore, in order that the in- 
come of the society may be equal to the bur- 
den upon it, when the annuitants come toa 
maximum, there raust be a fund raised in, the. 
mean time equal to £43,750, or to an estate 
eae in 


78 _Of the London Annuity — 


in perpetuity of £1750 per annum.—But 
£1050 per annum beginning immediately 
and forborn 25 years, and improved, with- 
out loss or delay, all that time at 4 per cent. 
compound interest, will but just raise such 
a capital". ‘There is therefore, the fullest 
proof that the scheme [I am _ considering 
is extremely deficient. The truth is, that 
scarcely a third of such a capital could be 
raised, as will appear from the following ob- 
servations. 


Out of 200 persons, all 40 years of age, - 
more than five, according to the London 'Ta- 
ble of Observations, and not so many by Dr. 
Halley's 'Table, may be expected to die in a 
year. Suppose then five to be the real num- 
ber of members that will die in the first year 
of the society. In subsequent years the col- 
lective body of members will be continually 
growing older; and, therefore, the propor- 
tion of them that will die every year, will 
be continually increasing, till it gets to a 
maximum. will, however, suppose, that 
during the first 20 years no more than the © 
number just specified will die every year; and 
that, rconreqnently, no more than five ewidows 


* Every question of this kind may he easily ieee, by 
Table IV. in the next volume, which shews, that £1000 
per annum will, in 25 years, increase to £2666 per an- 
num; and, therefore, £1050 per annum to £2800 per 
annum. 


will 
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will come every year on the society. The 
ages of all these widows, when they com- 
mence widowhood, will, it is evident,. be 
between 40 and 60. One with another then, 
they may be considered as having com- 
menced widowhood at 50 years of age. Now, 
five widows left every year at this age, will, 
in_10 years, increase to 43 constantly in life 
together, according to the expectations of 
life in Tables V, VIII, and XVII; and, in 
20 years, to 70%. Suppose the true number 
alive together at the end of 20 years to be 
only 62. The greater part of these will be 
annuitants of £30 and £40 per ann. and the 
rest £20. Were the former only equal to 
the latter, the medium of annuities payable 
to them would exceed £25. Suppose then 
this medium to be no more than £26, and it 
will follow, that, at the end of 20 years, 
the society will have an annual rent to pay 


* Every calculation of this kind is easily made by the 
rule in note (A) at the end of this volume.—I have’ put 
the number living together at the end of 20 years at 62, 
not only that the reader may be better satisfied that I have 
kept low enough, but also to make an allowance for 
such widows as will be left by those members who die 
within a year after admission, and who, therefore, accord- 
ing to these schemes, will “be entitled to no annuities, 
‘This allowance is too large: For, after the first year of 
the scheme, it will not happen above once in 4 or 5 years, 
that the death of a member will be so circumstanced, 
supposing the probability that a man at 40 will live a 
year, to be, as all but the London Tables make it, 50 


tol, 
of 


~ 


80 Of the London Annuity 


of £26 multiplied by 62, or £1612; and, if 
then able to bear such an expence, it must, 
in the intermediate time, have acquired an 
increase of income equal to the difference 
between £1050 and £1012 per ann. ‘That 
is; it must, with its savings, have accumu- 
lated a stock equal to £562 per ann. and 
worth £14,050. But as, during this time, 
there will be a number of annuitants con- 
staritly increasing, to whom yearly payments 
must be made, the savings cannot cer- 
tainly be one half of what they would have 
been had the society been all the time 
free from all burdens. Suppose then the 
stock produced by these savings, to be equal 
to the stock that would arise from an income 
of #1050 per ann. beginning immediately, 
and improved perfectly at 4 per cent. com- 
pound interest, for half the time I have 
mentioned, or for 10 years, without being 
subject to any checks or deductions: Such an 
income thus improved, would in 10 years 
produce an additional income of £504 per 
annum, or a capital of £12,600.—According 
to these Observations, therefore, the annual 
income of the society at the end of 20 years, 
and before a third part of the highest annui- 
tants. could come upon it, would fall consi- 
derably short of its expences. About that time 
then it would necessarily run aground; and 
long before the number of annuitants could 
rise to 100, it would spend its whole stock, 

and 
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and find itself under a necessity of either 
_ doubling the annual payments of its members, 
or of reducing the annuities one half. 

All I have now said is meant on the sup- 
position, that the society begins with 200 
members at 40 years of age, and is afterwards 
limited to that number, by admitting no more 
new members than will just supply the va- 
cancies occasioned by the loss of old mem- 
bers. If it is allowed to increase, it may 
continue a longer time. And, for this rea- 
son, a society that wants half the income 
necessary to render it permanent, may very 
well subsist, and even prosper for 30 or 40 
years.—Thus, the Laudable Society, was it 
to keep to its present number of members, 
_ might possibly feel no deficiencies for 20 
years to come; but if it should continue to 
increase at the rate of 70 or 80 every year, 
it would, at the end of that time, possess a 
balance so much in its favour as might en- 
able it to support itself for 15 or 20 years 
more’. But bankruptcy would come at last, 

| and 


t What has been before demonstrated in Question If. 
should be here recollected, that the number of annuitants 
on such a society as this, must go on to increase for more 
than 100 years after acquiring its greatest number of 
members. 

The Laudable Society, I am informed, took its rise 
from a calculation contained.in a pamphlet entitled, The 
Possibility and Probability of a Scum intended for the | 
Benefit of Widows being able to support itself. The scheme 
here referred to, is the same with that which this Society 

VOL. I. G has 
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and with the more ing Samm the longer it had 
been deferred. 


‘The He 5 in the London Annuity Society, 
which obliges every person between the ages 
of 45 and 55, to pay at admission 5 guineas: 
extraordinary for every year that he exceeds 
45, is an advantage to it, but it is a very 
inadequate, and also a very unequitable ad- 
vantage. For at the same time, that it 
obliges a person 55 -years of age, to give’ 
more than the value of his expectation, ‘it 
takes above two-fifths less than the value 
from a person who is 45 years of age. 

If any persons remain still doubtful about 
what I have said, | must beg their attention 
to one further argument. | 

It must be expected that every other mem 
ber of these societies, supposing them to 
consist of persons all of the same ages with 
their wives, will leave widows to whom; one 

with another (as already shewn), at least £28 


has since followed ; and I am afraid I shall not be credited, 
when I say, that the calculation to prove its capacity of 
supporting itself, is founded on the supposition, that a 
hundred martied men, whose common age is 36, . will 
leave but one widow every year, though at the same time 
it is supposed that two of them will die every year. 

This mistake has made the whole calculation one half 
wrong.—Nothing can be plainer than that, if the death 
of a married man does not leave a widow at the end of 
the year, the reason must be, that both himself and his 
wife have happened to die in the year. But it is ae 


very pabeehagle this should happen. _ roe 


| “oper 
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per avn. must be allowed, for as many years 
as there have been pay rivenits from each mem- 
ber. For every 10 guineas then received 
they must some time or other hereafter pay 
£28. But let it be well considered what, 
can enable them to do this. Did money bear 
no interest, for any given sum now received, 
they could not afford at any time hereafter 
to pay more than an equal sum. ‘That is; 
(since the duration of survivorship is in the 
present case, by Question II. equal to the 
duration of marriage) the proper considera- 
tion for any given reversionary annuity, to 
be allowed to al/ the survivors of a set of 
marriages, would be, an equal annuity pay- 
able by each marriage during its existence ; 
and just half the reversionary annuity, if it 
is to be allowed only to half the survivors, 
or to widows exclusive of widowers. ‘The 
annual payment then of jive guineas, during 
Marriage,can entitle widows to no more than 
an annuity of fen guineas, supposing money 
to bear no interest. But if money does bear 
interest, the same payment will entitle them 
to more, in proportion to the degree in 
which it is capable of being improved, 
during the time between that in which the 
annual payments begin, and the commence- 
ment of widowhood. Now, it is easy to 
see, that unless money bears very high in- 
terest, this improvement cannot be likely in 
any circumstances to produce a capital, ‘the 
interest of which shall be equal to the annual 
; G 2 payment 
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payment itself. Any given annual payment 
perfectly improved at 4 per cent. compound 
interest, requires 17 years and a half to 
double itself, supposing the first payment 
made immediately". But no marriages are 
likely to last so long, except those among 
persons who are very young. A marriage 
between two persons, both 40, will not pro- 
bably last longer than 13 years, according toe 
the probabilities of life in Dr. Halley's ‘Table. 
A marriage between two persons, both 50, 
will not probably by the same ‘Table, last 
longer than e/even years; nor a marriage be- 
tween two persons, both 30, longer than 16 
years. Such marriages, it is true, may pos- 
sibly last 30 or 40 years. But this circum- 
stance is more than balanced by the fact, 
that no less possibly they may not last one 
year. The annual payments, then, being 
incapable of such an improvement as shall 
produce an additional income equal to them- 
selves; it is obvious, that no society ought 
to go so far as to allow to widows annuities 
twice as great as those which might be al- 
lowed, supposing no interest of money*; so 

far, 


" At 3 per cent. the period of doubling money by 
compound interest, is nearly 23 years and a meet At 
5 per cent. 14 years. 

* The money accumulated will not be dsesily, the 
same with that to which the annual payment would in- 
crease, if improved at compound interest for a number of 
years, equal to that which the joint lives have an equal 
chance of existing. Much less will the imcrease be the 

same 
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far, for instance, as to allow, instead of 10 
guineas, 20 guineas for an annual payment 
of five guineas. In the circumstances of 
most of these societies three-fifths addition 
may be the full allowance. That is; sup- 
posing the annual payment of each member 
to be five guineas, time may be expected 
for gaining from hence a capital of 754 
guineas, or that shall produce three gui- 
neas per annum interest; and the proper re- 
versionary annuity will be 16 guineas ; or 
six guineas more than the proper reversionary 
annuity, did tC admit of no improve- 
ment’. 


The 


same with that which would arise from the annual pay- 
ment forborn, and improved, for a number of years equal 
to the expectations of the joint lives. It will be less than 
either of these, for a reason explained in note (KX) at the 
end of this volume. 

y To these accounts may be added the following short 
and easy method of trying the sufficiency of all schemes 
of this kind. 

In an adequate scheme it can make no difference 
whether the annuities themselves are paid, or the value of 
them in a single payment at the time they become due.— 
Suppose then a society just established, consisting of 600 
members, all married men at the age of 40, each of whom, 
besides one payment in hand, is to make an annual pay- 
ment of five guineas. Suppose the age of their wives 
391, and every widow to be entitled, on the day her 
husband dies, to a life annuity of £20, the first payment 
to be made at the end of half a year.—Suppose further, 
that the society is to be kept up for ever to 600 members 
by admitting new ones at the age of 40, as old ones droy 
off.—In the first year (according to Tables V, VII, and 
XVII, in the next volume) twelve members, at. least, 

Wily 
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The preceding observations have gone on 
the supposition, that the reversionary annui- 
ties are to befor life... What difference in 
favour of these societies arises from the cir- 
cumstancé, that the annuities are to be paid 
only for widowhood, cannot be:exactly deter- 
mined. Some judgment, however, may be 
formed of it from what has been said at the 
conclusion of Quest. Il, Weré even one half 
of the widows to marry, still the schemes I 
have been considering would probably be in- 
sufficient. But, in the circumstances of these 

societies, 


will die, and leave twelve widows, each intitled to 20 
per annum. The value of such 7 annuity to commence 
at the end of half a year, the age being 40, is 142 years 
purchase by Mr. De /4owre’s valuation of lives, (or Ta- 
ble VI. Voll.) reckoning interest at 3 per cent. The 
value, therefore, of 12 such annuities; that is, the whole 
amount of the sums becoming payable durmg the course 
of the first year, is £3480.—The annual contribution is 
600 times 5 guineas, or £3150, and this, together with 
its interest for about half a year, or £3205, .is all that 
such a society could be possessed of to bear an annual 
expence of £3480. It appears, therefore, that, in order 
to support the expence of the supposed annuities, the 
annual contribution of each member ought to have been 
more than five guineas. 

A proof of the! same nature with that here given may 
be deduced, by considering these societies as bodies of 
men united for the purpose of assuring to one another, 
from year to year, annuities for their widows; and the 
way of finding the value of such an assurance is, to mul- 
tiply the value of the annuity, by the probability that it 
will become payable in the course of the year. For in- 
stance, Let the member’ssage, and also his wife’s, be 40. 
Let the annuity be £20 per ann. for life to commence at 


the end of a year, or an annuity whose. present value is 
(reckoning 
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societies, it. cannot be expected, that above: 
one in 10, or perhaps one in 20, will marry: 
The persons most likely to enter into them, 
are such .as have. not the prospect or ability 
of making competent provisions for their 
widows in other ways. The widows left, 

therefore, will in general be unprovided for, 

and, being also left with families of. a deen, 
it is quite unreasonable to expect, :that any 
considerable proportion should marry. ‘Lhis 
is true of such as may happen to be: left 
young; but when,a society has subsisted some 
time, the greater part will not be young: when 
left, and these, at the same time that no ad- 
vantage can be expected from their marrying 


(reckoning interest at 3§ per cent.) 14 years purchase 5 
that is, #280. The probability that. a person at the age 
of 40 will die in a year, and that-his wife of the same age 
_ will live a year: or, in other words, the probability, that 
such a member will leave a widow in the course of the 
year, is » by the Breslaw Observations, (or Table V, next 
volume) cit multiplied by #32, or..0198. «(See page 18, 
and 24.) That is; there will be the odds of nearly 49 
to 1, against such a member leaving a widow in the 
course of the year. The value of the assurance, there- 
fore, is .0198, multiplied by 280, or the 50th part of 
£280: that is, £5...11s, Inthe same manner the value 
of a like assurance for a year at any other ages may be 
easily calculated. At the age of 35, itis £5...7s5. At 
the age of 45, it is #6...7s. The value, therefore, in- 
creases continually with age; and, if given in an annual 
payment constantly the same, which is the case in these 
societies, it ought to be greater than the annual payment 
due for one year at the commencement of the assurance. 
Five guineas per annum, therefore, is, demonstrably, 
an insufficient payment from a married man for a life- 
annuity of £20 to his widow. 
on ae 


88 Of the London Annuity 


will be in general the Aaghest annuitants, and, 
therefore, the heaviest burdens.—Moreover, 
the prospect of the loss of their annuities — 
will have a particular tendency to check mar- 
riage among them—For all these reasons it 
seems to me likely, that the benefit, which 
these societies will derive from marriages 
among their annuitants, will not be very con- 
siderable; or, at least not so considerable as 
to be equal to the advantages I have allowed 
them, by calculating on the suppositions, 
that the money they receive will be always 
improved perfectly, without loss or delay, at the 
rate of 4 per cent. compound interest ; that the 
probabilities of life among males and females 
are the same, and all husbands likewise of the 
same ages with their wives, and that con- 
sequently the maximum of widows on such 
societies can amount to no more than half 
the number of marriages’-—With respect to 
the last of these suppositions, it deserves to be 
particularly observed, that from accounts 
taken annually with great care in Scotland, it 
appears, that the widows of the menisters and 


* Care should be taken in these societies, not to judge 
of the proportion of widows that will marry, from 
the proportion that may happen to marry during their 
first years, For most of the widows that will be left at 
first will be young; whereas the greater part will not be 
young when they commence widowhood, after a society 
has subsisted 30 or 40 years; and, therefore, though one 
in three or four should marry at first, it will not be rea- 
sonable to expect, that half so many should marry after 
the affairs of the society become stationary. | 


professors 
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professors there* notwithstanding the dimi- 
nution occasioned by their marrying, do ex- 
ceed considerably half the number of mar- 
riages. And certainly it would be unreason- 
able in these societies not to reckon that the 
same will happen among them.—Indeed it 
seems certain, that notwithstanding the ha- 
zards that attend child-bearing, the proba- 
bility that the woman shall survive in mar- 
riage, and not the man, is much greater> than 
is commonly imagined. It will be shewnin 
the second Essay, that it is not less than the: 
odds of 3 to 2; and had I calculated agree- 


_ * The number of married ministers and professors, 
for 17 years, from 1750 to 1766, was at a medium 667. 
And from the enquiries that have been made, it appears, 
that from this whole body near 400 widows constantly 
living are derived. The medium of widows left an- 
nually has, for the last 36 years, been 19,1,; and, for 
JO years, ending in the year 1767, but nine of. these 
had matried.—Of the annuitants likewise (about 160 in 
number) on the fund established among the Dissenters in 
London, for relieving the widows of indigent. ministers, 
it is found that few ever marry. See the 2d Section of 
this Chapter. See likewise the latter end of the 2d Essay ; 
and note (A) at the end of this volume.—In the Eaudable 
Society during 19 years from 1761, the number of widows 
that came upon the Society was 167; and of these only 
13 had married at Lady-day 1780. Fourteen had died. 

» Partly, as observed in page 8,.on account of the 
greater mortality of males, but chiefly on account of 
the excess of age on the man’s side.--The Laudable So- 
ctety, for several years after its institution, paid no regard 
to this excess of age; and the allowance required on this 
account by the London Annuity Society was so trifiing as 
to deserve no notice. 

_ In March 1780, 167 husbands had died in the Laudalle 
Society, and only 138 wives, 


ably 
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ably to this fact, the values of annuities for 
widows, would have been given near a quar- 
ter greater than they have been given on the 
supposition, that the chance of surviv orship 
is equal between. men and their wives.—lt 
must be added, that I have made no account 
of any expences attending the execution and 
management of the schemes of these societies. 
Some such expences there must be, and some 
advantages should be always provided 1 in, Or- 
der to compensate them. a 


There are in this kingdom many institu; 
tions for the benefit of widows, besides the 
two on which I have now remarked ;:and in 
general, as far as’ I have had any information 
concerning them, they are founded on plans 
equally inadequate, having been formed just 
as fancy has dictated, without any knowledge 
of the principles on which the values of re- 
yersionary annuities ought to be calculated. 
‘The motives which influence the contrivers 
of these institutions, may be laudable ; but 
they ought, I think, to have informed them- 
selves better. ‘This appears sufficiently from 
what has been said; but I will just mention 
one further proof of it. 

The London Annuity Society promises that, . 
if in 21 years; and the Laudable Society that, 
ifin 25 years, it shall appear that there has 
been all along an annual surplus in favour of 
the societies, it shall be employed in either 
raising the annuities, or in sinking the annua{ 

payments. 


— 
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payments.. Now, they may be assured, that if 
at theend of these periods, they should not 
be possessed of a considerable surplus, the true 
reason will be, their having granted much 
higher. annuities than the annual contribu- 
tions are able permanently to support. For 
it has been demonstrated, that the number of 
annuitants, and consequently the amount of 
the annual expences, will go on increasing for 
along course of years beyond these periods. 
The effect, therefore, of carrying into exe- 
cution this regulation will be, precipitating 
that bankruptcy which would have come too 
soon had there been no such regulation. 
_. It has been said in defence of these socie- 
ties, that the deficiencies in their plans cannot 
be of much consequence, because their rules 
oblige them to preserve a constant equality 
between their income and expences, by re- 
ducing the annuities as there shall be occasion. 
And from hence it is inferred, that they can 
never be in any danger of a bankruptcy.— 
But it has appeared, that ~the time when 
they will begin to feel deficiencies is so 
distant, that it will be toolate to remedy past 
errors, without sinking the annuities so much, 
as to render them inconsiderable and trifling. 
All that is given too much to present an- 
nuitants is so much taken away from future, 
annuitants. And ifa scheme is very deficient, 
the first annuitants may, for 30 or 40 years, 
receive so much more than they ought to 
receive, as to leave little or nothing for any 
who 
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who come after them. Deficient schemes, 
therefore, are attended with particular in- 
justice; and this injustice will be the same, 
if, instead of reducing the annuities, the an- 
nual payments should be increased ; for all the 
differerice this can make will be, to cause the 
injustice to fall on future contributors, in- 
stead of future annuitants. 

But what requires most to be considered 
here is, that, after either the annuities have 
been for some time in a state of reduction, 
or the contributions in a state of increase, it 
will be seen that these societies have gone 
upon wrong plans, and, therefore, they will 
be deserted and avoided; the consequence of | 
which will prove still greater deficiencies in 
their annual income, anda more rapid deser- 
tion and decline, till a total dissolution and 
bankruptcy take place—-This will be the 
death of most of the present societies for pro- 
viding for widows, if they continue to be en- 
couraged, and do not soon alter their plans: 
And at that period the number of annuztants 
will be greater than ever; whose annuities, 
having no other support than the poor re- 
mains of a stock always insufficient, will be 
soon left, without the possibility of relief, to 
lament that ignorance and credulity which 
gave rise to these societies, and which had 
so long supported them. | 

In the London Annuity Society, there is an 
encouragement to bachelors and wrdowers to 
join them, arising from the additional an- 

3 nuities 
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nuities to which they will be immediately 
entitled, when they marry, in consequence 
of having made their payments a greater 
number of years: and itis imagined, that 
particular advantages will be derived from 
such members. But even these will in ge- 
neral pay much less than the value of their 
expectations.—A person who begins an an- 
nual contribution of five guineas at the age 
of 24, will, should he live 11 years, and 
marry a woman of the same age at the end 
of that time, entitle her immediately to £35 
per ann. during survivorship, andto £41 per 
annum should he live four years after marry- 
ing, (interest being at 4 per cent.)* In this 
particular case, therefore, a person will pay 
nearly the true value of his expectation. But 
alt at allages who marry, in less time than 
11 years after admission, will pay less than 
the value of their expectations. 


¢ The value of five guineas per annum (first payment 
made immediately) for 11 years, subject to failure should a 
life now 24 fail; and, after 11 years, for the joint lives 
of two persons both 35, is, by the Table of London Ob- 
servations, £69.3—By Dr. Halley’s Table, £76.44—The 
present value of £35 per annum for life to the widow of a 
person now 24, should he live 11 years, and marry a wo~- 
man of the same age with himself at the end of that time ; 
and also of #6 more, or £41 per annum in all, should he. 
live after marriage four years; is, by the Table ‘of London 
Observations, £69.36.—By Dr. Halley’s Table, £76.03. 
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SUPPLEMENT fo the preceding Section Fe con= 
taming a further Account of the Societies 
for the Benefit of Widows. 


Of the Lonpon Annurry Society. 


IN the preceding Section, the reader has seen 
on what very incompetent plans the two So- 
cieties, which are the subject of it, have 
been formed. Some changes have taken 
place in them since the last edition of this 
‘Treatise, of which it is necessary I should 
here take notice. 
"The Lonpon Annurry Society, consist- 
ing in January 1781 of 326 members, has 
so far reformed its plan, as to be now in lit- 
tle danger.. Besides ordering a compensation 
for difference of age between husbands and 
wives, it determined, in 1774, not to engage 
to pay a higher annuity than £20 to widows 
if. their husbands had lived a year after ad- 
mission, for a contribution of 10 guineas in 
hand, and five guineas per ann. afterwards. 
At the same time, however, room was left 
for expecting that some additional annuities 
might be paid to the widows of such mem- 
bers as should survive 15 years in the So- 
ciety ; but what the additions should be, was 
Jeft to be determined at the end of 15 years 
from the establishment of the Society. Ac- 
cordingly, 
i 


and Laudable Societies, &c. a 


cordingly, last year some able judges were 
consulted; and, if I am rightly informed, 

the result has been, that the Society had 
agréed to-promise for the same contribu- 
tions an addition to the #20 annuity just 
mentioned, of £4 per ann. to widows, if 
their husbands have been members 15 years 
or more. 

He that will-consider the demonstrations 
in the foregoing Section, or compute agree- 
ably to any table of the decrements of life 
by the Rule in Question X. may assure. 
himself that a contribution of teh guineas 
in immediate payment and five guineas every 
year after the first, is scarcely a sufficient 
support for an annuity of s£20 during life, 
to widows, supposing husbands and wives 
of the same ages, and money improved at 
an interest of 4 per cent.—But money may 
now be improved at a_ higher interest. 
Some advantages also must be derived from 
making the annuities payable for widow- 
hood only; and on these accounts, such a 
contribution may safely enough be reckoned 
a proper payment for an annuity of £20 
as it is offered by this Society. But it 
cannot, without danger, offer more; parti- 
cularly, as it is certain, that the lives of 
women in general, and more especially of 
women in the advanced stages of life, are 
more durable than the lives of males. 

_ The additional annuity, however, not be- 
ing of more value than about three guineas 
and 
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and a half in a single payment at entrance, 
the Society may possibly find itself capable 
of paying it, provided the contributions for 
supporting the scheme (namely ten guineas 
at entrance and five guineas per ann. from 
every member, besides a just compensation 
for the excess of his age above that of his 
wife) are not loaded with any of the ex- 
pences of management?. 

SECT. 


4 In the year 1790 this Society referred the examina- 
tion of their affine to Dr. Price and myself, at which time 
their number consisted of 328 members, and 85 widows 
elaiming annuities to the amount of £1967—their stock 
invested in the 3 per cents. amounted to £70,500; the 
dividends on which together with the annual premiums, 
exceeded their expenditure by £’'2000.a year——In con- 
sequence of our joint opinion and advice, it was then de- 
termined to increase the annuities to widows #1 for every 
year that the husband should live beyond 24 years, so that 
if they lived to make 50 payments the annuities should 
amount to #50.—Since that period another investigation 
took place in 1798, when it appeared that the Society con- 
sisted of 302 members and 132 annuitants claiming 
£3294 per annum—that their stock in the three per cents. 
amounted to £93,000, that their annual income exceeded 
their expenditure by more than £1000, and, on the sup- 
position that this capital was worth 75 per cent. or the 
money nearly which had been paid for it, that they pos- 
sessed a surplus of £14.735. 

Whatever objection may be made to this method of 
estimating their capital, it is evident, if the money had 
been inyested where i: could suffer no diminution, that the 
affairs of the Society would have appeared to be in a very 
flourishing condition. The public funds, however, ‘since 
the year 1798, have so improved in value, that if the 
stock were now sold it would produce nearly the 
sum which was originally paid for it, and therefore no 
seasonable doubt can be entertained at present of the So- 

ciety’s 
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Further Account of the Vaudable Society for 
the Benefit of Widows. 


Tuis Society affords amelancholy proot-of 
the pernicious tendency of that disposition 
to form annuity societies whicb prevailed 
some time ago.—In consequence of a peti- 
tion to Parliament in 1774, from many of 
the most respectable members, it reformed 
its plan; but no arguments could engage the 
majority of the members to consent to a 
reformation which was likely to be attend- 
ed with any other effect than an increase of 
calamity by postponing it. For thirteen 
years from the time of its establishment, it 
had overlooked the differences of age be- 
tween men and their wives, and gone upon 
the Pan mentioned in page 72.—In 1774, a 


ciety’s stability.. Indecd it is not possible that they should 
ever fall into any serious error, provided that at certain 
and not very distant intervals, they continue those in- 
vestigations which have been twice repeated within the | 
last twelve years. 

It may not be improper to add, that on the Ist of Ja- 
nuary, 1802, the members of this Society amounted to 
300, the annuitants to 134—the capital to £102,000 stock 
in the 3 per cents, the annual income, including dividends 
and premiums, to £4804, and the annual expenditure, in- 
cluding annuities and management, to £3374, or £1430 
less than the income, M. 


VOL. I. H compen- 
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compensation for the wife’s inferiority of 
age was ordered to be paid by all mew mem- 
bers, and at the same time the following plan 
agreed to—For an annual payment of five 
guineas, the first to be made immediately, 
‘every widow was entitled to an annuity 
during widowhood of 


10 if her husband had 
been admitted 2.years anda day 

Beas if — 3 years 

£20 if ie — 6 

£25 if sae ee 

£30 if ao phe tI 

£35 if a!) ee Te 

£40 if 22 SR we 


Any one who will calculate by the rule in 
Quest. VIIL. will find that the annual pay- 
ment necessary to support these annuities is 
nearly, by Dr. Halley's Table of Observa- 
tions, £7, supposing equality of age be- 
tween husbands and wives, money improved 
at 4 per cent. and the mean age of admission 
thirty-seven———This change, therefore, did 
not deserve the name of a reformation; and 
an attention to the following account will 
shew, that instead of doing good, it has in 
fact only prolonged the existence of -the So- 
ciety to do mischief. 

From the establishment of the Society in 
1701 to 1772, it had increased to 700 mem- 

bers; but in April 1780, it had gradually 
sunk, 
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sunk, by deaths and desertions, to 550.—The 
whole number of widows which had come 
on the Society was then 108, of whom 84 
had come upon it in six years, from 1774 
to 1779°; thatis, fourteen annually. ‘Ther- 
teen had died and fourteen had married, 
which had left 141 annuitants, the claims 
of 133 of whom amounted then to 3,310 
per ann. The claims of the remaining eight, 
reckoned at £30 per ann. each, will make 
£240 per ann.; and the expences of manage- 
ment (or #300 per ann. nearly), added to 
these sums, will make the whole annual ex- 
pence of the Society in April 1780, £3,850. 
Its income, consisting of the interest 
of £49,090 three per cent. stock, and the 
subscriptions of 550 members at five guineas 
each, amounted at the same time to £4,360, 
leaving a favourable balance of only £480. 
Supposing the Society to preserve its pre- 
sent number of members, and the number 
of annuitants to increase for six years to 
come only at the rate of ten annually, its 
expence at the end of the present year, or 
the beginning of the next, will be equal to 
its income; and afterwards it will find it- 
self under the necessity of having recourse 
to one of the three following expedients. 
It will be obliged either to run into its ca- 
pital, or to increase its contributions, or re- 


© In 1780 fourteen more widows came upon the So- 
ciety. 


H 2 duce 
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duce the annuities—The consequence of 
the first of these expedients will be, that the 
capital of the Society will be soon consumed, 
and the annuitants left without support.— 
The consequence of the second will be, that 
the contributions will be increasing every 
year till, in 10 or 12 years, they are doubled, 
and at last almost trepled—The consequence 
‘of the last will be, that the annuities. will 
sink every year till they come to be less 
than half the annuities promised‘. Such 
are the affairs of this infatuated: Society; 
nor is it easy to apply any remedy to 
them; for in consequence of going on too 
long with an insufficient scheme, the So- 
ciety has large payments to make in order 
to compensate past deficiencies; and a 
scheme at first adequate would now prove 
inadequate.—For example, (supposing a just 
allowance required for the wife's inferiority 
of age) an annual payment of seven gui- 
neas from every member, begun in 1772, 
when the number of widows was only 42, 
would probably have been sufficient to sup- 
port the reformed scheme mentioned in 
page 98; but mow an annual payment of 
nine guineas from the present members, and 


* The annuitants (should the number of members con~ 
‘tinue what it is) cannot increase to much less than double 
their number last year. 


* of 
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of seven from all future members, would 
atavcely be sufficient. | 

In such circumstances it seems best to 
"break up, and to divide the present capital, 
as far as it will go among the annuitants. 
Should this be done, the annuitants will 
indeed be great sufferers; for, so miserably 
circumstanced is the Society, that its whole 
stock will not pay much more than half® the 
value of the annuities. But this only sets in 
a stronger light the necessity of an immediate 
dissolution: I say immediate; for the annui- 
tants are increasing fast, together with the 
medium of the annuities due to them; and! 
therefore the consequence. of delay must 
be, extending eee eater aienenTOgS to greater 
eat : 


POSTCRIPT. 


| SINCE the preceding account was writ- 
ten, this Society, convinced at last of its 


8 The mean age of the widows. now om the Society is 
not probably more than 42 or 43. The value of annui- 
ties payable half-yearly during the lives of women at this 
age, is not really so little as 13 years purchase, reckoning 
interest at.4 per cent. Supposing theretore the Society to. 
break up some time or other before the end of this year 
(1781), and the number of widows then upon it 154, the 
value of their annuities, at £350 each, will be £53,900, 
of which their stock, at its present price, will not pay so 
much, as, £28,000, 


mistakes, 
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mistakes, has resolved to reduce ‘the an- 
nuities of such widows as became claimants 
before the alteration in 1774, 35 per cent. 
and the annuities of all the other widows 
who are now claimants, 20 per cent. It was 
also resolved by two general courts, that the 
annual payments should be increased from 
five to six guineas. But this resolution was 
revoked by the general court in July last ; 
and a resolution substituted in its room to 
change the plan described in p. 98, into 
one which makes it necessary that a member 
should have been admitted 3 years to entitle 
his widow to an annuity of #10, and 7 
years to entitle her to £20; -and 13 and 
20 years to entitle her to £30 and #£40.— 
Possibly this resolution, like the former, will 
be retracted by some future general court. 
Should it be confirmed, it will, in conjunc- | 
tion with the reduction just mentioned of 
the annuities payable to present claimants, 
constitute a reformation which (supposing 
the funds of the Society not incumbered 
with any expences of management) might 
have been nearly sufficient ten or twelve years 
ago to save the Society. But it is far from 
being sufficient now The reduction of 
the annuities payable to present claimants is 
too little, It should have been extended to 
the widows of the old members now living, 
and the new plan restricted to members /ately 
admitted, and to fufwre members; and a 

compensation 
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compensation for past over-payments to Wi- 
dows should have been provided*. | 
| SECT. 


\ 
_& This unfortunate Society, since the period in which 
the above postscript was written, has repeated its attempts 
to reform those errors in which it originated. In the 
year 1790 the number of its members had sunk to 330, 
while the number of its annuitants had increased to 217. 
Its annual income also had fallen short of the expenditure 
by £1740, and its capital, after an accurate examination 
of its finances, appeared to be insufficient to satisfy the 
demands upon it by £30,000 nearly. Under these cir- 
cumstances it was determined that the annuities payable 
to the widows who were tien claimants should be Te- 
duced one half, and that the annuities to all future claim-. 
ants should be reduced one jifth. At that time the 
Society possessed £42,000 stock in the four per cents ; 
and had these continued at par, or at the same price as 
they were then estimated, it is probable that the Society 
would have been spared the mortification of any further 
reductions. But in consequence of the disastrous war 
which soon ensued, this stock, together with all other 
property in the public funds, lost more than one third of 
its value—the capital of the Society was diminished in 
the same proportion, and the annuities, which were 
yearly increasing upon it, required so much larger quan- 
tity of stock to be sold in order to discharge them than 
the computations supposed in 1790, that new alarms 
were produced, and it became necessary once more to 
have recourse to retrenchment. In the year 1802 there- 
fore another investigation of the Society’s finances was 
undertaken, on the supposition that its stock was then 
worth only 80 per cent. or one fifth less than it was really 
worth at the period of the former investigation, and the 
result was such as might have been expected. ‘The value 
of the present and future claims was found to exceed the 
value of the capital by £2257, so that no alternative 
remained but either to break up the Society, or to reduce 
the annuities. The former was deemed impracticable, 
and consequently it was determined that the annuities 
of the present widows, as well as those which should 
hereafter become claims upon the Society, should be re- 


duced 
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SECT. WI. 
Of the Association among the London clergy, 
and the Ministers in Scotland, for providing 
Annuities for their Wedows’. 


In April, 1765, the clergy within the bills 
of mortality and the county of Middlesex, 
ata general meeting in) Ston-Colle ge, agreedto | 
form themselves into a.society for the sup- 
port of their widows and orphans. Many in 
this respectable body may be, capable.of.,do-, 
ing, in a better manner, what Ihave attempt- 
ed in this ‘Treatise ; and they are, perhaps, 
already sensible of the deficiencies in the plan 
which they have established...1 shall not 
however, | hope, do wrong, in taking the 
liberty to recite briefly this plan, in order. to 
introduce a few observations upon it. 


duced one sixth; so that instead of £24, only £20— 
instead of £16, only £13...6s...8d. per am, &e. are’ 
to be paid in. future. The depreciation of the ‘public 
funds is an event for which no computation can provide, _ 
and therefore, as the Society’s affairs in their present 
state depend as much on the stability of those funds as. 
on the lives of its members, it is impossible to say how 
far this last reduction may. prove effectual. - The number. 
of its widows amounted in 1802 to 216, but the number of 
its members. scarcely amounted to half their number in. 
1790.. If circumstances. therefore should have still continued 
ufifavourable, the next measure must be, the dissolution, 
of the Society, and a division of the remaining capital 
among the annuitants and surviving members tn proportion 
to their respectiye interests in the funds of the Society. M. 


‘This section, as well asthe former, must be con- 
sidered as written in 1771... Subsequent accounts of the 
different institutions are continued susie at the end 
of these two Sections. 
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According to the printed articles, every’ 
clergyman possessed of any benefice, lecture-' 
ship, or licensed curacy, within the bills of 
mortality and the county of Middlesex, who 
subscribes annually one guinea, or two gul- 
neas, or more, shall entitle his widow to an’ 
annuity; or, if he leaves no widow, ‘he shall 
entitle any such children as he shalk leave, to 
the same annuity for seven years as his wi~ 
dow would have had. And, in case a widow’ 
possessed of an annuity, should either die or’ 
marry before the lapse of 10 years, from the: 
commencement of her annuity, such chidren 
of her former husband as shall’/be then alive, 
are to be entitled to as many of the ten years 
payments. of the annuities as she shall not’ 
have received.—The annuity is fixed to ‘no 
particular sum, but, instead of this, it is or- 
dered, that ‘a fourth: part of the annual sub- 
‘scriptions and interest shall be divided the first 
three years after the establishment of the s0- 
ciety; half only the next four years; and three’ 
fourthsthe next five years; provided, however, . 
that in no one of these 12°years the dividend 
shall exceed £20 to the widows and orphans © 
of the clergy subscribing two guineas or more; 
and 210 to the widows and orphans of the 
subscribers of one guinea. And, after the ex- 
piration of 12 years, the whole amount of the 
subscriptions, and of the interest of the capi- 
tal stock, is to be divided proportionably for 
2 Sata is further provided, that every cler- 

gyman 
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gyman who shall. be married, or have chil- 
dren, at the time of his subscription, shall pay 
a fine of two guineas towards a capital stock, 
if a subscriber of two guineas or more, and 40 
years of age or upwards. If 50 years of age 
or upwards, he shall pay a fine of three gui- 
neas; if 60 or upwards, five guineas. But,.it 
not married at the time of his subscribing, and 
shall afterwards marry, he shall pay a fine ac- 
cording to the age he shall be of at the time) 
of his marrying. ‘The obligation laid upon. 
all, whether married or unmarried, to become. 
subscribers, is, an incapacity of being admit- 
ted members withoui the consent of a gene- 
ral court, unless, within two years after be- 
coming possessed ofany ecclesiastical émployr 
ment, they subscribe. 


| Brew. one who has attended to the obser- 
vations in this and the preceding chapter, 
must know what judgment to form of these 
regulations. 

Let us suppose that all the clergy in Lon- 
don and Middlesex came into this association 
from the first; and that one with another 
they are subscribers of two guineas annually; 
and that there are among them as many un- 
married persons as married. 

In this case, it may be learnt from Ciret 
XI, that the annuity to which widows 
should be entitled, (supposing no allowance 
to the children of any that die) ought not to 
exceed 10 or 11 guineas at most; and that, 

; besides 
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besides the annual subscriptions, there ought 
to have been a fine paid at the commence- 
ment of the scheme, by every married per- 
son, of six guineas at least, or, by the whole 
number of subscribers, three. guineas. If 
‘the number of married members. is,double 
the unmarried, the annuity ought not to ex- 
ceed eight guineas; and the fine from every 
member should be about four guineas.—The. 
order, that only a fourth part of the annual 
subscriptions and interest shall be divided 
the first three years, half the next four years, 
and three quarters the next five, is without 
reason; .because the number of claimants, 
for the first 12 years of the scheme, will be 
so few, that it will not be possible, during 
that time, that there should be occasion for. 
dividing any proportions so large of the an- 
nual subseriptions and interest, unless they: 
are indeed beyond all bounds too little— 
After 12 years, the number of annuitants 
will go on increasing for. near 50 years, ‘as 
appears from Quest. HI. ‘lhe consequence, 
therefore, of dividing, after that time, the 
whole amount of the annual subscriptions and 
interest, will be a constant yearly diminution 
in the dividends for near 50 years; and 
making the payments to the first claimants 
much more considerable than they ought to 
be, at the expence of all subsequent: claim- 
ants—For these reasons, it appears to me out 
of all doubt, that this scheme is by no means 
likely to answer good ends proposed by 

it; 
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it; and that, therefore, it will be best to lay 
it aside. At the time it was settled, it was, 
I find, further agreed, that the annual sub 
scriptions of the /aity, together with the in- 
terest of their benefactions, unless otherwise | 
directed: by the donors; and the annual sub- 
scriptions of such of the clergy as shall so 
direct, shall make a charitable fund to be 
applied. to the relief of the distressed widows 
or children of all the clergy within the limits 
Ihave mentioned, whether subscribers’ or 
not, provided that inno one year of the first 
twelve more than £20 be'given|out'of the 
faiid to. any one family—This is an excellent 
desion; and if the money arising from all 
the subscriptions is thrown’ into this fund, 
an important means of relief ‘may°be pro- 
vided for such of the more indigent widows 
and families as* will: rake - sg of 
piace 


op — is one more sohionte of partici 
consequence, which -I must’ take notice of: 
I} mean, that which is established by Act of 
Parliament, among the ministers and pro- 
fessors in Scotland, for making provision for 
their widows and orphans. ‘The last men- 
tioned scheme, and also several others of the 
same kind* in — kingdom, have been 
formed 


-* Thereis one among the Dissenting Ministers in the 
counties of Chester and Lancaster; and another among 
the. Dissenting Ministers in Cutaberland, Northumberland, 

Westmorland, 
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formed on the model of this: and the success 
with which it has been hitherto attended, is 
one of the principal causes to which they 
have owed their rise. It is, therefore, pro- 
per I should give some account of it; and 
it will be sufficient with this view to men- 
tion, “ that for an annual payment, which 
“begun immediately, of five gueneas from 
* 1011 contributors, 667 of whom are mar- 
“‘ ried persons, besides a tax on weddings, 
“ producing about £142 per annum, it enr 
“ titles every widow to an annuity of £20 
“ during widowhood, and also every family 
“ef children that shall be left by such 
“members as die without leaving widows, 
“to £200.” This scheme contains a va- 
riety of other particulars ; but this is its sub- 
stance—It commenced on the 25th of March, 
1744; and from that time to the 22d of 
November, 1770', or in 20 years and near 8 
months, 151 ministers and professors died, 
and left: 151 families of children without 
widows; that is, 5.66 such families were. 
left annually ; and the annual disbursements 
to them have therefore been 41132. Sub- 
tract this sum from 25450, the whole an- 


Westmorland, and Durham.—Even the London Aunuity 
Society, though its plan is totally different, professes to 
form itself on the principles of the Scotch establishment, 
and to derive encouragement from it. 

‘'JIn Nov. 1779, or 35 years and 8 months, 199 mi- 
nisters and professors had died, and left 199 families of 
children without widows; that is 5.58 annually. 


nual 
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nual income; and the remainder, or £4318 
per annum will be the standing provision for 
bearing the expence of all the annuitants 
possible to be derived from 667 marriages. 
Such an annual payment, or 4.27 each from 
1011 contributors, is the same with 6.55 
each, from 667 contributors; and, conse- 
quently, it appears, that in this establish- 
ment a contribution is received equivalent to 
an annual payment beginning immediately, 
of £06.55 from every married man, in order 
to entitle his widow to an annuity of £20 
during her widowhood. 

In the societies mentioned in the last sec- 
tion, annuities increasing from £20 to £40 
are promised to widows for an annual pay- 
‘ment of only 5 guineas™. And, in all the 
societies for the benefit of widows with 
which [ am acquainted, there is an equal 
or a greater disproportion between the con- 
tributions received, and the annuities pro- 
mised— With what strange rashness then 
has the plan of this establishment been co- 
pied? And how absurdly have the societies 
im this kingdom pleaded it as a precedent 
‘which encourages and favours them ?—It 
would be trifling to say more on this sub- 
ject. 

It may be observed that the annual income 
for the support of this establishment, sup- 
posing it to have only the benefit of widows 


™ See page 73 
in 
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in view, ought to. be £7.19 per ann. from 
every Marriage, according to Question XIIf. 
p- 46, and #7.44 per ann. according to 
the calculation in Note F. at the end of this 
volume. 

These determinations exceed the income 
actually provided. But the-excesses are by 
no means considerable enough, to afford any 
certain reason for concluding, that the fund 
of this establishment will prove insufficient. 
I was, however, once led to entertain some 
doubts on this subject. And in these doubts 
I thought myself confirmed by observing, 
that, in the calculations” made at the com- 
mencement of the scheme, the number 333 
was stated, as the maximum of widows living 
at one time, likely to come upon it, or to be 
derived from 20° widows left annually; and 
also, that 40 years was stated as the number 
of years necessary to bring on this maxumum ; 
whereas I was satisfied, that the maximum of 
widows would not prove much less than 
400; nor the number of years necessary to 
bring it on, less than 60. In the former 


" See Table II. in a book printed at Edinburgh in 
1748, entitled, Calculations, with the Principles and 
_ Data on which they are instituted, relative to a late Act 
of Parliament, entitled, 4n Act for raising and establishing 
a Fund, for a provision for the widows and children of the 
ministers of the church, and of the heads, principals, and 
masters of the universities of ScorLaAND; shewing the 
rise and progress of the Fund. 


° See note A, at the end of this volume. See like- 
wise the note in p. 89. 5a@ | 
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editions of this work, I gave a distinct acs 
count of this. But I have lately received 
such information? as hath convinced me that 
my doubts have been in a great measure 
groundless. I have learnt, in particular; 
that there have been several calculations sub- 
sequent to those I had seen; and that this 
establishment has enjoyed advantages and 
provisions for its support which | was un- 
acquainted with, and which give reason for 
expecting that it will indeed be able to bear 
the expence of 400 annuitants, should so 
many come upon it. I should only tire most 
_ of my readers, were [ to enter into an ac- 
count of these advantages and provisions. It 
will be of more importance to take this op- 
portunity to observe, that the probabilities of 
life from which the determinations I have 
mentioned are derived, though much lower 
than the probabilities of life among the 
ministers and their wives in ScorLanp 4, 
are yet such as give the values of reversions 
depending on survivorships among them too 
high. 

In order to understand this, it must be 
considered, that the difference between the 
probabilities of life in different situations, | 
takes place much more in the first and mid- 


“1 owe this information to the kind and very obliging 
eandour of the reverend and ingenious Dr. WeBsreR, of 
Edinburgh. 

«More particular notice will be taken of this at the ‘ 
conclusion of the second Essay. 

dle 
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dle than in the last stages of life; and that 
the effect of this must be to zncrease the 
duration of jomt dives, and at the same time 
to lessen the duration of survivorship in those 
situations which are most favourable to 
health. Or, in other words, to render the 
duration of marriage in such situations, 
greater than it would otherwise be in pro- 
portion to the duration of widowhood; and, 
consequently, to reduce the present value in 
annual payments during marriage, of any 
given annuity payable during widowhood. 
For instance. Were the probabilities of life 
among the ministers and their wives in 
ScoTLAND the same that they are by Mr. 
De Mowre's hypothesis, or in the Breslaw 
and Northampton ‘Tables of Observation, the 
duration of marriages among them, taken 
one with another, could not be more than 
19 years. ‘The duration of widowhood 
would be 22 years, and the maxzmum of 
widows living at one time derived from 
667 marriages constantly kept up, would be 
considerably more than 400. Were the pro- 
babilities of life among them the same that 
they are in Lonpon, the duration of mar 
riage would be still dess, and the duration of 
widowhood greater, and the maxiunum of 
widows derived from 667 marriages, could 
not be less than 500. But the fact is, that 
the duration of marriage among them is 22 
years nearly; and that of widowhood about 

FOL, 1. I 29 
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20 years and a half. And it appears also, 
from accounts taken annually, that the num- 
ber of widows living at one time, derived 
from the whole body of ministers and. pro- 
fessors, does not exceed 400. It is, there- 
fore, certain that a smaller income must be 
sufficient for the support of this scheme than 
would be necessary, according to the proba- 
bilities of life in the. Tables just mentioned. 
—-And upon the whole; after a careful re- 
view of all the circumstances of this esta- 
blishment in its present state, Iam well sa- 
tisfied that the success with which .it has 
been hitherto attended, is likely to conti- 
nue; and that it will mdeed -prove a per- 
manent foundation.of that assistance’ to the 
widow and fatherless which is intended by 
it—Caution, however, and vigilance, will 
for some time be necessary. Many more 
years must pass before it can receive a de- 
cisive confirmation from experience. Events. 
have hitherto favoured it more than could - 
have been reasonably expected. | ‘They may 
perhaps hereafter try it; and deviations from. 
probability may arise, which cannot be now 
foreseen.— But I ought to ask pardon for 
making these remarks. ‘The venerable mi-. 


* See a note at the conclusion of the second Essay; and — 
also note (F), at the end of this volume. The magi- . 
mum ot widows (supposed 395) divided by the number . 
left annually (or 19;,) gives 203, the expectation of 
widowhood. See page 89, and Note (A) at the end of 
this volume. — ; nga yaaa 
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nisters and professors concerned will, I hope, 
excuse me. ‘hey are eminently distinguished 
by their abilities and knowledge: and can 
have little need of any information which I 
am able to give them. 


Further Account of the Association among 
the London and Middlesex Clergy ; and of 
the Establishment among theMinisters and 
Professors in Scotland. 


T HE Clergy of London and Middlesex 
agreed, in 1775, to new rules and orders, 
by which such fines were required (on ac- 
count of a subscriber's exceeding the age 
of 40, and being older than’ his wife) 
and such reductions made in the annuities 
as would probably have rendered the con- — 
tributions adequate to the expences of the 
association. But the event has been, that in 
consequence of this necessary reformation, 
the Association has dwindled, and is now 
sunk so low as not to be —— to ‘subsist 
much longer. 

On the contrary. The Establisment among 
the ministers and professors in Scotland has 
prospered to a degree which gives reason to 
believe that it: cannot fail to answer the 
hopes of the venerable body interested in it. 
This has been owing chiefly to the great 
ability and faithful zeal of the Rev. Dr. 
Webster, its founder and conductor.—To 
the account already given of it in the Second 
Loe, Section, 
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Section, I will take this opportunity to add 
the following particulars. | 
Dr. Webster (having, when the plan was 
first formed 38 years ago, no certain data 
to go upon) assumed 52 as the medium age 
at which the widows of ministers would 
commence annuitants. By calculating on 
this supposition, and taking the chances of 
life as they are in Dr. Halley's Table, he 
found that the number of annuitants on the 
scheme at Lady-day 1780 would be 310, 
—The fact is, that they were then 304; 
and that consequently there was, even in this 
way of calculating, a difference of sax in fa- 
vour of the funds which support the scheme. 
——— Since the establishment of the scheme 
it has been discovered, that the medium age 
just mentioned does not probably exceed 47. 
Dr. Webster, therefore, some years ago, in 
order to put the scheme to a severer trial, 
instituted a new calculation, on the supposi- 
tion that the medium age is no more than 
44, and found that on this supposition the 
number of annuitants at Whitsuntide 1780 
would be 328. ‘This has made a still greater 
difference in favour of the Establishment, 
and gives a very encouraging prospect of its 
stability; a sufficient income having been 
in reality provided for bearing the expences, 
had the annuitants increased as in this last 

calculation. 
Had 52 been the mean age of the widows 
when they commence such, the maxznum ot 
widows 
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widows living at one time derived from 20 
left annually, would be 334, according to 
Dr. Halley's Table ; but supposing it no more 

than 44, this maximum would exceed 400; 
and the enquiries which have been made, 
give reason to expect that it will not fall 
much short of this number. Dr. Webster, 
therefore, has in his last calculations, reckon- 
ed upon the increase of the annuitants to this 
number; and for this reason, and to se- 
cure more certainly the Establishment, a new 
act of parliament was procured in 1779, by 
which, among other new provisions, it was 
ordered, that tiie § increase of the capital (then 
amounting to £75,088) should not be dis- 
continued till it rose to £100,000.——lLhis 
capital, joined to the annual contributions, 
will probably be an ample support to the 
Establishment, should the number of annui- 
tants (which will go on to increase for near 
forty years more) become at last 400—— 
Circumspection and caution, however, con- 
tinue to be necessary, because still unfavour- 
able events may arise, which no human wis-_ 

dom can foresee. J 

Having bestowed a good deal of attention 
on this institution, I cannot take leave of it 
without congratulating Dr. Webster on his. 
happiness. By being the founder of this 
scheme, and by the care with which he has 
watched its progress, and conducted it to 
its present state of maturity, he has entitled 
himself to the blessings of many indigent 
widows 
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widows and orphans, and made it impossible 
that he should be ever remembered in the 
church of Scotland without gratitude and 
ae a 

It is much to be wished that. institu- 
tions of the same kind coulda be establis- 
ed in England. Some efforts have been 
-inade to this purpose. The reverend and 
ingenious Mr. Gandy of Plymouth, having 
ae, much labour and ability prepared 

a plan of this kind, endeavoured in 1774 
and 1775 to get it established in the diocese 
of Lxeter. Had he succeeded, the benefits 
arising from it would haye become in a lit- 
tle time very conspicuous, and an example 
would have been given which would per- 
haps have been followed in other dioceses. 
But he did not meet with sufficient encou- 
ragement, and the scheme was given up.— 
Being unwilling that the time and pains 
which were employed in digesting and cal- ~ 
culating the tables for this scheme should be 
entirely lost; I have inserted some of the 
principal of them among the Tables in. the 
next volume-——The Rev. Mr. Grani, of. 
fTenly upon Thames, has been also. lately 
engaged in soliciting é€ncouragement to a 
similar scheme; and | heartily wish him 
the success his benevolence and abilities de- 
serve’. 


* This scheme has shared the fate of Mr. Gandy’s. _M. 


Account 
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Account of a Scheme established among the 
_ East-India Commanders. 


"THE East-India Commanders six years ago 
entered into an association for the purpose of 
providing for their nominees, and did me 
the honour to desire [ would recommend a 
scheme to them. ‘They approved the fol- 
lowing, and have adopted it—Every mem- 
ber is entitled to £500 payable at his death 
to his nominee, in consideration of £50 at 
his admission, and eleven annual payments of 
£25, the first to be made at the beginning 
of the second year, and the right to every 
payment to depend on the continuance of 
the life of the subscriber. No subscribers 
must be admitted whose ages are not less than 
50; and their mean ages are reckoned at 40. 
In calculating this scheme, interest was 
reckoned at 3; per cent.*; but a much higher 
improvement has for some years been made 
of money, and the scheme has escaped the 
danger of being too much loaded in its in- 
fancy. Iam satisfied, therefore, that, with- 
| EF dies. out 

* The value, by Table XVII. in the next volume, reck- 
oning interest at 31 per cent. of an annuity for eleven 
years, on a life aged 40, the first payment to be made at the 
end of a year, is by Quest. V1. Chap. I. 7.895.—The. 
annuity, therefore, being £25, its value is £197, to 
which £50, (the first payment) added makes £247; 
which is also, by Quest. X. the value, reckoning the 
same interest, of £500 payable at the death of a person 
aged 40.—The same contributions, supposing money 
improved at 5 per cent, would entitle a nominee to £600. 
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out altering the contributions, the sum pay- 
able to nominees may with perfect safety be 
increased to £550. Indeed, I should be in 
no pain were it even advanced to £600, pro- 
vided only the contributions were made in 
guineas, instead of pounds, and all savings 
made to accumulate in the short annuity for 
27 years from. Chrismas ast. ‘The pro- 
gress of such an association will be as fol- 
lows.—Suppose it to consist of 46 members, 
kept up from year to year by admitting, as 
old members die off, new ones at the mean 
age of 40 At first, according to Mr. De 
Moivre's hypothesis, only one member will 
die annually; but, after a certain period, 
two willdic annually. During this interval 
there will be savings which will raise a stock, 
the interest of which, when added to the 
annual contributions, will-be just sufficient, 
when two members come to die annually, 
to pay two claims.—Supposing each claim 
£550, the expence of the association, when 
greatest, willbe £1100 per ann. ‘The con- 
tributions at that period will be first, £50 
each (or £100 in all) from t2vo new mem- 
bers admitted every year; and £25 each — 
(or #450 in all) from 18 * other mem- 

bers who had not been admitted more than 
eleven years. The remainder (or #550) 
necessary to make up £1100 per ann. will be 


“ Out of a body of new members derived from two 
-admitied every year at 40 for 11 years, it may be expected 
that two will die before the end of the 11th year, 

| the 
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the interest of the capital, which, therefore, 
if lodged in the three per cents. must be 
£18,333. When, therefore, any such asso- 
ciation consisting of 46 members has raised 
this stock; or, if it consists of any other 
number of members, when it has ‘raised a 
stock in the same proportion to it, that the 
‘standing number of members bears to 46, 
it will become a reasonable object of con- 
sideration whether the increase of its stock 
should not be discontinued, and ail subse- 
quent savings, should any arise, be employed 
in either lessening the contributions or in- 
crfling the claims*. SECT. 


* The examination of this Society’s affairs was referred 
tome in the year 1797, when it appeared that the num- 
ber of those members who had compleated their eleven 
payments amounted to 29, and the number of those who 
having been admitted at late periods had net completed 
their payments amounted to 47.—-At that period, or 21 
years after their establishment, 38 deaths had taken piace, 
which exceeded the number that should have happened 
according to the Northampton ‘Table in the proportion of 
4to3. But the premiums having been computed at 3+ 
per cent. while their money had been improved at 5 per 
cent. the increased number of claims was balanced by 
the increased accumulation of the capital, and theretore 
had their stock, which then consisted of #690 per annum 
in the Long Annuities, and an Exchequer Bill for #1000, 
been sold for the sum which was originally paid for it, 
a considerable surplus, after discharging all demands, 
would have been left in favour of the Society: But the 
subsequent depression of the funds so far lessened the 
value of the Society’s capital as, not only to destroy that 
surplus, but even to produce a deficiency to a larger 
amount. Happily, however, the funds since that  pe- 
riod so far recovered as to restore the affairs of the So- 
ciety, and to render them secure. (a) 

(2) Since writing the above, the purposes eee 

they 


122 Of ¢he best Schemes for — 
| - 
SECT. Il. #: 


Of th the best Schemes for providing « Annuities 


jor Widows. 
Tnerrrvtions for providing widows 


with annuities would, without doubt, be ex- — 


tremely useful, could such be contrived as 
would be durable, and at the same time easy 


and encouraging. ‘The nature of things do_ 
not admit of this in the degree that is com- 


monly imagined. The calculations and rules, 
in the preceding chapter, will enable any one 
to determine in all cases to what rever- 
siohary annuities any given payments entitle, 
according to any given valuation of lives, or 


rate of interest. From Quest. VII. and VIII. 


in particular, it may be inferred that (interest 


being at 4 per cent. and the probabilities of 


lite as in theBreslaw, Norwich,and Northamp- 
ton ‘Vables) for an annual payment beginning. 
immediately of four guineas dtring marriage ; 


and also for a guinea and a half in hand, on 


account of each year that the age of the hus- 


band exceeds the age of the wife; every mar- 
ried man, under 40, might be entitled to an 
annuity for his widow, during /ife, of £5 if 


he lives a year; £10 if he lives three years; 


and £20 if he lives seven years. 


they were o} vaginally associated no longer existing, the So- 

ciety dissolved themselves, and every Member received 

the full value of his Interest in the Capital. : 
If 


\\4 


¥ 
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_.If such a society chuses, that those who - 
shall happen to continue members the longest 
time, shall be entitled to still greater an- 
nuities, six guineas, additional to all the other 
paymentsatadmission, would be the full pay- 
ment for an annuity of £25, and 12 guineas 
for an annuity of £30 if a member should 
live 15 years. 
All bachelors and widowers might be en- 
, couraged to join such a society, by admitting 
them on the following terms.— Four guineas 
to be paid on admission, and three guineas 
every year afterwards, during celibacy; and 
on marriage, the same payments with those 
made by persons admitted after marriage; 
in consideration of which, £1 per annum, tor 
every single payment before marriage, might 
be added to the annuities to which ‘such 
members would have been otherwise entitled. 
For example. If they have been members 
four years, or made five payments before _ 
marriage, instead of being entitled to life-an- 
nuities for their widows of only £5, £10, 
£20, £25, and £30, on the conditions I 
have. specified, they might be entitled to an- 
nuities of £10, £16, £25, £30, and £35. 
Or, if they have ae members nine years, 
and made 10 payments, they might, instead. 
of the same annuities, be entitled to annui- 
ties of £15, £20, £30, £35, and £40.— 
In this case, the contributions of such mem- 
bers as should happen to desert, or die in ce- 
libacy, would be so much profit to the so- 
ciety, 
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ciety, tending to give it more strength and 
security. 

This is one of the best schemes that I can 
think of, or would chuse to recommend. 
But in the following scheme there is a sim- 
plicity and fairness which seem to give ita 
particular preference. | 
_ Every husband, be his age what it will, 
for a single payment at admission, of £15, 
with £1...10s. added for every year that his 
age exceeds his wife’s, and an annual pay- 
ment of £5 during marriage, (the first to 
‘be made at the end of a year) might en- 
title his wife, should he leave her a widow, 
to an annuity of £10 for her life, if he 
lives one year; £11 if he lives two years; . 
£12 if he lives three years; and so on; the 
annuity to increase continually at the rate of 
£1 for every year that the husband lives 
beyond one year——<Any addition to these 
payments might entitle to a proportionable 
addition to the annuity, and to its increase. 
_+——And should any husband under 40 wish 
to secure a sum for his children, provided he 
should leave no widow, he might for every 
annual payment of nine shillings, during 
life, entitle them to £50, payable among 
them at his death, whenever that shall hap- 
pen. Making all these payments guineas 
instead of pounds, might probably be suffi- 
cient, if the number of subscribers is con- 
siderable, to defray the expences of manage- 


ment. 3 
There 
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. There is one particular advantage which 
societies formed on plans of this kind would 
enjoy Y.—Persons who know themselves sub- 
ject to disorders which are likely to render 
them short-lived, will have no great temp- 
tations to endeavour to gain admission into 
such societies; and, if admitted, the danger 
from them will be less than on any other 
plan. Were it not for this danger, the fol- 
lowing plan might be recommended. 


In the plans hitherto mentioned it is im- 
plied, that, if either a member or his wife 
dies within any of the periods specified, the 
additional annuities, that would otherwise 
have become due, will be lost. But it would 
be much more agreeable to a purchaser, that 
they should be made certain to his wife, pro- 
_ vided she lives to the end of these periods, 
though in the mean time his own life should 
fail. ‘The value of such annuities may be 
computed by the rule in Question [X. | 

Suppose, for instance, the scheme to be. 
“ that a wife shall be entitled certainly to a 
“ life-annuity of £20, the first payment’ of 
“ which shall be made at the end of 12 years, 
“ provided she should be then alive, and her 
“husband dead; or at the end of any year 
“ beyond this term in which she may hap- 

“pen to be left a widow.” Suppose it also. 
stipulated, “ that she shall be entitled to 


Y See another advantage mentioned under Question 
Il. 


pitey « £10 
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** £10 more, or £30 in all, on the same 
** terms, provided she should live 10 years.” 
——The value of such an expectation (interest 
being at3 per cent. and the probabilities of life 
as inthe Northampton ‘Table of Observations) 
will be, in the most convenient round’sums, 
supposing none admitted above 50 years of 
age, seven guineas in annual payments to be 
continued during marriage, and to begin im- 
mediately; besides four guineas in present 
money for every year, as far as 15 years, that 
the husband's age exceeds the wife's, if he is 
between 40 and 50, and three guineas on the 
same account if he is under 40; Or, if the 
whole value of the expectation : is given in 
one present payment, £70 added to a guinea 
and half for every year that the husband's 
age falls short of 50, besides the payment just 
mentioned on account of disparity of age. 
The value of this expectation at 4 per 
cent. is six guineas in annual payments; be- 
sides three guineas in present money, for 
every year that the husband's age exceeds the 
wife's, if he is between 40 and 50; and two 
guineas, if he is under 40: Or, if the whole 
value of the expectation is given in one pre- 
sent payment, 456 added to £1...5s. for” 
every year that his age falls short of 50, be- 
sides the payment last mentioned on account 
of inequality of age. | 
He 


* Supposing 16 years the os term, the annuity £20, 
and interest at 4 per cent. the proper payments will he 


nearly, ta the case of equal ages and single payments, 
#£AG 


SS a ye: 4 . 7 
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Ey ape that mil give himself the trouble to 


calculate, agreeably to the directions in the 
— Questions to which I have referred, will find 


that, taking all particular cases together, the 
rules now given come as near the truth as 
there Bio, to desire in an affair of this 
nature, the defecis in some cases being nearly 
compensated by the excesses in others. 

_. These determinations are agreeable to the 
probabilities of living in Dr. Halley's, as well 


_ as the Northampton Table of Observations, 


or Tables 5th and 17th in the next volume. 
These Tables seem to give a proper medium 
between the different values of fozwn and 


country lives. In the country the probabilities 


of living are much higher; but in London, 
and probably in all. great towns and some 
smaller ones, they are much lower. . | 
It is proper to add, that, according to 
the values of lives deduced both from the 
London and Dr. Halley's Table, and taking 


interest as low as 3 per cent. all women. 


#46 —L£40—£29, as the age of the man is 30, 40, or 50. 
Or, in annual payments, £3.80—£3.66—£3.13.— 

upposing the woman’s age 10 years less than the man’s, 
the same values will be, in single payments, £58.92— 
£56.56—#53.66—in annual payments £4.63-—£5— 
£5.41. It appears, therefore, that a society, supposing 
money improved at the rate of 4 per cent. might entitle all 
married men indiscriminately, who are under 50 years of 
age, to such an expectation as this for their wives, for ei-. 
ther £60 in one payment, or five guineas in annual pay- 
ments.——But equity requires, that different payments should 
be made according to the different comparative ages of men 
and their wives. | 


whose 
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whose husbands are under 50 years of age, 
might be entitled to an annuity of £24 
during /ife (the first payment to be made at 
the end of the year in which they shall be ~ 
left widows) for the sum of 4100, sup- 
posing £3 additional given on account of 
every year that they are younger than their 
husbands.—At 4 per cent. an amnuity of 
£30 might be granted on the same terms. 
In the year 16090, the company of Mercers 
in London adopted such a scheme as that 
last mentioned. For £100 in one present pay- 
ment, they entitled every subscriber toa lafe- _ 
annuity for his widow of #30; and this, at — 
that time, (when money bore 8 per cent. in=- © 
terest) was considerably less than the value 
of the money advanced, supposing men and 
their wives of equal ages. As the interest 
of money sunk, they sunk also the annuity, 
first to £25 and then to £20 and £15. But 
at last, after carrying on the scheme for above. 
50 years, finding the burden of the annui- 
tants too heavy, and likely to go on increas- 
ing, they were obliged to drop the schemé 
and to stop payment. Ina little time, how- 
ever, by a parliamentary aid of £3000 per 
annum, they were restored to a capacity of — 
making good all their engagements, and of 
paying their arrears—Their failure is, in- 
deed, much to be lamented; for, in conse- 
quence of it, the public has lost the benefit of 
an institution, that for many years promised 
the happiest effects, by encouraging wap 
~ 3 an 
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and affording relief to indigence. The rapid 
fall of the interest of money; their admit- 
ting purchasers at too advanced ages; and, 
particularly, their paying no regard to the 
difference of age between husbands and their 
wives, must have contributed much to hurt 
them. Some of the principal causes, there- 
fore, which have rendered them unsuccess- 
ful, may be now avoided. 

It must, however, be remembered, that 
the issue of the best schemes of this kind 
must be in some degree uncertain. For want 
of proper observations’, it is not possible to 
determine what allowances ought to be made, 
on account of the higher probabilities of life 
among females than males. No prudence 
can prevent all losses in the improvement of 
money; nor can any care guard against the 
inconveniences to such schemes, which must 
arise from those persons being most ready to 
fly to them who, by reason of concealed dis- 
orders, feel themselves most likely to want 
the benefit they offer. 

The societies, therefore, on which I have 
remarked in the first section of this chapter, 
would have reasonto take warning from what 
has happened to the Mercers’ Company, were 
the schemes on which they are tormed pers 
fectly unexceptionable. But I have demon- 


1 
/ 
4 


* This defect will, I hope, be in some measure ye- 
moved by the Oteetvatibus and Tables in the next 
volume. 
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strated that these schemes are very defective; 
and that the longer they are carried on, the 
more mischief they must produce. "Tis vain 
(as appears from Quest. IIL.) to form such 
establishments with the expectation of seeing 
their fate determined soon by experience. If 
not more extravagant than any. ignorance 
can well make them, they 2d go on pros+ 
perously for 20 or 80 years; and, if at all 
tolerable, they may support themselves for 40 
or 50 years; and at last end in distress and 
ruin. No experiments, therefore, of this 
sort should be tried hastily. An unsuccessful 
experiment must be productive of very per- 
nicious effects. All inadequate schemes lay 
the foundation of present relief on future ca- 
lamity, and afford assistance to a few by dis- 
appointing and oppressing mudtetudes. 

As the persons who conduct these schemes 
can mean nothing but the advantage of the 
public, they ought to listen to these observa- 
tions. At present their plans are capable of 
being reformed; but they cannot continue 
so always; for the greater’ number of exor- 
bitant payments they now make to annui- 
tants, the more they consume the property 
of future annuitants, and the less practicable 
a-retrcat is rendered to a rational and equit- | 
able and permanent plan>. They should, 
therefore, immediately * either reduce their 

~ schemes, 


> See p. 90, 91. Sect. I. ETN 
¢ Thus; were the London Annuity Society to make 
it | 1 at their 
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‘schemes, or chatige them into one of those 
which I have. proposed: But, I am afraid, 
this is not to be expected. The neglect with 
-which they have receivedsome remonstrancés 
that have been already made to them, gives 
reason to fear, that what has been now said 
will be in vain; and that those who are to 
-come after them, must be left to rue the con- 
sequences of their mistakes. 


SE CF ov: 


Account of some foreign Institutions for the 
Benefit of Widows. 


EN the Prefice to the first edition of this 
Treatise, I took iiotice of an institution for 
the sale of annuities payable on survivor- 
ship, established at Amstérdam, which seem- 
ed to be then much encouraged, and into 
which, I had been informed, many had en- 
tered from different parts of Hurope. ‘This 
was so wretched a deception that it was im- 
possible it should long stand its ground; and 
I am told that it now exists no more. I 
have, therefore, expunged the notice I took 


their lowest annuity £10, the next £20, and the highest 
£30, they would probably be safe. But, after. proceed- 
ing on their present plan some years longer, such a re- 
duction would by no means be sufficient. 
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of it in that. Preface; and I will not here 
give.any further account of it. 

In 1739, an institution was established in 
Denmark under the patronage and guarantee- 
ship of the King of Denmark, which, with- 
out regarding ages, promised pensions to 
widows at the rate of 40 rixdollars per ann. 
for life, from the commencement of widow- 
hood, for every present payment of 110 rix- 
dollars. This being less than the true value 
of such pensions, the fate of this scheme 
has been the same with that of the Mercers 
Company mentioned in page 128. At the 
end of the year 1778, its whole fund was 
exhausted, and the King of Denmark found 
himselt burdened with the support of 700 
widows, and an obligation to support as 
many more as w ould te derived from 150060 
marriages then remaining undissolved. 

At Bremen, an institution was established 
in 1700, which promised annuities to wi- 
dows for a payment on admission of a sum 
equal to one yearly payment of the annuity 
purchased, and an annual contribution during 
marrage of 15 per cent. (or a little more 
than a 7th) of the annuity. These pay- 
ments are not much more than half the pro- 
per compensation for the annuities. ‘The 
conductors, of the scheme have therefore been 
obliged:to reduce the annuities 10 per cent.; 
and they will soon be obliged to reduce them 
much more. 

The states of the duchy of Calenberg, of 
which Hanover is the capital, established in 

17607 
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1707 a like scheme, but on terms still more: 
deficient; for, though it differed trom the 
two former schemes in paying a regard to 
the ages of married persons, yet, notwith- 
standing several augmentations, the contri- 
butions required byit did not two yearsago(*) 
come up to half the value of the annuities. 
Great numbers, intluenced probably by the 
lowness of the terms and the authority of the 
states, have been induced to encourage this 
institution. In 1779, it had annuities to 
pay to 600 widows, and consisted of no less 
than 3800 members or subscribers whose 
widows would be entitled to annuities. In 
_ consequence of a rapid increase, its insufh- 
ciency was not then become palpable enough 
to force either a dissolution, or a timely and 
effectual reformation. It was; therefore, 
likely to lay the foundation of great confusiorr 
and distress. 

There are probably many other fitices 
bubbles of this kind, of which I have no 
knowledge. The information which has 
enabled me to give this account I owé to — 
Mr. Orepser of Of/denburg; and it is with 
particular satisfaction, that I can from him 
on this occasion add an account of one fo- 
reign institution for the benefit of widows 
which is founded on just, principles, and 
hkely to be productive of great good—The 
plan of this institution.has been formed and 
the calculations for settling its terms have 


(*) That is, about the year 1788.—M. 
been: 
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been made by Mr. Oeder, who appears in- 
deed to possess an acquaintance with this 
subjeet so extensive and correct as to be per- 
fectly qualified for such an office-——-This — 
institution is intended only for the benefit of 
the inhabitants of the diocese of Lubec and 
the duchy of Oldenburg; and the sovereign 
of this state has himself given it the sanc- 
tion of a statute, and guaranteed to his sub- 
jects the advantages it promises. At prices 
deduced by calculations at 4 per cent. from 
Mr. Susmilch’s Table of Observations, (See 
the ‘Tables in the next volume), and agreeing 
nearly with the prices deduced by the rules 
in Quest. I. and LV. from the Northampton 
Table (or Table XVII. in the next volume), 
it offers to. a married man any annuity for 
his widow not exceeding 500 rixdollars, (or 
about 2£88 per ann.) * payable for life; but. 
with a power reserved to the husband of di- 
recting that it shall be applied to the support 
of his children in case his widow should 
marry. 

This institution farther enables a parent te 
provide for his children annuities, (not ex- 
ceeding 500 rixdollars) payable to them in 
the event of their survivorship, till they are 
25 years of age. 

_ For example. To a husband, aged 35, this 
institution promises a life annuity of £10 pay- 
able to his widow, for either an annual pay-' 


¢ Six German rixdollars make about a guinea. 
ment 
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macht: of 36212. RSS oc 3ecl BId en Ads 
&c. or a single present payment of 3£31...7s. 
8d. £36.,.60s..£41.. Os. &c. according as 
he is of the same age with his wife, or 5, 
10, &c. years older. _ | 

And if he.wishes to.make a provision for 

any of his children, provided he should leave 
them orphans under age, he may purchase 
annuities payable to them from the time 
they shall happen to survive till they are 
25 years of age, at the rate of an annuity of 
#10 for every annual payment during the 
joint lives, of £1...17s...4d., 2£21...148. 
£1...78...4d. or a,single payment of 2610... 
1 45°—#18.. 128.. “od. die | On according 
as. the child’s age is two, five, or ten ‘years. 
These values are greater or less as the age of 
the parent is) greater or less; and all the. 
prices of such annuities, and also of ans, 
nuities, for widows, are specified in ‘Tables, 
for all ages and all differences of ages. 

The sufficiency of the receipts to answer 
the expences in this Anstitution, as far as 
it. provides annuities for widows, has been; 
proved by Mr. Oeder in ; the clearest. mannery 
trom accounts which have been collected in, 


© It is obvious that the values in thks: case for every” 
aunuity of #1 are, ina single payment, the excess of the 
value of the life of the child for as many years as his age 
is less than 25, above the value of the joint lives: for thes 
same time Sad by the Scholium ta Quest. VL; and, 1 in... 
annual payments beginning immediately, the Quotient aris- 
ing from dividing the single payment by the value just ment 
tioned of the joint lives, with unity addedsot 0 


the 
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the duchy of Oldenburgh of the duration of 
1273 marriages, and compared with accounts 
of the duration of the widowhoods derived 
from these marriages. One circumstance 
in these accounts deserves particular notice. 
The ages of the men, one with another, 
when the marriages just mentioned commen- 
ced, was 32% years; of the women 28 years. 
The men lived after marrying 27 4 years; 
the women, 31 years and nine tenths. The 
former, according to Mr. Susmilch’s ‘Table 
(and also nearly according to the Northamp- 
ton able of Observations), should have 
lived only 27 years and one tenth; and the 
latter, 29 years and eight tenths. The 
former, therefore, having exceeded the du- 
ration of life exhibited in the Tables only 
six tenths of a year, but the latter having ex~- 
ceeded it above two years, it follows that 
women, notwithstanding the hazards of the 
critical periods and of child-bearing, live 
longer than men. | 
I will add, that by examining 154 of these 
marriages, I find their duration to have been, 
one with another, 21 years and a quarter, 
and the duration of the survivorship of the 
widows derived from them, 19 years. Had 
Mr. De Moivre’s hypothesis of an equal 
decrement of life been just, the latter would 
have been longer than the former. The 
reason why the contrary happens has been 
given in p. 113, &c. 
In these marriages Gf I may judge from 
examining 
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examining only 140 of them) four widows 
were left to three widowers, which shews 2 
chance of survivorship in favour of the wife 
in marriage, greater than could have taken 
place, had there been no other reason for it 
than inferiority of age. 

At Hamburgh,an annuity scheme has been 
lately established of a moré comprehensive 
nature than any of the schemes which have 
beén hitherto mentioned; but the account of 
it will be more properly given at the con-_ 
clusion of the last section of this Chapter. 


‘ | 
See Tt) ¥. 
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A GENERAL @hcocitide has lately shewn 
itself, to encourage schemes for granting an- 

- nuzties to persons in the latter stages of life; — 
and this has occasioned the Oth Question 
in the former chapter; and, as a further 
and more particular direction in cases of this 
kind, [have thought it necessary here to give 
the following ‘Table. 


Values 
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Values of IJ per|Valaes in one Values in annu- 
axn. for life, af-|present payment, al payments till 
ter 50, to per-jinterest. 4 per| Interest. {|50, to begin at} Interest _ 


’ 


3ons whose ages cont. ' 3 per cent. the end ofa year,|3 per cent. 
are “ interest 4 per cé,|., 
ea sen Yee ees) se 
21s 1.583, 120444 100 ~ Ay 
20 2.028. .|2.989]| .146 193 
25 2.594 3.044||- .203,.. | .25Q-: 
30 3.369 -|4.508]| .207. .306. 
Bocca 4446.4 15.6671 ...460 550: 
40 B.O532. dhwOSt > .BOGon sedi 
Values ‘of {theL it i> gee Values in an-}. 
same annuity af- nual payments 
ter 55, to ages till 55, 
30 2414 eae ee 211 
35 2.722 3. 6032] .241 .297 
40 3.732", [A.708l" 304.1 404 
45 5.089. 1 O11 Sic ug0e .803 
Values of the Values inanoual 
game = annuity, : payments till 60 
after 60, to ages 
35 1.667 [2.200] <135°~ | ~ 168 
a0. | 234. Sos ce a ee 
45 \"a, 040, .o-OGl} ,Oaee | pt pe 
~ 5O 2265 {o,00lL wou.) wy7o 


The numbers in the. 2d and 3d columns. 
of this Table, multiplied by any annuity, 
will give the value of that annuity ina single 
payment, to be enjoyed for life, by the ages 
corresponding to those numbers in the first 
column, after the ass at the head of that 

column, 
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eolumn.— And in the same manner ;° the 
numbers in the 4th and 5th columns will 
give the values in annual payments.—Thus: 
The value of £44 per annum, to be enjoyed 
for life, after 50, by a person now 40, (in- 
terest at 4 per cent.) is 5.953 multiplied by 
44, or £261.9 in a single payment; and 
:822, multiplied by 44, or £36.17, in an- 
nual payments till 50, she first payment to 
be made at the end of a year. . | 
In order to find the same values, partly in. 
annual payments, and partly in any given en-.’ 
trance or admission money; say, “ As the va- 
“Jue of the given annuity ina single payment,, 
“ (found in the way just mentioned) is to the 
“ given entrance money ; so isits value in an- 
“ nual payments, to a fourth propor tional; 
“ which, subtracted from the value in on taal 
“ pan yments, the remainder will be the annual 
" “PPaBaEn due, over and above. the. given 
“ entrance money.” 


EXAMPLE, 


Suppose a person now 40, to be willing to 
pay £200 entrance-money, besides such an 
annual payment for 10 years as shall, toge- 
ther with his entrance-money, be sufficient 
to entitle him to a life-annuity of £44 atter 
50. What ought the annual payment to be?’ 


ANSWER. 


#38. 55.—For, nail 9, is to pe 2 as 
a0.17, 


\ 
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£36.17, to £27.62; which, subtracted from 
£36. 17, the remainder i is £8. 55. 


’ This Table has been enfoutatag from the 
probabilities of living in Table V. in the next 
volume, and Mr. DeMotvre'svaluation of lives. 
The probabilities of life among the inha- 
bitants of London, are (as I have often had 
occasion to observe) much lower than 
among the generality of mankind; and the 
values in the preceding ‘Table, bad they been 
given agreeably to the London Observations, 
would have been less. But, certainly, an 
office or society, that means to be a perma- 
nent advantage to the public, ought always 
to take higher rather than lower values, 
for the sake of rendering itself more secure, ~ 
and gaining some profits to balance losses and 
ne | 

“There have lately been established, in 
London, several societies for granting such 
annuities as those now mentioned; and he 
that will compare their true values, as they 
may be learnt from the preceding ‘Table, 
with the éerms of admission into these socie- 
ties, as given in their printed 4éstracts and 
Tables, must be surprised and shocked. They 
are all impositions on the public, proceeding 
from ignorance, and encouraged by credulity, 
and folly. 

It has been shewn; that the proper pay- 
ment (allowing compound interest at 4 per 
éent.) for an annuity of _— to be enjoyed by 

6 a person 
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a person now 40, for what may happen to re- 
main of his life after 50, is £200 in admis- 
sion-money; besides £8.55, or £8...11s. in 
annual payments till he attains 50, the first © 
of these payments to be made at the end of 
a year.—The conditions of obtaining this 
annuity, according to the present ‘Tables of 
the Laudable Society of Annuitants for the Be- 
nefit of Age,(*) consisting of about 1300mem- 
bers are £70...178. in admission-money; and 
~ £0...14s. inannual payments.—According to 
the Tables of the societyof London Annuitants 
for the Benefit of Age, the conditions of ob- 
taining the same annuity are £30 in admis- 
sion-money, and £10 in annual payments. — 
‘The Equitable Society of Annuitants requires 
for the same annuity 238...10s. in admas- 
sion-money, and 213 in annual payments. 
“The true value is, over and above the ednus- 
sion-money just mentioned, an annual pay- 
ment of #£30...17s. (interest reckoned at4 per 
cent.) oran annual payment of £30...188. 
(interest reckoned at 8 per cent.)—The Lon- 
don Umon Society for the comfortable sup- 
port of aged members promises an annuity of 
no less than 50 guineas for life, after 50, toa 
person now 40, for #40...10s. admission- 
money, and £7 in annual payments. 
‘Vhe Anuicable Society of Annutants for the 

* The first members of this Society have paid no ad- 

niission-money ; and are now expecting L4A per annum 


for contributions which do not entitle them, one with 
another, to £10 per annum. 


(*) Most of these. Societies. have long es eudad in 


ruin, paren 
benefit 
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benefit of age, promises an annuity of #26 
‘per annum, for life, to a person now 40, after 
attaining 50, for £28...16s. in admission- 
money, and £6 in annual payments. . 
true value of this annuity is £28...16s. 
admission-money, and £17...8s. in dean! 
payments, (interest supposéd at 4 per cent.) ; 
“or the same sum in admisston-money, and 
| 2£20...188. in annual payments, interest sup- 
posed at 3 per cent. 

The Provident Society for the benefit of 
age, consisting of 1280 members, promises ah 
‘annuity of £25 toa person now 40, after 
‘the age of 50, for 34 guineas in admission- 
money, and eight guineas in annual pay- 
‘ments. ‘The true value is, 34 guineas in ad- 
-amission-money, and 2£15...12s. in annual 
-pay ments, interest at 4 per cent.; or, the same 
sum in admession-money, and £219 in annual 
‘payments, interest being at 3 per cent®. 

But I will not tire the reader, by going, 1n 
this manner, through the schemes of all these 
‘societies. ‘Phe contrivers of them, it 1s certain, 
can know nothing of the principles on which 
the rule in Quest. VE. and the demonstration 
of itin Note (B) at the end of this volume, 
are founded; and, therefore, if unwilling to 
be guided by the authority of mathematicians, 
it may not be possible to convince them of 


£ The account here given of the terms on which a 
person whose age is 40, is admitted into these societies, 
{ have taken from their Bore Tables as they stood at 
the end of the year 1770.—In the younger ages, the de- 
Aiciencies are gréater, ahi 

their 


we 
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their mistakes. ‘I will, however, offer to 
them the: following demonstration, “which 


will be understood - without difficulty, by 


every one who ‘knows how to compute the 
- increase of money at compound interest. 
The value of a life at 50, (interest being 
at 4 per cent.) is 11+ years purchase by Ta- 
ble VI, in the next volume. ‘For an an- 
-nuity, therefore, of £44 per annum for life, 
to be enjoyed by a person at this age, #2498 
- ought to be given. Two in three of anum- 
ber of persons at the age of 32 will (by 
- Tables V, VIII,.and XVII, ‘in the next vo- 
lume) live to 50; and therefore, in order to. 
be able to pay an annuity to them of #44 
for lite, after 50, the money now advanced 
by every three, ought to be such as will, in 
consequence of being laid up to be improved, 
- increase in 18 years a uae A408, that is, 
to £996.—From the preceding Table it may 
be learnt, that the money which ought to be 
advanced by every single person is 4165, or 
by three persons £495; and this, in 18 
_years, will (as may be learnt trom Table IIT. 
in the next volume) double inself, or increase 
to just the sum that will then be the value of 
the annuities to be paid.—But the money re- 
quired in this case. by the Laudable Society, 
/is £14,..11s...9d. from each member at ad- 
-mission, besides an annual payment of £4. 
-The admission- eee therefore, of. two 
members, being c£20...3s.. ~6d. may be in- 
creased to twice this sum, “erste ZE5 8 0.78. 


An 
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An annual payment of £4 for 18 years will, 
if perfectly improved at 4 ger cent. com- 
pound interest, increase to £102; and two 
such annual payments will increase to £204, 
as may be learnt from ‘Table IV. in the next 
volume, 

‘The whole pay, therefore, of ‘wo mem- 

bers -will produce at the end of 18 years 

_£262...78.—A third part, I have said, will 
die before 50 years of age, and these will 
Tive one with another 9 years. An annuity 

of £4 forthis time, will produce a capital of 
£42..0s. See Table LV. in the next vo- 

lume; and this capital improved for nine — 
years morewill increase to £60. The whole 
profit, therefore, from the member who will 
die is, his admission-money doubled and add- 
ed to £60, or £89...3s...6d. And this sum 
added to £'262...7s. makes £351...10s...6d. 
the whole money with which the society can 
be provided, at the end of 18 years, to bear 
the expence of ¢wo life-annuities, worth to- 
gether £900. 
By a similar computation it may be found, 
that the improvement of money at only 3 per 
cent. will sink the former sum to £324 at the 
same time that the values of the annuities 
swill-be razsed to £1100. | 
The deficiencies in the schemes of most 
of the other societies, are no less consider- 
able.—What confusion then must they pro- 
duce some time or other? How barbarous is 
it thus to draw money from the public by 
promises 
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promises of advantages that cannot be obtain- 
ed?. Have we not already suffered too much 
by bubbles? . piel tae oS 
_I have said, that these societies are “ im- 
“positions on the public, proceeding from 
“ignorance, and supported by credulity and 
“ folly.” - But this is too gentle a. censure. 
‘There.is reason to believe that worse princi-. 
ples have contributed to their riseand support. 
The present members, consisting chiefly of 
persons in the more advanced ages, who have 
been admitted on the easiest terms, believe 
that the schemes they are supporting will 
last ther time, and that they will be gainers. 
And as to the injury that may be done to 
their successors, or to younger members, itisata 
distance, and they care little about it. Agree- 
ably to this principle, the founders of these 
societies begin so low as not to require 
perhaps a fourth or a fifth of the values of 
the annuities they promise. Afterwards 
they advance gradually, just as if they 
imagined, that the value of the annuities 
was nothing determinate, but increased with | 
every increase of the society. But, as no 
ignorance can believe this, the true design ap- 
pears to be, to form soon as large a society 
as possible, by leading the unwary to endea- 
vour to.be foremost in their applications, lest 
the advantage of getting in, on the easiest 
terms, should be lost. It is well known, that 
these arts have succeeded wonderfully ; and 
that, in consequence of them, these societies 
VOL. I. L now 
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now consist of persons who, for the same ani 
nuities, make higher or lower payments ac- 
cording to the time when they have been ad- 
mitted; and the generality of whom, there- 
fore, must know, that either more than the 
values have been required of the members. 
last admitted; or, if not, that they are them- 
selves expecting considerable annuities, for 
which they have given no valuable consi- 
deration, and which, if paid them, must be 
stolen from the pockets of some of their fel- 
low-members ®. 

I do not, however, mean to condemn all 
institutions of this kind. ‘They may be very. 
useful, if the full values are taken, and pro- 
per care is used in the zmprovement of money. 
Interest, in these cases, ought not to be reckon- 
ed higher than 3 per cent. and, supposing 
money improved at this rate, a person, fora 
single payment of :£50 before he is 40, 
might be entitled to a life-annuity of 10 gui- 


n If any person wants more information than I have. 
given him concerning these societies, he should consult. 
a work of great merit, published since the second edition 
of this treatise, and. entitled, CancuLaTions deduced 
from first Principles, in the most familar Manner, ly 
plain Arithmetic, for the Use of the Societies instituted for 
the Benefit of old Age; intended as an Introduction to the 
Study of the Doctrine of Annuities. By Mr. Dale, a 
Member of one of the Societies. In this Treatise there 
is not only a very ample account given of the insufhi- 
ciency and iniquity of the schemes of these Socicties, but 
the principles on which the values of all annuities on 
single lives are determined, and the method of calculating 
them, are explained with the greatest clearness. . 


neas 
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neas after 55; or, if he chuses it, to a life- 
annuity of £17 after 60. But if he pays the 
same sum before he is 34, he might be en- 
titled to a life-anntity of #14 after 55, or 
22 after 60. 225 would purchase for him 

half these annuities; and £100 double. 
A society or office that would go on this 
pas might do great service. Persons in the 
ower stations of life might be brought to a 
habit of industry, in the beginning of life, 
by striving to get £25, or 450, beforehand 
in order to purchase such annuities, arid thus 
to make provision for themselves in the more 
advanced parts of life, when they will be in- . 
capable of labour’. , 
It 


i The benevolent Mr. Howard, in his State of the Pri- 
sons in England and JWales, p. 60. Octavo Edit. gives 
the following account of an institution at Harlem in Hol- 
land. ‘In this city,” he says, “there is a noble hos- 
** pital, airy and spacious, called the Proeveniers, in 
“ which the persons admitted are decently provided with 
“ meat, drink, and lodging, during their lives, and a 
** burying-place at their decease. Persons of all ages; 
““ from 20 to the most advanced periods, are admitted, 
** though it is not common for any under 40 to apply for 
“admission. At entrance each person pays a greater or 
“ smaller sum, according to his age. If his age is 30, 
“ he pays 4500; if 40, he pays 3900; if 50, he pays 
*€ 3300; if 60, 70, &c. he pays 2700, 2100, &c. florins ; 
** and in proportion to these sums, at all the intermediate 
** ages. —A common table is provided for all that are not 
“ sick or infirm.—lIt often happens that theié are not va- 
* cant places when persons desire admission. But many 
“secure places before a vacancy, by paying 200 florins 
‘in advance of their entrance-money, in consequence 
** of which their names are inscribed in a list, and the 

L 2 ** money 
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It is proper to observe here, that institu- 
tions of this kind would furnish one of the 
safest ways of providing for widows.—A 
married man might, by paying #100 before 
his wife attained 40, intitle her, after 55, or 
60, to a life-annuity of £21, or £34. Or, 
by paying the same sum before she attained 
34, he might intitle her, after the same ages, 
to a life-annuity of £28, or £44*; and in 
this case he would have a chance of sharing 
himself in the benefit of the annuity. 

I have called this the safest way of pro- 
viding for widows, because attended with 
none of the dangers arising from dispropor- 
tion of age between men and their wives, 
and from the admission of persons labouring 
under concealed distempers. 

I cannot conclude this Section, without 
mentioning the following i of a provision 
for Old Age. 

Let 13 guineas be given as enthancedmoney: 


and let besides £1, #2, #3, 44, &c. be 
given at the beginning of the 1st, 2d, 3d, 4th; 


&c. years, as the payments for these years re- 
spectively; and let the last payment be £10 


at the beginning of the 16th year. All these — 


payments put together will, according to the 


\ 
“money. deducted fromthe. sum required when they 
“* enter.—Those who. chuse to leave the house, receive, 
“ during the remainder of their lives, a certain but small 
“ interest for the sum which they paid at admission.” 


~-* The same payment before 30, ian entitle to an an- 
nuity of £22 after 50. 
7 probabilities 
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probabilities of life in the 5th or 8th Ta- 
bles in the next volume, (interest being at 
4 per cent.) entitle a person, whose age was 
40 when he begun them, to-an annuity, af- 
ter 15 years, beginning with £15, and in- 
creasing at the rate of £1 every year, till 
at the end of 15 years, or! when he has 
reached to 70, it becomes a standing annuity 
of £30 for the remainder of his life. 

‘If the addition of three guineas is made to 
the entrance-money, forevery year thatany life 
between 30 and 40 falls short of 40, the va- 
lue will be obtained nearly, of the same an- 
-nuity to be enjoyed by that life, after the 
‘same number of years, and increasing in 
‘the same manner, till it becomes stationary 
and double——This plan is particularly 
inviting, as it makes the /argest payments 
become due, when the near approach of the 
annuity renders the encouragement to them 
greatest ; and as, likewise, the annuity is to 
‘crease continually with age, till it comes 
to be highest ™, when life is most in the de- 

cline, 


¢ 


' According to the probabilities of life in the London 
Table, this annuity should be greater. ae Theorem for 
finding what the annuity ought to be in these cases, is 
given in Note (I), at the end of this volume. 


™ 'The lower part of mankind are objects of particular 
compassion, when rendered incapable, by accident, sick- 
ness, or age, of earning their subsistence. This has 
given rise to many very useful societies among them, for 
granting relief to one another, out of little funds supplied 
b 
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cline, and when therefore it will be most 
useful—lIt 1s further a recommendation of 
wee wha sare a this 


by weekly contributions. A society of this kind, formed 
on the following plan, would probably thrive. 

Let the society, at its first establishment, consist of 100 
persons, all between 30 and 40; and whose mean age 
may therefore be reckoned 36; and let it be supposed to 
be always kept up to this number, by the admission of 
new members, between the ages of 30 and 40, as old 
members die off. Let the contribution of each member 
be four-pence per week, making, from the whole body, 
an annual contribution of £85...17s.—Let it be further 
supposed, that seven of them will fall every year into dis- 
orders, that shall incapacitate them for seven weeks.— 
£30...12s. of the annual contribution will be just suffi- 
cient to enable the society to grant to each of these 12s. 
per week, during their illnesses. And the remaining £55 
per annum, laid up and carefully improved at 34 per cent. 
will increase to a capital that shall be sufficient, according 
to the chances of Jife in Tables V, VII], and XVU, in 
the next volume, to enable the society to pay to every 
member, after 67 years of age, or upon entering his 68th 
year, an annuity, beginning with £5, and increasing at 
the rate of £1] every year for seven years, till, at the age 
of 75, it came to be a standing annuity of £12 for the 
remainder of life. vs Dae 

Were such a society to make its contribution seven 
pence per week, an allowance of 15s. might be made, on 


the same suppositions, to every member during sickness; 


besides the payment of an annuity beginning with 35 
when a member entered his 64th year, and encreasing for 


15 years, till, at 79, it became fixed for the remainder of 


life at £20. ~ . 

_ If the probabilities of life are lower among the Jabouring 
‘poor, than among the generality of mankind, this plan 
will be so much the more sure of succeeding. _ 

In 1773, a pamphlet was published, entitled, 4 Pro- 
posal for establishiig Life Annuities in Parishes, for the 
; | : : Benejié 


< 
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this plan that less depends in it on the qm- 
provement of money than in most other 
plans. 


Benefit of the industrious Poor,’ Jt is,” says this writer, 
“a common (a) observation that the money annually 
*‘ raised for the poor, amounts to, at deast, a million a 
** year; and that yet in many places they are but indif- 
“ferently provided for. ‘To make provision for one’s 
*‘ old age is so natural a piece of prudence, that it seems 
“at firs: sight wonderful, that it should not be generally 
* practised by the labouring poor, as it is almost uni- 
“ versally by persons in the higher paths of industry : 
‘“‘ Nor can their negligence in this respect be accounted 
** for, in any other way so naturally, as by ascribing it 
“to their wanting proper opportunities of employing the 
“* money they might save, in some safe and easy method 
“that would procure them a suitable advantage from it 
“in the latter periods of their lives. They know, for 
“the most part, but little of the public funds; and when 
**it happens that they are acquainted with them, the 
** smallness of the sum they would be entitled to receive, 
“as the interest of the money they could afford to lay 
** out in them, is no encouragement to them to dispose 
“of it in that way. What inducement, for instance, 
** can it be to aman who has saved ten pounds out of his 
‘* year’s wages, to invest it in the purchase of 3 per cent. 
“ Bank annuities, to consider that it will produce him six 
“or seven shillings a year? It is but the wages of three 
“days labour. And if they lend their money to trades- 
*“men of their acquaintance, as they semetimes do, it 
“‘ happens not unfrequently that their creditor becomes a 
“ bankrupt, and the money they had trusted him with is 
* lost for ever; whieh discourages others of them from 
* saving their money at all, and makes them resolve to 
“spend it in the enjoyment of present pleasure. But if 


(a) The amount of the poor-rate for one year at the end 
‘of the reign of king Charles Il. was £665,362. See 
Davenant’s works, Vol. I. p. 38——In 1777, it was 
1,556,804, according to the returns made in that year 
to parliament by the overseers of the poor. 

“ they 
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plans——But I must leave these hints to be 
pursued by others. 


The 


“they saw an easy method of employing the money they 
* could spare in such a manner as would procure them a 
“ considerable income in return for it at some future pe- 
‘* riod of their lives, without any such hazard of losing it by 
“ another man’s folly or misfortune, it is probable they 
** would frequently embrace it: And thus a diminution of 
“ the poor-rate on the estates of the rich, and increase of 
“* present industry and sobriety in the pcor, and a more in- 
“* dependent and comfortable support of them in their old 
“age, would be the happy consequences of such an esta- . 
“blishment. Now this might be effected in the following 
method.” 

First,. “ Let the eheuticherardens and overseers of every 
& parish be Impowered, by act of parliament, to grant life- 
* annuities to such of the inhabitants of the parish as shall 
“ be inclined to purchase them, to commence at the end of 
“ one, two, or three years, or such other future period of 
‘* time as the purchaser shall chuse, and to be paid out of 
<¢ the poor-rates of the parish, so that the lands and other 
“property in the parish that is chargeable to the poor- 
“rate, shall be answerable for the payment of these an- 
“ nuities. This circumstance would give these ‘annui- 
“tes great credit with the poor inhabitants, by setting 
‘* before them a solid and ample pares for the payment 
‘of them?” 

Secondly, “ Let the annuities, thus granted to the 
“ poor Inhabitants, be such as ‘arise from a supposition 
“that the interest of money is 3 per cent. or some higher 
“ rate of interest, if the church-wardens and overseers of 
“the poor think fit to make use of such higher interest.” 

Thirdly, “ But at the rate of 3 per cent. the purchaser 
“ should have a right to an annuity, and the church-war- 
“* dens and overseers of the poor should be compellable to 
* errant It.’ 

Fourthly, “No annuity depending on one life should 
“exceed £20 a year.” 

Fitthly, “ No less sum than <5 should be allowed. 
“to be employed in the purchase of an annuity.— 

<6 This 
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The body of dissenting ministers in Lon- 
don had under consideration some time ago 


“This is to avoid intricacy and multiplicity in the ac- 
} * eeu. 

Sixthly, “ An exact register of these grants should be 
“ kept, by the church-wardens and overseers of the poor, 
“in proper books for the purpose, in which the grants 
“should be copied exactly, and the copy of each grant 
“ subscribed by the person to whom it is granted. And 
“‘ this copy, in the register-book of the parish, should be 
** good evidence of the purchaser’s right to the annuity, in 
“ case the original deed of grant to the purchaser, which 
“* was delivered to him at the time of the purchase, should 
“* be afterwards lost.” 

Seventhly, “ The money thus paid to the church- 
“‘ wardens and overseers of the poor for the purpose of 
“ life-annuities, should be employed in the purchase of 
“<3 per cent. Bank-annuities in the joint names of all the | 
“ church-wardens and overseers, and by them transferred 
“* at the expiration of their afices to their successors, and 
“so on to the next successors for ever, so as to be 
“always the legal property of the church-wardens and 
“‘ overseers of the poor for the time being, in trust for 
$¢ the persons who should be entitled to the several life- 
“* annuities, granted in the manner abovementioned; and 
“the interest of this money should be received every 
“‘ half year, and invested in. the purchase of more prin- 
“‘ cipal continually,.so as to make a perpetual fund for 
“the payment of the annuities, &c. &c. Deficiencies, 
“ if any should ever happen, to be made good by the poor- 
“ rates, &e. &e.” 

The very able and public spirited writer of the pam- 
phlet from which | have taken this quotation, now Cursitor 
Baron, of the Exchequer, took ‘great pains to carry inta 
execution the design he has explained in it. With this 
view, a bill; with ‘suitable Tables annexed, was baought _ 
into the House of Commons and supported by the excel. 
lent Sir George Saville, the late Mr. Dowdeswell, and 
many others of the most respectable members. It passed 
that House without mucli opposition, but was rejected in 
the House of Lords. 


i a plan 
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a plan of this kind; and a set of Tables 
were composed for them. The design was 
dropped; but as it is possible 1t may be taken 
up again, and the Tables may be of use, | 
have thought fit to preserve them by insert- 
ing them among the additional Tables and 
Observations in the next volume. 


Additional Account of the Societies for the 
Benefit of old Age. 


SINCE. the publication, in three former 
editions of the Observations in the pre- 
ceding Section, almost all the Societies men- 
tioned in it, convinced of the insufficiency 
and pernicious tendency of their plans, have 
dissolved themselves, and distributed among 
their subscribers the money they had paid, 
with such interest or profit as remained after 
deducting the expences of management; and 
there are now left within my knowledge only 
two of these societies which require any par- 
ticular notice. J mean, the Amicable and 
the Laudable Societies for the Benefit of Age. 
The first of these Societies mentioned in 
p- 142, finding upon examination that, in- 
stead of an annuity of £26, they could not 
in reality afford to pay a higher annuity 
than £8, determined, with great fairness, to 
leave it to the option of all their members, 
either to continue their contributions with 
ayview to this reduced annuity, or to take 


back 


it for the Benefit of old Ave. a 


back all they had paid and withdraw. Near 
two hundred members having chosen the 
former, the Society now consists of them 
only, and therefore can scarcely be in any 
danger.——The other. Society, mentioned 
_p- 141, has also os the annuity it pro- 
mises from £A4 to £24; but it is cer- 
tain, that it cannot permanently pay to all 
its members a greater annuity than £15. I 
should lose too much time were I to give 
an account of the calculations’ which prove 
this. He that would see it demonstrated 
with all possible clearness, should consult a 
Tract published in 1777, by Mr. Dale, en- 
titled, 4 SuppLementr to Calculations de- 
duced from first Principles, &c. No person 
who understands common arithmetic can 
avoid being convinced by the evidence 
offered in this Tract, nor can any honest 
man avoid being shocked by the narrative it 
contains of the obstinacy with which the 
majority in this Society have persevered in 
error, contrary to the efforts of the more re- 
spectable part of the Society ; and in defiance 
‘of reason, justice, and humanity. I cannot, 
in short, speak more properly on this sub- 
. ject | than in the words of Mr. Morgan in his 
‘Treatise on the Doctrine of Li ife Annuities and 
Assurances, p. 47. ‘* There is onE Society 
“for the benefit of old age still left, on 
“which, none of the calls of justice and 
“ humanity have been able to make any pro- 
“ per impression. I mean the Laudable So- 

2 . “ crety 
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“ciety of Annuitants, whose office is-held 
“at the bettom of Bartholomew-Lane. In 
“opposition to the plaimest evidence, this 
“ Society goes on to offer double the annuity | 
“it can afford to pay; and the late trans- 
“actions in it (as related by Mr. Dale in 
“his Supplement) exhibit an instance of 
“ench an obstinate and wilful perseve-— 
“rance In imposition as hath seldom been 
“equalled—_—-I am sorry to add,” says 
Mr. Morgan, “ that this censure is applica- 
“ble to another Society called also Laupa- 
“BLE, but in reality PERNICIOUS, as Many 

“ suffering widows will some time or other 

“ experience.” 

It is here said, that this Society HF ss 
double the annuity it can pay; that is, £24, 
when in reality it can pay only £12; where- 
as | have said that it may pay £16. In 
order to explain this difference, it is neces- 
sary to observe that Mr. Dale has. shewn 
that s£15 nearly is the annuity which the 
Society can afford to pay according to the 
chances of living in Dr. Halley's or the 
Breslaw Table; but that the chances of liv- 
ing in the Society had for eight years before 
1770”, (when the number of the Society was 
above 1300, and its stock near £96,000) 
been found by particular enquiry to be not 
much less than double to those at the same 


* I know not-what the rate of mortality in the Society 
has been since this year. : 


a ges 
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ages in the Table; from whence it follows, 
that the annuity payable by the Society being 
more valuable, it ought not to be so high as 
£15, nor probably more than £12.—The 
fact now mentioned is important, but not sin- 
gular; for it has been found to take place 
in other similar sitvations°; and the reason 
is, that Dr. Halley's and most other Tables 
of Observations give the chances of living as 
they exist in towns among men of all sorts 
taken in the gross; whereas such Societies 
as those for the benefit of old age, and in 
general all purchasers of life-annuities for 
themselves, must consist of a selection of the 
best lives. . 


POSTSCRIPT. 


Since the preceding Observations were 
written, 1 have been informed that this © 
Society has reduced its annuity from #24 
to £20. ‘This reduction, together with the 
high interest at-which money may be now 
improved (particularly in the short annuity), 
will prolong considerably the duration of the 
Society; but unless it is favoured by uncom- 
mon events, cannot make it permanent P. 


SECT.. 


° See additional Observations on Civil Liberty, page 
1Sd. | 

P This prediction has been abundantly verified ; for, 

after having gradually reduced their annuities to £8, it 
3 appeared 
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SECT. Vi.- 


Of the Amicable Society for a perpetual Assu- 
rance Office: And the Society for Equitable 


Assurances on Lives and Survivorships. 


"THE 10th Problem has been given, witha 
particular view to the corporation of the: 
Amicable Society, for a perpetual Assurance- 
Office on single lives, kept in Serjeant’s-Inn. 
This Society was established in 1706, and is 


appeared from an investigation of their affairs which had 
been made by myself in 1786, that the Society could not 
then afford to pay their annuitants more than six guineas, 
a year. ‘The number of their members at that time had 
sunk from 1300 to 204, while their claimants had in- 
creased to 564, and their capital which had once con- 
sisted of £96,000 stock in the three per cents, had been 
diminished more than one -half,—It has, however, been 
found from subsequent experience that, low as those ane 
huities were then reduced, the circumstances of the So- 
ciety required that they should be reduced still. lower.— 
In the year 1796, in consequence of a fresh application 
from this Society, I was engaged a second time in the. 
examination of their affairs.—At that period the annui- 
tants were 471, and the members who had not become 
claimants amounted only to 24—The residue of their capi- 
tal had been changed from three per cenis into £1660 per. 
annum in the Short, and £360 per annum in the Long An- 
nuities, which, from the extreme depression of public credit 
were then hardly worth #£17,000.—This depression, more 
than any other cause, had produced such a deficiency in the 
accounts of the Society as to render it absolutely necessary 
to reduce the annuities from 6 guineas to £5.—But they 
have since been enabled by the improved state of the pub- 
lic funds, and other favourable circumstances, to restore 
those annuities again to 6 guineas; and it is probable dur- 
ing the remainder of their existence that they will escape 
the mortification of submitting to another reduction. M. 


the 
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the only one I am acquainted with, which has 
stood any considerable trial from time and 
experience. It is limited by its charter to 
the disposal of shares or numbers (not to ex- 
ceed 2000) held by szng/e lives, and entitling 
to claims when the lives drop. For each of 
these shares every purchaser pays at entrance 
£7...10s. besides £#]...118. as the first 
guarterly payment of £6...4s. per ann. to be 
continued during life. An annual dividend 
of #£1...4s. for each share is allowed to 
every purchaser out of the profits of the cor- 
poration, which reduces the annual payment 
for each share to #5. The net annual in- 
come arising from all the annual payments 
(making £10,000 when the Society is full, 
and all the shares are disposed of), is equally 
divided among the nominees.of such mem- 
bers as die within the year; which dividend, 
therefore, is more or less at the end of every 
year as a smaller or greater number of the 
members happen to die in that year. In 
1757, the Society engaged that this dividend 
though it might be more, should not be less 
on each share than 22125, and in 17704, that 
it should not be /ess than £150. No one 
person is allowed to purchase more than 


-4 In 1757, the Society had accumulated by its savings 
£25,300 three per cent. stock, which in 1770, had been 
increased to £33,300; and a part of this stock was in 
these years appropriated to the payment of claims, when- 
ever the number of them in any year should happen to be 
so great as to render the annual contribufions insufficient to 
make them up to the guaranteed sums, 


three 


i160 = Of the Amicable Corporation 


three shares; nor are any admitted to be pur- 
chasers whose ages exceed 45, or fall short 
of’ 12; and all between these ages are. ad- 
mitted on the same terms. 

“This Society has, I doubt not, been very 
useful to the public; and its plan 1S such, . 
that it cannot fail to contenue to be so. Bg 
might, however, certainly have been much: 
more useful, had it gone from the first on a 
different plan. It is obvious, that regulating 
the dividends among the nominees by the 
number of members who die every year, 1s 
not equitable ; because it makes the benefit 
which a member is to receive to depend, 
not on the value of his contribution, but ona 
contingency ; that is, the number of members 
that shall happen to die the same year with 
him. ‘This regulation must also have been 
disadvantageous to the Society; as will ap- 
pear from the followi ing account ofthe natural _ 
progress of the affairs of such a Society, when 

established on a right plan. 

Suppose a thousand persons whose com- 
mon age is 36, to form themselves into a 
Society for the purpose of assuring a parti-. 
cular sum at their deaths, to such persons as 
they shall name, in consideration of a parti- 
cular annual contribution to be continued 
during their lives. Suppose the annual con- 
tribution to be £5, and the first payment 


_* Such payments, it has been shewn, rhe a VUr. 
p. 29, are better than any half-yearly or quarterly pay- 
ments, and at the same time they save some trouble. 


' to 
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to be made immediately. Suppose, like- 
wise the original number of the Society to 
beconstantly kept up by the admission of new | 
members, at 30 years of age, in the room 
of such as die.—In Question X. p. 22, it 
appears, that an annual payment, beginning 
immediately, of £5 duringa life now at the 
age of 36, should entitle, at the failure of 
such a life, to £172, reckoning interest at 
4 per cent. and taking Mr. De Moivre’s va~ 
luation of lives.—A_ thousand persons, all 
36 years of age, will die off at the rate of 
20 evety year. ‘The disbursements, there- 
fore, of such a Society will be, the first year, 
20 times £172, or £3,440, and its income. 
will be £5000. It will, ebrerind: at the end 
of the year, have a surplus of 21,560 to put 
to interest.—In consequence of the yearly ac- 
cessions to supply vacancies, the number dy- 
ing annually will be always i increasing after 
the first year.. In 50 years‘ it will get toa 
maximum; and then the affairs of the So- 
ciety ‘will become stationary, and the num- 
ber dying annually will be 40, and its an- 
nual expence will be £6,880 exceeding the 
annual contribution, 41,880. But, in the 
méan time, by improving its surplus monies, 
it. will have raised a capital equal to this ex- 


* This period will (by Question III.) be longer if the 
‘Society is any time in filling, and admits members at 
younger ages than 36. It will, for instance, be 84 years, 
if the Society is ten years in filling, and admits at all ages 
between 12 and 45, 
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cess, and, consequently, its affairs will. ‘be. 


fixed on a firm basis” for all subsequent... 
times. 

‘Suppose now. that ‘such a Society, at its 
establishment, should resolve to divide its 


whole yearly income among the nominees of | 


deceased members. The effect of this would : 


be, that no capital could be raised; that the 


dividends payable to nominees would diminish. 


continually, till, at the time that the greatest. 


number of members came to die annually, 
(or at the end of 50 years), they would be re- 


duced to half; and that all claimants, after 


this period, would receive too little; because } 


the first claimants had received too much ', t 


Ky ‘ The reverse of this will take alaths if te a sad jin 


~" 


begins with admitting at all ages, and afterwards changes ~ 
it plan, and: /zmits the age of admission. ~ In this-case, - 


the number of yearly deaths will be greatest at first, and 


the dividends smallest. In consequence of. altering its ~ 
plan, the yearl 'y deaths will lessen gradually, and the divi- 
dends rise; but in time both would’ return again to theit , 


original state. 

The following. facts incline me to ere mesa this 
remark may be applicable to the Amicable Corporation. 

‘First. In their-original charter, as it is given im their 
printed abstracts, there-is no limitation of age mentioned ; 
but 31 years afterwards, I find a bye-law made against 
admitting any person who should be above the age of 45, 
orunder 12. —Secondly, In: their printed. advertisements 


in- 1770, it is said, that in 59 years they had paid, among - 


3,643 claimants, £378, 184, from whence it follows, that 
though. the average of their dividends, for 17 years be~ 
fore 1773, has been £154, the Hee for 59 yea has 
been os #104, 


At. 


> 
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At the time of the institution of the Ami- 
cable Corporation, the interest of money was 
at O per cent. and, as they admit none whose 
ages are not under 45, the mean age of ad- 
mission cannot be much greater than 360. It 
appears, therefore, that had they avoided 
the error now mentioned, and gone from the 
first on the plan I have described, they might 
have all along paid to each nominee £172, 
besides raising a capital much greater in 
proportion to the number of members, than 
that [ have specified, from the premiums at 
admission, forfeitures, and other advantages 
which they have enjoyed". Indeed, I can- 
not doubt but that on this plan, and with 
these. advantages, they might have found 
themselves always able to pay at least £200 
to each nominee *. . 

_ I haye already mentioned one instance in 
which the plan of this Society is not equit- 


* A surplus from a thousand members of only five 
shillings per annum, duly improved at 4 per cent. would, 
in 41 years, produce a capital of £25000. 


x It should be remembered, that all this was said in 
the former editions, on the supposition that proper care 
has been taken to keep out unhealthy persons; that the 
ages of admission have never exceeded 45; and that the 
probabilities of life among the members of this Society, 
ure the same with those in the 5th, 8th, and 17th Tables, 
in the next volume. But I have lately found the truth 
to be, agreeably to the suspicion expressed in the last 
nete but one, that for many years after the first in- 
stitution of the Society, members were admitted: at all 
ages, 


M 2 able, 
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able. Another instance of this is, their re- 
quiring the same payments from all per- 
sons under 45, without regarding the differ- 
ences of their ages; whereas, the annual 
payments of a person admitted at 45, ought 
to be double the annual ab of a Pemepit 
admitted at 12. 

Further. The plan of this Sooiéty'3 is sO 
narrow, as to confine its usefulness too much. 
It can be of no service to any person whose 
age exceeds 45. It is, likewise, far from be- 
ing properly adapted to the circumstances of 
persons, who want to make assurances on 
their lives, for only short terms of ‘years.— 
Thus; the true value of the assurance of 
2£150 for 10 years, on the life of ‘a’ person 
whose age is 30, is by Quest. XIV. (anterest 
being at 3 per cent.) £2...138. in annual 
payments (for 10 yéars), to begin at the 
end of the first year; and subject to failure 
when the lite fails. But such an assurance 
could not: be made, in. this Society, without 
an annual payment of 5.—Neither is the 
plan of this Society at all adapted 'to the cir- 
cumstances of persons, who want to make 
assurances on particular survivorships.—For _ 
example: A person possessed of an estate, 
or salary, which must be lost with his life, 
has a person dependent upon him, for whom 
he desires to secure a sum of money, payable 
at hisedeath: But he desires this only as 
a provision against the danger of his dying” 

first, 
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Jjirst, and leaving a wife, or a parent, with- 
out support. In these circumstances, he 
enters himself into this Society; and by an 
annual payment of #5 entitles his nominee 
to £150. Ina few years, perhaps, his nominee 
happens to die; and, having then lost the 
benefit he had in view, he determines to 
forfeit his former payments, and to with- 
draw from the Society. In this way pro- 
bably, this Society must have gained some 
advantages. But the right method would 
have been to have taken from such a person 
the true value of the sum assured, “ on the 
“supposition of non-payment, provided he 
“should survive. In this way he would 
have chosen to centract with the Society ; 
and had he done this, he would have paid 
for the assurance, (supposing interest at 3 per 
cent. his age 30, the age of his nominee 30, 
and the probabilities of life as in the 5th, 
8th, and 17th Tables) 3...8s. ¥ in annual 
payments to begin immediately, and to be 
continued during the joe? continuance of his 
own life, and the life of his nomenee. 


Y The value of £150 payable at the, death of a person, 
aged 30, provided he survives another person of the same 
age, is, by Question XI. Chap. I. £45.65; and this 
value divided by 13.43 (the value increased by unity, of 
two joint lives both 30), gives £3.4, or £3...85.—The 
value of the same reversion, according to the probabilities 
of life in London, is, £49.19, In. one payment; and 
£4.16, in annual payments, during the joint lives, the 
first payment to be made immediately. 


Further 
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THE affairs of this Corporation have lately 
taken a very favourable turn. The divi- 
dends, from the annual contributions of 4&5 
for each number, which for eight years, 
ended in 1769, had not been £150 on each 
claim, have, for eight years ended at 1779, 
been nearly £2007—-—The | subsisting 
shares have increased from 1120, (their 
number in 1769) to 1990 (their full com- 
plement nearly) in 1780; and in the same 
time the stock of the Society has been in- 
creased from £33,300 to £251,300 in the 
3 per cent. annuities; in consequence of 
which it finds itself now possest, after dis- 
charging all expences, of a clear surplus of 
about £1,350 per ann.——In these circum- 
stances a proposal has been made to the So- 
ciety to discontinue the increase of its stock, 
in order to make use of the surplus in in- 
creasing the dividends on claims. ‘This be- 
ing an inviting proposal, it is not surprising 
that the Society in general has shewn itselt 


* This dividend for 1780, was £192...6s...1 3d.; but 
made up to £193 in consequence of a discretionary 
power given the directors to take what sums they think 
reasonable from the savings to increase the dividends. 
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disposed to accede to it.———The im prudence 
however of such a step will be evident from 
the following observations.——It should be 
considered, that the reason of the late in- 
crease of the annual dividends, has been the 
late increase of the Society by the influx of 
young members. So great has been this 
increase, that the Society has been nearly 
doubled intwelve years, and tripled in the last 
30 years. It could not, therefore, but 
happen that the number of deaths should be- 
come much less in proportion to the num-_ 
ber of members, than they were before the 
increase. ‘The Society being now full, and 
admitting of no farther increase, the col- 
lective age of the members, and, together 
with it, the annual deaths, will be for some 
time increasing, till that part of the Society 
which consists of the late additions * come 
to die off fwice as fast as s they did at first. 

During 


- * An addition of near 400 to the subsisting numbers 
or shares of the Society was made from 1749 to 1768; 
and of above 900 more, from 1769 to 1779,—Even that 
part of the increase of the Society which consists of 
members to whom the first of these additions has been 
owing, is at present far from dying off so fast as it will. 
fn truth, 50 or 60 years at least must elapse before’ this 
ean happen. See Question III. Chap. 1. I am told it 
has been asserted by some belonging to the Society, that 
a person about 40 or 45 is not less likely to die than a 
person 20 or 30 years older, from whence, I suppose it 
is inferred, that the deaths now in the Society may be 4s 
numerous as they will ever be, It would be doing an 
injury to the Society to suppose that it can be influenced 

by 
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During this interval the, dividends; will be 
erowing less and less, till at last they will 
fall below the dividend which the Society 
has guaranteed (or £150), and produce a 
necessity of entering into the capital in order 
to make it up. And the reduction of the 
capital once, begun will proceed faster and 
faster till it is all spent; and when spent, 
the Society will be thrown back into the 
state it was in before its increase, when 
frequently it could not ailord a dividend. of 
£100 on each number.—Such willbe the 
certain effect of adopting the measure 1 have 
mentioned. It is, therefore, imprudent in 
the highest degree ; and I will add, that the 
mmjustice of it is equal to itsimprudence; for 
it is benefiting the o/der part of the present 
members at the expence of the younger 
members, and all presené members at the 
expence of fuéure ones. For a few years 
the dividends will probably, with the help 
ot the addition of the annual profits, exceed 
£200, which will be paid chiefly among 
the claimants derived from the older mem- 


by such assertions. According to all observations on 
human mortality, a body of men at 65 or 70 will die off | 
twice as fast as a body of men at 40; and a body of men 
at 75 or 80 will die off four or five times as fast as a 
body of men at 50. The human frame, after the age of 
12 or 15, is continually wearing out and becoming less 
capable of combating the causes of mortality; but more 
or less slowly according to the degrees of firmness with 
which it was built, and the favourableness, or umfavour- 
ableness of the situations into which it happens to fall. 


bers. 
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bers. But after a course of years they will — 
sink to little more than half; and at that’ 
period the Society will consist of the younger 
part of the present members, and such new 
members as shall be hereafter admitted to 
fill up vacancies, who will therefore be great 
éosers, because their predecessors, by neg= 
lecting to improve the estate, made them- 
selves too great gamers. | 
In order to set this in a clearer light, I 
would desire it may be considered that ac 
cording to the mean probabilities of thé 
duration of life, a body of people at the age 
of 30, will, one with another, live 25 years. 
It must, therefore, be expected that a teventy- 
Jf th part will die annually of a Society which 
has subsisted any considerable time, and the 
members of which are admitted at this mean 
age. Supposing, therefore, 36 the mean 
age of admission in the Aimicable Corpora- 
tion, the time must come when (if kept® 
up to its full complement): a 25th part of 
the members will die annually, or when 80 
numbers (the 25th of 2000) will drop, and 
produce 80 claims annually.—The whole in- 
come of the Society (consisting of 410,000 
per ann, from the charter contributions, and 
£1,350 per annum, profits), when divided 
equally among 80 claimants, will give 4142 
for each claim. ‘The dividend guaranteed in 


© Should the Society decline, more than a 25th part 
will die annually, and the period when this will happen 
will arrive sooner, a : 


1770 
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1770 being s£150 there will be a deficiency 
of £8 in each claim, or of £640 in the total 
of claims; which sum procured by selling 
stockin one year will leave a necessity ot 
selling more the next year, and still more 
the following, and so on through every suc- 
cessive year, till the whole stock falls rapidly 
to nothing-———It 1s proper to observe here, 
that this deficiency of #640 per ann. is a 
maximum to which the deficiencies of many 
preceding years had increased gradually; and 
that, therefore, the whole stock may be 
consumed even before the period arrives, 

when the greatest deficiencies will happen. 
All this reasoning supposes that no more 
than a 25th part of the members of this Cor. 
poration will hereafter come to die annually; 
or that they are admitted at the mean age 
of 36, and live after admission, one with an- 
other, 25 years.——But these are probably too . 
favourable suppositions. Perhaps, the mean 
age at which members are admitted (and 
particularly the purchasers of two or three 
numbers) may be above 40; and perhaps 
also, on account of the difficulty there must 
be in excluding from such institutions all bad 
lives, the duration of the lives of the mem- 
bers may be somewhat less than is common 
among persons at the same ages. Should 
this be true, their duration of life after ad- 
mission will not exceed 22 years. A 22d 
part will hereafter die annually. The claims. 
from 2000 numbers willbe 91; and the di- 
2 vidend 
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vidend on each claim; with the addition of 
the savings, will be only £124...12s. which 
will produce a deficiency of £2,311 per ann. 
If I may judge from what has hitherto 
happened i in the Society, even these last sup- 
positions favour it too much; for, 1 find, 
that before the increase * which begun in 
1750, a nineteenth part of the existing num-_ 
bers dropped annually, which made the di- 
vidends then fall frequently below £100. 
This, however, must have been owing ‘to 
the admission, for some years after the esta- 
blishment of the Society, of members at 
too advanced ages, and the neglect of pro- 
per care to exclude bad lives. Much un- 
certainty in this instance would be removed, 


© This increase seems to have been owing to the limi- 
tation of age in 1737. In a few years after this, the 
greatest part of the members who had been admitted at 
advanced ages having died off, and the Society consisting 
chiefly of younger members admitted i in their room; the 
dividends rose, which occasioned a quick increase of 
young members, raised the dividends still higher, till, in 
1757, the Society thought itself capable of guaranteeing 
a dividend of £125; and, in 1770, a dividend of £150. 
These augmentations contributed yet more to increase the 
Society, .and consequently the dividends. It became, 
therefore, soon full, and now finds itself in the pros- 
perous state described at the beginning of these Obser- 
vations 5 a state, which the Society may render really and 
permanently prosperous, if they are properly attentive to 
its causes, and will avail themselves of the opportunity it 
gives them to rectify the faults in their original plan by 
increasing their guaranteed dividend in the manner I shall 
presently” propose, instead of discontinuing the increase 
of their capital. 


and 
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and the best guide obtained in conducting 
the affairs of the Society, by taking an exact 
account of ihe mean age at which, for the last 
ten or twelve years, all members (distinguish- 
ing particularly such as have two or three 
numbers dependent on their lives) have been 
admitted; and also of the number of years 
which all admitted, till within the last 30 
years, have lived after admission. 

_ Upon the whole. ‘Till new light is given 
by such an enquiry as this, 1 must think 
that, however prosperous the affairs of the 
Society seem at present, it cannot prudently 
act on any other expectation than that a pe- 
riod will come when a 22d or 23d ¢ part 
of its members will die annually, and when, 
therefore, it will want at least an addtional 
income of £2000 per ann. to enable it to 


‘If Mr. Brand, the late clerk of this Society, is right, 
the members of it are uncommonly short-lived; for, ac- 
cording to an account which he has given of the duration 
of the lives of 3,826 persons who have been admitted into 
it, and on whose deaths claims have been paid; they do 
not, one with another, live after admission 16 years. See 
Smart’s Tables republished by Mr. Brand, p. 189. See 
likewise his Treatise on Assurances and Annuities, p. 68. 

This, were it true, would be very threatening to the 
Society. But Mr. Brand, in other parts of the Little that 
is his own in these Treatises, has erred so palpably, and 
shewn himself so wonderfully ignorant, that, however 
possessed in this instance of ‘the means of information, he 
deserves no eredit.—The truth is, in the present case, 
that he has included in his account such members as have 
heen admitted and have died lately; and this must neces- 
¢arily lead to a wrong conclusion concerning the duration 
of the lives of the members taken at large. 


make 
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make good its engagements. A greater ad- 
ditional income might be acquired by con 
tinuing to lay up all its savings after dividing 
the charter contributions—But were it to lay 
up the whole of itsincome above what may be 
necessary to divide £170 on every claim, 
it might advance its Wiaranbed dividend 
from £150 to this sum. And this, in my 
opinion, is the most rational ates equitably 
measure it can adopt. 

Il know, indeed, that there is a clause in 
the charter which limits the increase of its 
estate to £2000 per ann. But this clause 
shews that the charter was framed with too 
little foresight ; and it-must be repealed, or 
the consequences will be that danger to the 
Society and. anzjustice to its future members 
which I have represented. | 

The preceding Observations are offered 
very respectfully to the consideration of this 
Society.. Should any,of the members or di- 
rectors think them ‘worth their attention, [ 
hope they will reflect, that having no interest 
to serve, [can mean nothing by them but the 
preservation of the credit and conser of 
the Society®. 

§ E.G -T.. 


© It dies not appear that any attention has been paid to 

the admonitions and advice which were given in this 
Section.—When the Society stipulated in 1770 that the 
claims should never be less on each share that “8 150, the 
number of subscribers, as might naturally be expected, 
increased very rapidly: By the accession of so many new 
a a sudden addition was made to their annual 
income, 
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SECT. ‘Vil. 
of the Society for Equitable Assurances | on 


Lives and Survivorships. 


THE Society whichis tobe thesubject of this 
Section, has justly styled itself, “4 Society 
€* for Equitable Assurances on Lives and Sur- 
4 viverships.” 'The business of it is car- 
ried on. at its office, in Chaiham-Place, near 
Blackfriars Bridge. It was founded in 1762, 


in 


income, and, in co nsequence, the dividends on the claims 
were. increased so as to raise them during the first 10 or 
15 years from £150 to £200, and in some years even 
to €300.° But this effect necessarily ceased with the 
cause which produced it, and the dividends since the 
year 1787 have sometimes fallen so low as barely to ex- 
ceed the stipulated sum of. £150.—Nay, in the year 1802 
they fell short of this sum, and the Society had recourse 
to their capital, not merely to supply the deficiency, but 
even to add £5 to each share over and above the sum 
which they had engaged to pay. In some years they 
have added £15; nor do they seem in these additions to 
be guided by any one principle of reason. or computation. 
It is at best a very mistaken liberality, and if it, were 
always. to. be.repeated under similar circumstances, though 
it might perhaps be intended ‘to promote the credit, it 
would inevitably terminate in the ruin of the Society. > ~~ 
By increasing the number of their shares about. 20 
years ago from 2000 to 4000, they produced in like 
manner as in the year 1770, a temporary increase of the 
dividends: but the effect in this instance was more tran- 
sient, owing, I believe, principally to the new members 
having ‘for the most part consisted of persons between 40 
and 50 years of age.—In the admission of these members 
they raised the contributions upon every number above 
2000 from £5 to £6...45. per annum: thus, making the 
amount of the annual payments to depend, not on the age , 
of the subscriber, but on his priority in the Society —It 
is much to be lamented that they should not have chosen 
te 
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insconsequence of lectures recommending 
such an institution, which had been read by 


to adopt the improvements proposed i in this work, rather 
than persevere in a course so injurious to their real interest, 
and often disgraced by regulations so absurd and inequita- 
ble. About 15 years ago they manifested a disposition to 
reform their plan, and in consequence of the recommen- 
dation of the Directors they limited the age of admis- 
sion to 40 instead of 45—they also placed all the 
members on the same footing in regard to their annual 
payments—restrained for a time the amount of the, divi- 
dends to £150—and, in order to encourage young persons 
to subscribe, they gave those who entered under the age 
of 35, the privilege of having six, instead of the usual 
number of three shares, on their respective lives :—-They 
also agreed that £34,300 of their stock, (amounting 
in the whole to. £64,300 in the three per cents, together 
with. some property in houses) should be preserved as ‘un- 
alienable without the consent, of two successive general 
courts, so that only £30,000 of their stock should be appro- 
priated in aid of the annual contributions to make up future 
deficiencies in the dividends.—-Had these. regulations been 
proposed at an. earlier period, it is possible that they might 
have been effectual; but I have every reason to believe 
from an investigation of the affairs of this Society’ at that 
time, that they were much too feeble and iiefficient.— 
The reform of a plan originally very. defectives:and ren- 
dered still more so by subsequent laws and alterations, i 1s, 
indeed a work of considerable difficulty, and if the mem- 
hers satisfy themselves with such méasures as they thén 
adopted, it is certain that they are far from having accom=: 
plished such a reform as will secure the Society from the 
consequences of their former errors. 

The Society has lately obtained an extension of their 
Charter, by which they are empowered to assure persons off 
all ages at nearly the same premiums with those of the 
Equitable Society. This has necessarily, by the accession 
of new members, increased their capital, and they have, 
in consequence, determined that the dividends on the’ as- 
surances, according to their original pla, shall be raised 
to £2001! a M, 


ad 


“Mr. 
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Mr. Simpson, a name that can never be for- 
gotten while there is any mathematical or phi- 
losophical knowledge left in the world. Mr. 
Dodson also, the author of the Mathematical 
Repository, was active in recommending the 
plan of this Society, and composed Tables for 
its use.—It assures any sums or reversionary 
annuities on any lives, for any number of 
years as well as for the whole continuance of 
the lives, at rates settled by particular calcu- 
lation; and in any manner that may be best 
adapted to the views of the persons assured. 
‘That is, either by making the assured sums 
payable certainly at the failure of any given 
lives, or on condition of survivorship : and 
also either” by taking the price of the as- 
surance in one present payment, or in annual 
payments during any single or joint lives, or 
any terms less than'the whole continuance of 
the lives.—In short; the plan of this Society is 
so extensive and so important, that I cannot 
satisfy my own mind, without offering to the 
gentlemen concerned in the direction of it, 
the following observations, hoping aay will 
not think them impertinent. 
First. - ‘They should consider what distress 
would arise from the failure of such a scheme 
‘in any future time; and what dangers there’ 
are, which ought to be carefully guarded 
against in order to secure success. ~ L have 
already more than once observed, that those 
persons will be most for flying to these esta-. 
blishments, who have feeble constitutions, 
1 or 


Equitable Assurances on Lives. 177 


or-are subject to distempers which they 
know render their lives particularly preca- 
rious ; and it is to be feared, that no caution 
will be sufficient to prevent all danger from 
hence... | 

_. Again. In matters OF charice, it is im* 
possible to say, that an unfavourable run of 
events will not come, which may hurt the 
best contrived scheme. The calculations 
only determine probabilities; and, agreeably 
to these, it may be depended on, that events 
will happen on the whole. But at particular 
periods, and in particular instances, great 
deviations will often happen;.and these de- 
viations, at the commencement of a scheme, 
must prove either very favourable, or very 
unfavourable. 

But further. The calculations suppose, 
that all the monies received are put out im- 
‘mediately to accumulate at compound in- 
terest. They. make no allowance for losses, 
or for any of the expences attending manage- 
ment. On these accounts, the payments to 
yo Society of this kind, ought to be more 
than the calculations will warrant, and the 
interest of money ought to be reckoned low. 
Mr. Dodson, I find, has paid due attention 
to all this, by reckoning interest, in his cal- 
culations for this Society, at 3 per cent. and 
taking the lowest of all the known proba- 
bilities of life, or those deduced from the 

WeL..I: N London 
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London bills of mortality’. There is, be- 
sides, a liberty provided of making a call 
on all the members, in case of any particular 
emergency. It is, therefore, highly pro- 
bable, that this Society must be secure. ‘The 
last expedient, however, would be a very 
disagreeable one, should there be ever any 
occasion for having recourse to it; and, in 
order to guard still more effectually against 
danger, it would not, I think, be amiss to 
charge a profit of 6 per cent. on all the pay- 
ments. Should the consequence of this 
prove, that in some future period the Society 
shall find itself possessed of too large a capi- 
tal, the harm will be trifling, and future 
members will reap the advantage. But this 
leads me to repeat an observation of particu- 
lar consequence. 

As this Society is guided, in every instance, 


‘ It ought, however, to be remembered here, that in 
selling life-annuities to commence either immediately, or 
after given terms; and also in some other cases, the 
values come out /ess in consequence of lower probabilities 
of life. Would it in such instances be taking an unfair 
advantage, to estimate the values by Tables which give 
the highest rather than the lowest values? Thus; were the 
Society to sell £20 per annum for lite, to a petson now 
30, after 50, the value, according to Dr. Halley’s Table, 
would, reckoning interest at 3 per cent. be #90 in a single 
payment; but according to the London Table, the value 
would be only £70. | 

But in reality the value, even by Dr. Halley’s Table, 
is less than the Society, in such a case, ought to take, for 
the reason mentioned in page 157. 


by 
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by strict calculation, it is not to be expected 
that it can meet with any difficulties for 
many years; because not till the end of - 
many years after it has acquired its maximum 
of members, will the maximum of yearly 
claimants and annuitants come upon it. 
Should it, therefore, through inattention to 
this remark, and the encouragement arising 
from the possession of a large surplus, be led 
to check or stop the increase of its stock too 
soon, the consequences might prove perni+ 
cious. | 
Again. I would observe, that it is of 
great importance to the safety of such a So- 
ciety, that its affairs should be under the 
inspection of able mathematicians. Melan- 
choly experience shews, that none but ma« 
thematicians are qualified for forming and 
conducting schemes of this kind.—In short ; 
dangerous mistakes may sometimes be com- 
mitted, if the affairs of such a Society are 
hot managed frugally, carefully, and pru- 

dently. One instance of this I cannot avoid 
mentioning. Ss as i 
A person, who desires to assure a particu- 
ar sum to be paid at the failure of his life, 
on condition of the survivorship of another 
life, may chuse to pay the value in annual 
contributions during the continuance of his 
own single life rather than during the con- 
tinuance of the joint lives, because the an- 
nual contributions, in this case, ought to be 
much less. But a Society that would prac- 
N 2 tise 
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tise such a method of assurance would hurt 
itself; for as soon as the life, on whose sur- 
vivorship the assurance depends, is extinct, 
the person assured, if then living, would have 
no longer any benefit in view; and, there- 
fore, would make his payments with reluc- 
tance, and in time, perhaps, entirely with- 
_ draw them ; the consequence of which would 
be, that the Society would suffer a loss by 
being deprived of the just value of the ex- 
pectation it had granted. The plan of a 
Society ought always to be such, as that the 
losses arising from discontinuance of pay- 
ment, should fall on the purchaser, and 
never on the Society. 

I must not forget to add, that it is neces- 
sary that such a Society should be furnished 
with as complete a set of ‘Tables as possible. 
This will render the business of the Society 
much more easy, and also much more capa- 
ble of being conducted by persons unskilled 
in mathematics. It will also contribute much 
to its safety. For in all cases to which Ta- 
bles can be extended, there would be no 
occasion for employing any calculators; and, 
consequently, a danger would be prevented — 
to which, though it is not now, it may here- 
after be exposed; 1 mean, the danger of 
happening to trust unskilful or careless cal- 
culators.—It is indeed furnished with Tables, 
by which a great part of its business is.trans- 
acted; but there are some important ‘Tables 
which it wants, and with which it should 

be 
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be supplied; and these when composed, to- 
gether with all its other Tables, should be 
subject to the revisal and examination of the 
best judges, and afterwards published; with 
a minute account of the principles assumed 
and the method taken in composing them. 
Such a publication would be a valuable ad- 
dition to this part of science; and it would 
also be the means of increasing and esta- 
blishing the credit of the Society. 

In Questions 4th, 6th, loth, 11th, 14th, 
15th, and 16th, I have, with a particular 
view to this Society, given rules by which 
may be formed every Table it can want, for 
shewing ‘the values of assurances on the 
whole duration, or any terms, of any one or 
two lives; and nothing but care and atten- 
tion can be necessary to enable any good 
arithmetician to calculate from them. — 


Jiurther, Account of the Equitable . Society, 
euith an Account of an Institution for the 
Sale of Life-Annuities at Hamburgh. 

HAVE just referred to the questions in 
the first Chapter. of this Treatise, for the 
rules by which the values of assurances on 
any one life, or any two lives, may be com- 
puted. Since the last publication of this 
‘Treatise, investigations of this kind have 
been carried much farther, and this:subject, 
as far-as it respects assurances on any num- 
ber of lives not exceeding three, has been 
nearly exhausted by Mr. Morgan, the actu- 
~ , ary 
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ary of this Society, in the Treatise referred 
to at the end of the First Chapter.—In this 
work, Mr, Morgan has given a distigct ac- 
count of the state of this Society as he had 
made it out to January 1777; and to that 
account, and to the Observations addressed 
to the Saciety in the Introduction to Mr, 
Morgan’s Treatise, I must refer for the fullest 
information that can be given of the plan 
and progressive increase of the Society, and 
of the methods employed to keep in constant 
view the state of its accounts. I shall here 
only add, that its increase has been going on 
ever since with rapidity; that, in the last 
five years (or since 1776), its annual income 
has been nearly doubled, and its capital (con- 
sisting now in part of land securities) more 
than tripled; that the rate of mortality among 
the persons assured has continued much 
below that in the Tables by which it has 
hitherto made its calculations;® and that, 

upon 


‘© Until the time nearly in which this account was 
written the Society had computed all their premiums 
from the London Table of Observations, and it appeared 
from the experience of twelve years, (or from 1768 to 
1780) that the decrements of life among their members 
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upon the whole, it appears at present to 
possess such a surplus of income and stock - 
as places it (if no mismanagement takes 
place) above danger, except from events the 
most extraordinary. 

In these circumstances, the Society, not 
_ willing to raise an exorbitant capital, or to 
take unreasonable profits, came toa resolu- 
tion at the beginning of the last year, or 1781, 
to make such abatements in its demands as 
its present circumstances render safe, and to 
settle such new arrangements in its business 
as may contribute to make it as great a 
benefit as possible to the public. | 

In the preceding Section, but more parti- 
cularly in the Introduction to Mr. Morgan's 
Treatise, I have expressed my wishes that 
the Society would order new Tables to be 
calculated from Observations more adapted 


In consequence they determined to compute the pre- 
‘niums in future from a table which should give the pro- 
babilities of Hife Aigher than that which they had hitherto 
used; and for this purpose they adopted one whieh had 
been just formed by Dr. Price from very accurate obser- 
vations made in the town of Northampton. Compared 
with the decrements of life in that table from the year 
1768 to the year 1810, the decrements of life in the Society 
appear to have been from the age of 

10 to 20 in the ratio of 1 to 2 
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to the general state of mortality among man- 
kind than those given by the London bills of 
mortality.——I can now inform the public, 
that such an order has been given and lately 
carried into execution.——T hese new Ta- 
bles are, _ 
First. A Table exhibiting the values of 
single lives for their whole duration. 

Secondly. A Table of the values of single 
lives for any terms of years not iaeong oF 
eral 

‘Thirdly. A Table of the values in sin- 
gle and annual payments, of assurances on 
single liyes for terms, and for their whole 
duration. 

Fourthly. A Table of the values of two 
joint lives for all ages. 
' .Fifthly. A Table of the values, in sin- 
gle and annual payments, of assurances of 
gross sums, and life annuities payable on the 
survivorship of one life beyond another.—— 
‘The most material parts of these Tables will 
be found among the other Tables in the next 
volume. ‘They “have been calculated by Mr. 
Morgan with incredible care and industry ; 
and are correct and complete to a degree 
never before attempted in any ‘Tables of this 
kind, ‘They are to form the basis of the fu- 
ture business of the Society, and must con- 
duce much to its growing credit and useful- 
ness. 

The second, third, and fifth Tables, have 
been calculated by the rules in Chap. ist of 
| this 
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this Treatise, Question 6th, 10th, 11th, and 
14th. And the other Tables, or the 1st and 4th 
just mentioned, in the ‘method described by 
Mr. Morgan i in the 2d Section of the second 
Chapter of his Treatise on the Doctrine of 
Annuities and Assurances; a method which, 
at the same time thatit lessens the labour of 
these calculations, prevents the weve nae of 
falling into any mistakes >. © 

They are all founded ‘on a Table of the 
probabilities of the duration of human life at 
Northampton, which will be inserted among 
the other Tables in the second volume of this 
~work. This Table made a part of all the 
‘former editions ‘of this work; but it is, in 
the present edition much improved, and 
gives, I bélieve, more ‘correctly than any 
other, the mean probabilities of the duration 
‘of human lifé;°and, therefore, as I shall eb- 
‘serve again hereafter, seems to be more sei 
— than any other for general use. 
“> Thad, in the Introduction to Mr. Morgan's 
np rea tige recommended to: the® Society the 
‘observations on human mortality at Chester; 
and I had procured a copy of them from’ Dr. 
~Haycartu, the ingenious founder of them. 
But the directors of the Society have judged 
very rightly, that they carry the probabilities 


> Specimens of the shortest and easiest method of making 
these calculations by Logarithms, and grounded on Mr. 

Morgan’ s method here mentioned, will be given ina Post- 

serips to the 4th Chapter. a 
0 
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of life too high for their business.—These 
Observations, however, are not on this ac- 
count less important. I have been enabled 
by them to make the Northampton Table of 
Observations more complete ; and Tables of 
the decrements and expectations of lives, 
deduced from them; for both sexes, will be 
given in the next volume. 

The interest of money in calculating the 
new Tables of the Society has been reckon- 
ed, as it was in the old Tables, at 3 per cent. 
This gives the Society (more especially at 
present when money may be improved at 
near double this interest) a very great ad- 
vantage. It likewise possesses the two fol- 
lowing advantages. 

First. ‘The interest of a large and fast in- 
creasing capital, the greatest part of which 
is a SURPLUS over and above all that is ne- 
cessary to enable it to make good its engage- 
ments. | 

Secondly. The profits arising from higher 
probabilities of living among the members of . 
the Society than are exhibited, even in the 
new ‘Table of Observations, by which its — 
demands are for the future to be governed, 
‘This Table differs but little from the Breslaw 
or Dr. Halley's Table of Observations, which, 
as may be seen in the Note, p. 182, gives 
probabilities of living near a third lower than 
those which have hitherto taken place in the 
Society. | 

I believe 
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I believe the Society might now safely 
trust itself to the security arising from these 
advantages, and take the payments for assur- 
ances in strict conformity to its new Tables, 
without any charge upon them; and the 
consequence of this would be, that these 
payments, which four years ago were reduced 
a tenth, will be further reduced about twe 
tenths, or in the whole about 30 per cent’. 

But as it has been the custom of the So- 
ciety (in conformity to the recommendation 
in p. 178) to make an addition of 6 per cent. 
to all the payments required by the old Ta- 
bles, it may, [ think, be excused, if, for the 
sake of greater safety and to provide better 
for the expences of management, it should 
make an addition of 3 or 4 per cent. to the 
payments required by the new ‘Tables. 
~ There still remain a few Tables, which 
perhaps some time or other the Society may 
think proper to furnish itself with.——l 
will mention the two following. 

First. A Table of the same kind with that 
mentioned in p. 135, shewing the values of 
‘sums payable aé a given age, and of annuities 
payable tz// a given age, to a child, should he 
-lose his parent. 

Secondly. A Table containing the values 


+ Jt should be remembered, that the reduction here 
mentioned, does not extend to the single payments for 
assurances of life-annuities payable on survivorship, the 
London Table of Observations giving these almost as low 
_as the Northampton Table. 

| of 
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of assurances of annuities for the remainder 
of life after given terms. 

This would inform the olibiio what ad- 
vantages could be reasonably offered to per- 
sons who wish to bé purchasers of such an- 
nuities; and the avidity with which the de- 
ceptions in this way have been encouraged 
renders such an information particularly 
proper. The public, indeed, has been led 
‘by these deceptions to entertain such wrong 
ideas of the terms on’ which these annuities 
may be sold, that probably no terms which 
‘the Society can afford will appear sufficiently 
encouraging. ‘There are, however, annui- 
ties of this kind which, at the same time that 
they have the most useful tendency, might 
‘possibly invite purchasers. Suppose, in 
particular, an annuity of £1 to commence at 
‘56, and to increase at the rate of £1 every 
‘year afterwards, (so as to become £15 at 
70, £25 at 80, and £35 at 90) was offered 
for a given sum payable at the age of 30, with 
proper abatements for every year that the 
purchase was made before this age-—W ould 
not such a proposal be likely to engage at- 
tention? And might it not be extremely 
useful, by holding forth an incitement to in- 
dustry in the beginning of life, and providing 
a way of laying out small savings to the best 
advantage > According to a high valua- 
tion the sum in this case would be about 
twenty guineas; and the proper abatement 

about 
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about twenty-five shillings for every year 
that a purchaser's age, if not less that 20, 
falls short of 30. 

I must not conclude these Observations 
on annuity schemes without taking particu- 
lar notice of an excellent example in. this 
way, which is given by a general annuity in- 
stitution lately established at Hamburgh; and 
to which I have referred at the end of the 
fourth Section, pedads 

Having received, through Mr. Oeder at 
Oldenburgh, an account of this institution, 
and finding that the conductors of it wish to 
extend its advantages beyond the limits of 
Hamburgh; 1 embrace with pleasure this 
opportunity of recommending it, and: re- 
citing the following particulars in its plan. 

Persons of ail ages who may desire to in- 
crease their incomes by purchasing annuities 
for their own single lives, or for the longest 
of any two lives, may’ in this institution 
purchase such pie pi seas person at 50 
may receive during his life 73 per cent. for 
any sum; at 60, he may receive 10,% per 
cent. ; and 7 70, 15 per cent-——Persons who 
depend for a-subsistence on the permanency 
of their capacities for service or labour, 
may with such savings as they may be able 
to make in their years of vigour, purchase 
for themselves a competence for oldage. A 
‘person at 40 may with #100 purchase #18 
per ann. for his life after 55; or, for a pay- 
ment of 17s...6d. every half year till he is Go, 

he 
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he may purchase for his life after that age 
£0...128. per ann——Y oung persons whose 
fortunes do not produce a sufficient income 
may, by sinking a part of them, procure the 
means of a future settlement in life. A boy, 
for instance, aged 10, may with £100 pur- 
chase an annuity of z 8} dependent on his 
Jife till he 1s 25 years of age, when it ma 
be supposed he will be provided with other 
means of supporting himself. 

Persons who have friends or relations de- 
pendent upon them may purchase for them, 
either by a single present payment, or by halt- 
yearly payments, any annuities to commence 
at the time of their survivorship, should 
that happen, and to be continued during the 
remainder of their lives. In the case of wi- 
dows an abatement is made, if the purchaser 
chuses that the annuity should be a only 
during widowhood. 

Parents wishing to provide portions for 
their children, or sums for putting them 
out to apprenticeships when grown up to 
‘a certain age, may purchase (by either half- 
yearly contributions or single payments), such 
portions or sums to be paid them at that age, 
should they live to it. 

The plan of this institution includes in 
it several other particulars; but I will only 
add, that the money received by the con- 
ductors of it is lodged in the chamber of 
Hamburgh; that the prices or contributions 
are distinctly specified for every age in a - 

2 o 
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of ‘Tables which have been published at Ham- 
burgh; and that these Tables have been cal- 
culated at an interest of 3 per cent. from 
some of the best registers of mortality, and 
(as far as I have examined nent) with skill 
and ¢ correctness *. 
CHAP. 
* The Equitable Society, since these observations were 
written in the year 1783, has increased so immensely both 
in the number and magnitude of its assurances, as to be- 
come an institution of the first importance. In the year 
1786, after a minute computation of the value of each 
separate assurance, the addition of 14 per cent, which had 
been made to the claims in 1782 for every annual pay- 
ment prior to that year, was increased to 24 per cent. In 
the years 1791, 17: 93, and 1795, still farther additions 
were made, amounting together to 4 per cent; so that the 
claims on all assurances of an earlier date than 1774 were 
more than doubled, and even those of so late a date as 
1783 were increased nearly one half. But although the 
Society never hazarded an addition without a thorough con- 
viction ef its safety founded on a comparison of the claims 
with the premiums and on the decrements of life among its 
members in each year, it wisely determined to yraesed no 
further with these additions till the same investigation of 
its affairs had taken place, which had been first instituted 
in 1776, and repeated 1 in 1786.—Accordingly, in the year 
1800 this work (which from the increased number of as- 
surances had become a most arduous and toilsome under- 
taking) was accomplised, and the result proved so highly 
favourable that another addition of #2 per cent. was made 
to the claims, so that at that time the assurances of 17906 
were increased £36 per cent.; those of 1780 £105 per 
cent. those of 1770 £190 per cent. and those of 1762 
£258 per cent. making in the whole a sum which in pre- 
sent value fell very little short of half a million !—In 
1309 the same investigation was repeated, which, from the 
immense increase in the number of its assurances, was at- 
tended with infinitely more labour and difficulty. The re- 
sult, however, like that of all former investigations, proved 
that the success and opulence of the Society increased it 
proportion to the magnitude of its concerns, and an addi- 
" , tiem 
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CHAPTER III. 
Of the Method of calculating the Vellives of 


Reversions depending on Survivorships. 


ALL Questions relating to the values of 
lives: and reversions, are at present of par- 
ticular importance in this kingdom. Much 
business is continually transacted in this 
way; and and considerable errors in the 

methods 


‘tion of 2% per cent. was in consequence made to the claims, 
‘so that at present the assurances made in 1800 are increased 
£27 per cent., those in 1790 £86 per cent., those in 1780 
£120 per cent., those in 1770 £290 per cent., and those 

m. 1767 £323 per cent.; and a sum equivalent in present 

money to one million is thus distributed among the mem- 

bers in addition to the sums which have been distributed on 

former occasions. It is unnecessary to expatiate on this sub- 

ject, in order to shew the great benefit which this Society 

has proved to the public.—Proceeding always as it has hi- 

therto done on the sure ground of computation, it never can 

incur any material dange 2r..-The many thousands of which 

it is now composed render the decrements of life almost uni- 

form among its members, and from the experience of more 

than forty years those decrements are found to be even one 
third (q@ lower than they are in the Table from which the 

premiums are computed. Provided therefore the same care 

is used in excluding bad lives, every addition to the business 

of the Society must be an addition to its profits. —The in- 

ereased number of members, by preventing it from being 

affected by any particular season of mortality, will also ren- 

der those profits more uniform and secure ; so that the stabi- 

ity of the Society will be strengthened in proportion as its 
usefulness is extended. _ 

_ The only danger to which it is exposed arises from the 

greatness of its capital. If due regard be not paid to the 

dmmense demands, which must ‘hereafter come upon it.— 
Uf on the contrary this capital be considered only as. an 

accus 
(a) See note p. 183. . 
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ittethods of ‘solving such questions, must ir 
time produce ‘very bad consequences.~The 
design of the following observations is to 
point out a particular error, into which theré 
is danger of falling, in finding the values of 
‘such: reversions as depend on survivorshipsi 
In doing this, I shall, in order to be’as plain 
as possible, take the following ‘case.: * A, 
“* aged 40, expects to come to the possession 
‘“‘ of an’ estate, should he survive B,. aged 
“* likewise 40. In these circumstances he 
‘‘ offers, in order to raise a present sum, to 
‘* give security for. #40 per annum; out of 
‘« the estate at his death, provided he should 
‘ get into possession; that is, provided he 


accumulation of profit, and the members on this suppo- 
sition should be tempted to. make too frequent additions 
to the claims, the consequence, though distant, must ul- — 
timately be fatal. Hitherto great prudence and discre- 
tion have been manifested in the’ management of this Se- 
clety.. No measure has been adopted which had. the least 
tendency to diminish the capital without a previous in- 
vestigation ; and in order to secure the same prudence and 
discretion in the future conduct of its members, the So- 
ciety has provided by certain laws, ‘ that no allewance 
“ to claimants shall ever be made without a previous in- 
“vestigation of its affairs and the ‘concurrence of four- 
« fifths of its members at three successive General 
** Courts, and also that sueh allowance shall in no im- 
“stance exceed two-thirds of the cléar surplus stock of 
“the Society.” By these restrictions, as. far as human 
precaution can operate, the danger of intemperate mek- 
sures is avoided; and there is every reason to hope that. 
an institution, founded on such liberal principles and de- 
_ fended by such wholesome provisions, will not only be se4 
eure, but continue to improve iu credit and prosperity. , 

| cia 
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“ should survive B. What is the sum that 
“ ought now to be advanced to him, in con- 
“ sideration of such security, reckoning com~ 
“ pound interest at 4 per cent 2” 

Mr. De Mowre’s directions in his Trea- 
tise on Annuities, Problems 17th and 2oth, 
lead us to seek the required sum in this case, 
by the following process. 

Find first, the present sum A should re- 
ceive, for the reversion of £40 per annum 
for ever after his death; supposing it ot de- 
pendent on his surviving B. ‘The present va- 
Jue of such a reversion is “ the! value of the 
“life subtracted from the perpetuity, and 
“the remainder multiplied by the annual 
“rent."—The value of the life is, by Mr. 
De Mowwre's Hypothesis, 13.196. This 
subtracted from 25, the perpetuity, leaves 
11.804; which, multiplhed by 40, gives 
z2£472.10; the value of the supposed estate, 
after the life of A. But, as Mr. De Mowre 
observes, the lender having a chance to lose 
his money, a compensation ought to be made 
to him for the risk he runs, which is founded 
on the possibility, that a man of 40 years of 
age may not survive another person of the 
same age. ‘This chance is an equal chance; 
and, therefore, half the preceding sum, or 
£236.08, is the money which should be ad- 
vanced now on the expectation mentioned. _ 


' By Scholium, p. 34, and Problem 26th, p. 293 of Mr. 
Simpson’s Select Exercises. 


This 
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This solution ‘carries a plausible appear- 
ance; and most persons will, probably, be 
ready to pronounce it right; nor will this 
be at all wonderful, asso great a master.of 
these subjects as Mr. De Motvre, appears to 
have been misled by it—Nothing more is 
necessary to prove it to be fallacious, than 
proceeding in the same way to solve the fol- 
lowing similar Question. 

“A, aged 40, offers to give security for 
« £40 per annum, to be entered upon at his 
“ death, provided it should happen before the 
“ death of B, aged likewise 40. What sum 
“should now be advanced to him for such a 

“reversion, interest being reckoned at 4 
“ per cent 2” 

In solving this problem, agreeably to the 
method just described, we are to find the va- 
lue of £40 per annum, to be entered upon 
‘certainly at the death of A; and then to mul- 
tiply this value by the chance that A shall 
not survive B, or by +; and in this way the 
answer comes out the same with that already 
given. 

Now it may be easily seen, that this must 
be wrong. ‘The value of a reversion, to be 
received when a person of a given age dies, 
cannot be the same, whether the condition 
of obtaining it is, that he shall die before, or 
that he shall die after another person. That 
is, whether it is provided, that a purchaser, 
if he succeeds, shall get into possession 
sooner or /ater. ‘The reversion in the latter 

02 case 
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case ‘must, wrihbut ss! be of less value 
than i in the former. | | | 


The first ‘question here proposed, resolves 
itself into the following general Question. 

“ What is the present value of a given re- 
“ versionary estate, to be entered upon after 
“the failure of two lives, provided oné in- 

“ particular of them should be ws longest 
ce life 9” 

Now, the present value of an estate to be 
enjoyed for ever, after the failure of the longest 
of two lives, is “ the value of the longest | 
“ of the two lives, subtracted from the per- 

“ petuity; and the remainder multiplied by 
“the annual rent of the estate.’"—The value 
of the longest of two livesis, as is well known, 
the value of the two joint lives, subtracted — 
from the sum of the™ values of the two 
single lives. In the present case, therefore, 
it is 9.82, (the value of two joint’ hives 
at the age of 40 by Table VII. in the next 
volume) subtracted from twice 13.196; (the 
value of a single life at the same age) that is, 
16.57 years’ purchase. And this subtracted 
from 25, (the perpetuity) gives 8.43; which, 
multiplied by 40, gives 337.2, the value 
of thé given estate were it certainly to be 
enjoyed, after the extinction of the longest 
of two lives both 40; that is, whether one 


m See Mr. De Moivre on Annuities, Problem IV. or 
Mr. Simpson's Doctrine of Annuities and Reversions, Pro- 
blem rH. 

Or 
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orother of them failed last. But that A’s 
life in particular should fail last, is an even 
chance. The true value of the reversion, 
therefore, is half the last value, or £168.6. 

In like manner. The second Question is 
the same with the Question, “‘ What is the 
<< present value of #40 per ann. for ever to 
*s be entered upon after the extinction of two 
“* goin lives both 40; that is, whenever evéher 
‘< of them shall fail; provided the first that 
** fails should happen to be A’s life in par- 
“* ticular ?’—-And the answer is found by 
subtracting the present value of the two joint 
lives from the perpetuity, and multiplying the 
remainder by +, that is, by the chance that A 
in particular shall die first : And this will 
give the required value, £303.60". 

In short. It appears in both these cases, 
that, according to the first method of solu- 
tion, we are to subtract from the perpetuity 
the value of one of the single lives, when, in. 
the,former case, the value of the longest of the 
two lives, and, in the /atter case, the value 
of their joint continuance, ought, in reality, to 
be subtracted. I need not say what prodi- 
gious errors may often arise from hence; and 
how unfit such a method of solution is for 
practice. 

Mr. Sunpson, in p. 322, of his Select Ex- 
-ercises, speaks on this subject in the follow- 


» T have, though scarcely necessary, given a demon- 
stration of the Solutions in Note M. at the end of this 
volume. 

ing’ 
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ing manner.—“ I have been very particular 
*“ on these kinds of Problems; and the more 
‘“ so, as there has been no method before 
-“ published, that I know of, by which they 
** can be rightly determined. "Tis true, the 
‘* manner’of proceeding, by first finding the 
‘* probability of Survivorship (which me- 
“thod is used in my former work, and 
“* which a celebrated author has largely in- 
“* sisted on in three successive editions), may 
“< be applied to good advantage, when the 
** given ages are nearly equal; but then it is 
** certain, that this is not a genuine way of 
‘** going to work, and that the conclusions 
** hence derived are at best but near approxi- 
‘“* mations.” 

This excellent mathematician has here 
expressed himself much too favourably of the 
method of solution on which I have remark- 
ed.—In both the cases I have specified, the 
ages are equal; and yet, in one of them the 
error isa good deal above a third of the true 
value, and in the other a fifth: And, it is 
obvious, that in cases where three equal lives 
are taken, the errors will be much greater. 
—Mr. Simpson's Observations in this passage 
are true only, when applied toa different mc- 
thod used by himself, in the 28th and fol- 
lowing Problems of his ‘Treatise on the Doc- 
trine of Annuities and Reversions. This me- 
thod is exact when the lives are equal; but 
it gives results which are too far from the 

truth, 
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truth, when there is any considerable inequa- 
lity between the lives. | 

It is with reluctance I have made some of 
these remarks. Mr. De Mowre has made 
very important improvements in this branch 
of science; and the highest respect is due to 
his-name and authority. ‘This, however, 
only renders these remarks more necessary. 

In the first Chapter (Question 11th, 12th, 
15th, and 16th®) I have given a minute ac- 
count of the method of finding, in all cases, 
the values of the reversions which have been 
the subject of this Essay.—But Mr. Morgan, 
in his Treatise on Life Assurances, has car- 
ried this enquiry much farther. | 


* 4n solving Questions 11th and 12th, here referred to, 
I have made use of Mr. Simpson’s rules in his Select Ex- 
ercises, p. 297 and p. 298. Mr. Morgan, in his Treatise 
on Life Assurances, adopted the method of solution from 
which Mr. Simpson deduced these rules; but he has lately 
discovered that it isan approximation which in some cases 
gives results that are much too distant from the truth. See 
More on this subject at the end of this volume, where rules 
(investigated by Mr. Morgan) may be found which give in 
all cases the correct values of sums payable on any survivor- 
ships between any two or three lives. 
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Account of the ine of the Ronetwd? of 
Leases, and of the Method yt computing 
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Agee eee | | 
Shewing the Fines due on the Renéwal of a 
‘Lease of 21’ Years after 5, 7, 9, or 11 
- Years have elapsed. 


: Values of the Renewal. 
ired.|At 4 per cent.|At 6 per cent. At 8 per cent.| AtlOpercent. 
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The value in every case of this kind is 
the difference between the value (in Table 
Ii. Vol. IL) of the whole term, and the value 
(in the same Table) of the unexpired part of 
the term. : Fira 

If leases are held by lives, the value of 
their renewal is the difference between the 
value of all the lives (including the life or 
lives to be added) and the value of the ex- 
isting life or lives. For example. 

The value of the renewal of a lease held 
‘by two lives after one has dropped is (sup- 
posing the existing life aged 50, and the life — 
to be added aged 20) the di ifference between 

10.033 
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16,033 (the value by ‘Table XIX. of the sin- 
gle life of 20) and 9.630 the value by Table 
XX. of the joint lives 20 and 50?. That is, 
7.403, or 72 of a year's’ meomge nearly, 
reckoning*ifiterest at 4 per cent ——Again, 
the value of the renewal of a lease held by 
three lives, after one is dropped, is (sup- 
posing the two existing lives aged 50 and 
58, and the life tobe added aged 20)’ the 
difference between the'value of the longest of 
the three lives and the value of the longest of 
‘two lives aged':50 and 55. The former of 
these values by Tables XIX: and XX. is 
18. 178% the latter by the same Tables is 
13.872"; their difference is 4.306, or 4,3, 
_ years purchase; which, therefore, is the fine 
due for such a renewal, reckoning interest at 
4 per cent. 

N.B. ff the vahies of such renewals are 
wanted at any rates of interest higher or 
lower than those for which the values of 
single and joint lives are given in the Ta- 
bles in the 2d volume, they must be deduced 
_ from the values in those ‘Tables by the Rules 
given in the next Chapter. 

It would be an endless labour to compute 
tables shewing the value of such renewals in 
all cases; and these directions a ag it an 
aiviaos gth ails 


? See page 2, gt | 
4 By. Prob. Xin Sipe 5 Select. Exercises, or by the 
hie at the end of Table X XVI. Vol. IL: 
* See the note in page 43 of this volume. 
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Sometimes a right may be purchased to 
put in, on the first vacancy among the. lives 
by which an estate is held, such a new life 
as the purchaser shall chuse.—In order 
to find the present value of such a right, it 
is necessary to assume some given value for 
the life to be nominated, and this assumed 
value multiplied by the difference between 
the value of the existing life, if there is but 
one (or the value of the joint continuance 
of the existing lives, if there are two or 
more) and the perpetuity; and the product, 
divided by the perpetuity, will give the an- 
swer. 

EXAMPLE 

_ Let there be but one existing life, and 
let it be a male life, its age 50, and conse- 
quently its value (by Table XIX.) 10.269, 
reckoning interest at 5 per cent. Let the 
life to succeed it be reckoned a life of the 
greatest possible value, that is, a life aged 8, 
and consequently worth (by the same Table) 
15.226 years purchase at 5 per cent—The 
difference between 20 (the perpetuity) and 
10.269 multiplied by 15.220 is 148.164; 
which product, divided by 20,. gives 7.408, 
the answer. 

If there are two existing lives, both 50, the 
value of their joint continuance will be (by 
Table XX.) 7.522; the difference between 
which value and the perpetuity is 12.478, 
Which multiplied by 15.226, and the pro- 
duct divided by the atin gives 9,5 the 

answer 
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answer in this case, or the number of years 
purchase which ought to be paid for a right 
ot renewing a lease now held by two lives 
both aged 50, hy putting in the best life m 
the room of the first of the two lives that 
shall happen to drop. 

The rule for finding the value 1s the same, 
if the right to be sold is the right of pre- 
| sentation to a church-living at the death of 
the present incumbent. 

The estate meant in these rules is the nett 
surplus rent after deducting all taxes and re- 
pairs. 


3 CHAP. 
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CHAPTER IV. 


On Mr. De Morvre’s Rules for calculating 
the Values of Joint Lives; with a Post- 
script, containing a Specimen of the most 
expeditious Method of calculating the Va- 
lues of Single and Joini Lives, according 
to any Table of Observations. 


"THE calculation of the values of single 
and jownt lives, from given Tables of Ob- 
‘servation, being tedious and troublesome; 
Mr. De Moivre has had recourse to two hy- 
potheses, which give easy rules for this pur- 
pose; and which, he thought, corresponded 
with sufficient exactness to Observation.— 
The first of these hypotheses is, that the pro- 
babilities of life decrease, as we advance from 
childhood to old age, in an arithmetical or O~ 
gression; or in such a manner, that the differ- 
ence is always the same, between the num- 
ber of persons living at the beginning of any 
one year, and the number living at the be- 
ginning of the next following year.—The 
other hypothesis is, that the probabilities of 
life decrease in a geometrical progression; or 
in such manner, that the proportion is al-— 
| : ways 
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‘ways the same, between the number of per- 
sons living at the beginning of any one year, 
and the number living at the beginning of 
the next following year—aAll the Tables 
of Observation shew, that the real law, ac- 
cording to which human life wastes, comes 
- much nearer to the former hypothesis, than 
the latter.—In Tables V. VIII. and XVII. in 
the next volume, it is so near the former hypo- 
thesis, that the difference between them in the 
middle stages of life is scarcely worth re- 
garding. According to this hypothesis, there- 
fore (accommodated to the Breslaw oe able, in 
the manner mentioned in the note, page 2.) 
Mr. De Moivre calculated the values of single 
dives; and the rules founded upon it for this 
purpose are so easy, that an operation which 
would otherwise take up much time, may 
be performed almost immediately. 

By proceeding on the same principles, the 
values of jornt lives might have been calcu- 
lated; but the rules for this purpose derived 
from these principles, are far from being 
equally easy in practice. Here, therefore, 
Mr. De Mowre quitted his first hypothesis ;. 
and finding, that the second hypothesis af- 
forded, in the case of joent lives, rules that 
were as easy as the rules given by the other 
_ hypothesis were in the case of single lives, 
he chose to adopt this hypotheses; believing 
at the same time, that the values of yont lives, 
obtained by rules derived from it, would 
not deviate much from the truth. But in 

this 
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this he was greatly mistaken. The values 
of two joint lives obtained by these rules are 
so wrong, that in finding the present value, 
in a single payment, of one life after another,. 
they generally give results, which are near a 
ter of the true value too great; and. 
about f0- -fifths too great, when the value is 
sought in annual payments during the joint 
lives. ‘These are errors so considerable, that 
I think it of particular importance that the 
public should be informed of them, in order 
to prevent the inconveniencies and perplexi- 

ties they may occasion. 
_ Mr. Simpson (in the Appendix-to his Trea- 
tise on the Doctrine of Annuities and Never- 
sions) has observed, that Mr. De Movivre's 
rules for finding the values of joint lives are 
wrong. But | don't know, that it has been 
ever attended.to, that they are so wrong as I 
have found them. Mr. Sempson’s remarks 
point out chiefly the errors in these rules, 
when the values of hree or more joint lives 
“gre caleulated by them; but, till I was 
forced to a particular examination of this 
subject’ by some difficulties into which I 
found myself brought by following Mr. De 
Moivre too implicitly, [ did not at all sus- | 
pect, that any such errors as I have men- 
tioned could arise from these rules, when 
the values of only éwo joint lives are calcu- 
lated by them. Mr. De Mowre, in con- 
sequence of other remarks contained in Mr. 
Sunpson's Appendix, altered, in a the 4th.edi- 
tion 
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tion of his Treatise, some of his rules. Ht 
is surprizing he did not see reason at the 
‘same time to alter these. 

That.there may be no doubt about the 
truth of these observations, I will just men- 
tion a few examples of the difference be- 
tween the values of a given reversionary an- 
nuity, according to the rules to which [ 
have objected, and the values, according to 
the exact methed of deducing them from 
Mr. De Movwre’s first hypothesis. 

Let the proposed annuity be £30 to. be 
enjoyed for what shall happen to remain of 
the life of a person now 40 years of age, 
after the life of another person of the same 
age. ‘The value of the joint lives (interest 
being at 4 percent.) is, by the 2d hypothesis, 
or Problem 2d of Mr. De Movwre's Treatise 
on Life-Annuities, 8.964; which subtracted 
from 13.196, (the value, by the first hy- 
pothesis, of a single life at 40) gives 4.23; 
which remainder, multiplied by 30, gives 
£126.9, or the value of the reversion in 
a single present payment. And 1206.9, di- 
vided by the foregoing value of the joint 
lives, is 414.16; or, the value of the re- 
version in annual payments, during the joint 
lives.—But the ¢rue values are 4101.1 ina 
single payment, by Quest. I. Chap. I. and 
£10.3, in annual payments, by Quest. IV. 
—The former values, therefore, are a quarter 
of the true value too great in the single pay- 

, ment ; 
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ment; and near two; Ayths too ‘greata in the 
annual payments.con f) 2 Ri 

The true value of the same crane fora 
life at 66, after another life of the same age, 
Is, (reckoning interest as before, at 4 per cent.) 
£68 >in a single payment; and 2£13.5)in 
-annual payments.—But these values, accord- 
ing to the Problem just quoted, are 2291 and 
£21, one of whichis ‘near'a third, and the 
other above ha/f'the true value too great. 

In unequal lives-these’errors may be no'less 
considerable.—-Thus; if the value of the 
proposed annuity be required for a life at 70, 
atter a life at 30 years of age; id will, by 
the same Problem, be 226.5, ina semgle pay- 
ment; and 45.1, in annual payments during 
the joint lives. But the frue — are x of 
and 33.05. 

- Where 3 or more: ives, are concerned the 
errors will be still greater. =. rea 

The true values of the joint lives, men- 
tioned in these Examples, have been: calcu-_ 
lated by a rule.in page 16, of Mr. Simpson's 
Treatise on the Doctrine of Annuities and Re- 
versions, and -explained in Note (L) at the 
end of this volume.—-To save, however, a 
great deal of trouble hereafter, [ have thought 
proper to ealculate Table VII. in the next 
volume, which gives the exact values accord- 
ing to Mr. De Mowre's first hypothesis, of 
two joint lives, for every five tapes ot human 
‘life, from 10 to 70. 
: This 
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This hypothesis, I have observed, does not 
differ much from the Tables of Observation 
for Breslav, Northampton; and Norwich. Be- 
tween the ages of 30 and 40, it gives the va- 
lues of single lives almost the same with the 
BreslawTable. Under 30, it givés them sonié- 
what less: and above 40, somewhat greater. 
But it ought to be remembered, that where- 
ever it does this, it gives, at the same ages, 
the values of the Joint lives also too little or 
too great; and that, consequently, ‘the res 
sults from it, in calculating the values’ of Pe- 
versions, and of the longest of given lives, 
come so much nearer to exactness, 


/ The rules to which I have objected are the 
only ones given by Mr. De Mowre, in all the 
editions of his Treatise on Life-Annuities. 
But it seems, this great mathematician be~ 
came at last sensible, that they were too jh. 
correct; and therefore, at the end of the Tast’' 
edition of his Treatise on the Doctrine of 
Chances, page 320, (a work which gets into’ 
comparatively few hands) he has given other 
rules which come hearer the truth. But 
even these rules produce errors so great in’ 
many: cases, (particularly when combined 
with the errors of the hypothesis) that it will - 
be best never to use them. 
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POSTSCRIPT 
FOR THE FOURTH EDITION. 


GINCE the former editions of this work I 
have found reason to be dissatisfied with 
Mr. De Moivre's first as well as his second 
hypothesis. There is no situation in which, 
in the first and last periods of life, it cor-_ 
responds to fact; and in some situations, 
particularly great towns and country parishes, 
it does not correspond sufficiently to fact in 
any periods of life. An inspection of the | 
ables of Observation in the next volume 
will prove this. However useful, there-. 
fore, this hypothesis may be in many cases, 
it would be best not to be under any ne- 
cessity of having recourse to it; and for 
this reason, and also to render this work as 
complete as I am capable of making it, L 
have, while this edition has been in the 
press, and with the help of some friends, 
calculated the tables in the next volume of 
the values of single and joint * lives from 
the Northampton register of mortality. ‘This 
register has been chosen for this purpose, be- 
cause it gives the mean values of lives be- 
tween the highest and lowest, and is on this 


* The value of the reversionary annuity, mentioned 
in p. 208, is by these Tables 14.83 in annual payments, 
instead of 13.5, as there given from the hypothesis. 


account, 
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Account, and also in consequencé of the 
corrections I have made in it, better fitted 
tor general use thari any othef——=I have, 
however, retained the Tables of these values 
according te Mr. De Moivre's Hypothesis, 
published in the former editions of this work; 
because all the examples in the preceding 
part of thiswork have been taken from them; 
and there are some cases in which they may 
still prove of use. 


The computation of the valties of joint 
lives correctly from a given table of Ob- 
servations, is a business so tedious and tire- 
Some, that it has scarcely been ever exe- 
cuted, except by Mr. Simpson from the Lon- 
don Observations; and as these give the va- 
lues of lives among a body of people taken 
in the gross in one of the worst of all si- 
tuations, they are by no means fit for com- 
mor use-——I have therefore, employed a 
good deal of attention to find out the most 
easy and expeditious method of making these 
calculations; and I shall here give the fol- 
lowing Specimen of a method (deduced from 
that described by Mr. Morgan in his Treatise 
on Life-Annuities and Assurances, chap. 2d, 
sect. 2d, p. 56) which, at the same time 
that it renders mistakes impossible, will eX- 
pedite this work as much as the nature of it 
will allow, and render the computation of 
the values of any number of joint lives not 
more difficult or tedious than the computa- 

, PQ ¢ tion 
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tion of the values of an, equal. number of 
single livese 3, chem | 

Let the Table of Observations be that for 
Northampton, or ‘Table 1 7th, in the next vo- 
lume; and let the rate of interest be 4 per 
CDbry visig to cavitific tenet aft a 
Write down on a paper to be always kept 


in sight the Logarithms of all the numbers 
in the column of the living without the In- 
dices.. 

EXAMPLE EIRST. 


Living at age o-—- 11650—Log™. .066325 


1 year 8650— —-.9370106 
&e. &c. &c. . 

_. age 81—.  400— 608526 
—- g2—— —- 346— 539076 
Bo "Bap. SeSIa7 
s4—  234— .3090215 

&c. a ie &c. 
Y ape ot 34— 531478 
Q2— 24— .380211 
93—  16— .20411G 
9o4— oO— 954242 
95— 4— — .602050 
o6— 1— .000000 


Find the Logarithm of £1, increased by 
its interest for a year, and also the Loga- 
rithm of the value of £1, payable at the 
end of a number of years equal to the dif- 

5 ference 
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ference between the greatest and least ages 
in the Table of Observatiotis lessened by 
the difference of age between the joint lives 
whose values are to be calculated. 


EXAMPLE SECOND. 


Interest being at 4 per cent. £1, increased 
by its interest for a year is 1.04; and the 
Logarithm of 1.04 is .0170333. 

_ In the Northampion Table of Observations 

the greatest age is 96, and the least age 0. 
The difference, therefore, is 96; and sup- 
posing the given difference of age between 
the two joint lives to be 10 years, the value 
of £1 payable at the end of a number of 
years equal to the difference between the 
greatest and least ages in the table lessened 
by the difference of age between the joint 
_ lives, will be the value of £1 payable at 
the end of 86 years. Table ist, in the next 
volume, shews this value to be .0342872 
(reckoning interest at 4 per cent.) the Lo- 
garithm of which number (striking out the 
Index) is .535133. 

N. B. 'The best way of finding this Lo- 
garithm is by multiplying the Logarithm of 
£1 with its interest for a year by the dif 
ference between the greatest and least ages in 
the ‘Table lessened by the difference of age 
between the joint lives, and subtracting the 
product from unity. The remainder will 
be the Logarithm sought. Thus, in the 

pas present 
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present example .0170333 multiplied by 86, © 
gives (without the Index) .464864, which 
subtracted from unity leaves .535130.—— 
Had the given difference of age between 
the two joint lives been 15 years, and the 
youngest age jn the Table of Observations 3, 
and the oldest 94, the Logarithm .0170333, — 
instead of being multiplied hy 80, must 
have been multiplied by 76, and the pro- 
duct (without the Index) subtracted from 
unity would have been .705469. - 
_ Having made these preparations, the cal- 
culations must begin with the oldest joint 
lives, and proceed upwards according to the 
following specimen. 3 | 
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Srecimen of an easy and expeditious Method of calculating the Values of two Joint Lives. 
Interest at 4 per Cent. Difference of Age 10 Years. Northampton Table of Observations. 
Values — — — — Ages 52 }.18739—Ages Bae A03347—Ages B3¢ -O1455—Ages got -S6446—Ages it 1.07846 


017083 (a) added continually to.535136 | | 
See second Example................ & 535136 — 552169 — .569202 — 586235 — 603268 


a srt er eR 


Log™. of the numbers living at 96, 95, 3 
94, &c. years. Sce first Example.... B .000000 — .602059 — .954242 — .204119 —.380211 — .531478 
Log™. of the numbers living at 86, 85, 
84, &c. years. See first Example .... C .161368 — .269512 — .369215 — .460897 —.5 39076 — 608526 
B4-Cu. ccc cc cceccccccceeccecsees D 1161368 — 871571 — 323457 — .665016 — 919287 — .140004 
Log™. of the numbers (with unity added) | ; 3 
of Ist, 2d, 3d, &c. Log™. in Ha...... E ...... — O74597 = 147162 — .208051 — .270553. 
D +.B... ccc cece cccccecacceecee F 161868 — 946168 — .470619 — .873067 — .189840 
017033 (a) added to 2d, 3d, 4th, &c. 
Logarithms in D,.........200.+++- G 888604 —= 340490 —- .682049 — 936320 — .157037 
F — Gunn cc ce ccc evscceccveccees H.272764 — 605678 — .788570 — .936747 — .032803 
BAG ccccscccovecccclvasccvessvee L 423740 —- 892659 — 251251 — 522555 — .760305 
He 4 Lice cee cece eee deseees K 696504 — 498337 — .039821 — .459302 — .793108 
Numbers of the Log™. inI............ Ui .265303 — .781016 — .178341 —~ 333087 —..575846 
Numbers of the Log™. in K........... M 49717 — 315019, — .109603 — .287941 — 621025 


SETS ET NTE FROME EE 1 STEER 


Rees OE ins! Gi iy ged Sl oe 315020 — 1096035 — .287944 — .621098 - 

(a) This must be .0128372—.0149103—.017033—.021189—.0253059, as the rates of interest are 3, 33, 4, 5, or 6 per cent, and. 
the first Logarithm in A for these several rates of interest, on which. all, that follow. in. that tine depend, is to be deduced from 
t 7 . | 


an ee 
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OBSERVATIONS. 


In the addition of the Logarithms in this 
Specimen, the decimal parts only are to ee’ 
retained. 

In subtracting them, it is of no conse- 
quence whether a Logarithm is greater or 
less than that from which it is to be sub- 
tracted. 

In every column, the numbers in fie 
lines B, C, D, E, F, G, H, give the value. 
The other numbers give the proof. i 

The first Logarithms i in the lines B and C 
are always the Logarithms of the numbers 
of the living at the oldest ages in the Table 
of ibactvationd. which have the given dif- 
ference of age, and the following Loga- 
rithms are the Logarithms of the numbers 
living at the next ages, each one year younger 
than the preceding. 

The values of the two joint lives are the 
numbers of the Logarithms in H; and the 
proof of these values consists in the equality 
of the sum of the numbers in Land M in one 
column, to the numberin M in the following 
column. And it should be particularly ob- 
served that this proof answers sufficiently if, 
in consequence of placing the numbers in L 
and M over one another in any order, a sum 
can be made out whose first 6 figures are 
equal within 5 or 6 units to the succeeding | 
~ number in M. If the proof does not answer 
; within 


~ 


= 
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within this limit, the calculations have been 
too incorrect *, and it will be necessary to 
examine the numbers not verified by the last 
proof; namely, the numbers of the two 
Logarithms in I and H in the preceding co- 
lumn ; the Logarithms in B and C and D in 
the subsequent column; and the Logarithms 
in A, E, F, G, H,I, and K, in the column 
where the proof is found to be deficient. - 
EXAMPLE. | 
The addition, in the foregoing specimen, 
of the first numbers in L and M to one an- 
other, when the first figure in M is placed 
under the second in L, makes 315020, which 
is within one unit the same with 3150109, 
the second number in the line M; and this 
proves the calculations so far to be sufhi- 
ciently correct. In like manner; the ad- 
dition of the ¢hird numbers in L and M 
gives the fourth in M within three units. 
But had the addition of the numbers in L 
and M given the subsequent number in M 
only within sex units; that is, had it given 
the number 287947 or 287935, an incorrect- 
ness of too much consequence must have in- 
sinuated itself, and it would have been pro- 


_ per to examine the numbers and Logarithms 


just mentioned, in order to detect it. 


* This supposes that the values of the joint lives are to 
be found to three places of decimals. The agreement of 


_ fwe figures within 4 or 5 units will be sufficient, if the 


values are required only to two places of decimals, 
: Tn 
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In calculating the /ast value; that is, the 
value when the youngest of the lives is the 
youngest in the Table (or a life just born, 
according to most Tables) this proof will 
change into a new proof, verifying all the 
preceding values. For the Logarithm of £1 
with its interest for a year (that is, .017033 
when the interest is 4 per cent.) subtracted 
from the Logarithm in F, will leave a Lo- 
garithm, the number of which will be the 
sum of the numbers in L and M in the pre- 
ceding column. ee 

This Specimen will be accommodated to 
the calculation of the values of s¢ng/e lives", 
by striking out the Logarithms in C, and 
making those in D the same with those in 
B; and also making the first Logarithm in 
A, from which all that follow are deduced, 
the Logarithm of #1 payable at the end of 
a number of years, equal to the oldest age in 
the Table when it begins at birth, or to the 
difference between the oldest and youngest 
when it begins at any:age after birth, 

This Specimen will be accommodated to 
the calculation of the values of any three 
joint lives, if to the Logarithms in B and C 
are added {in order to obtain D) the Loga- 


* In this case, and also in calculating the values of equat 
joint lives, the first Logarithm in F (when the number living 
at the oldest age in the Table is 1) will be nothing; but 
notwithstanding this, the first Logarithm in G must be sub- 
tracted from it just as if it was unity, in order to obtain the 
first Logarithm in H. | 


2 rithms 
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rithms of the numbers living at any other 
ages, the difference between which and the 
ages in Band C is given; and if, likewise, 
the series of Logarithms in A is deduced 
from the Logarithm of the value of 1, 
payable at.the end of a number of years 
equal (if the ages begin at 0) to the oldest 
in the Table;,or (if they do not begin at 0) 
to the difference of age between the oldest 
- and youngest in the Table; lessened (in both’ 
cases) by the differences of age between the 
oldest and youngest of the three joint lives 
whose values are sought——Thus. Sup- 
posing the given differences between the 
ages of the joint lives whose values are to 
be calculated to be 5 and 10 years, and the 
interest 4 per cent. and the ‘Table of Obser- 
vations to terminate (as the Northampton Ta- 
ble does) at 96 years of age, and to begin at 
O. The series of Logarithms to be added 
to those in B and C in order to obtain D, 
will be the Logarithms of the living at 91 
in the first column, at 90 in the second, at 
89 in the third, &c. And the Logarithms 
in A will be the same with those in the. 
Specimen. But had the differences of age: 
been 10 and 15 years, the Logarithms to 
be added to those in B and C would have 
been the Logarithms of the living at 81, 80, 
79, &c. and the first Logarithm in A would 
have been the product of 81 into .017033 
subtracted from unity or 7620302, and the 
following Logarithms in A would have been 
| 017033 


.017033 added continually’ to this Loga- 
rithm. yl FM's | Sd | ae 
It is hence evident that in this’ method 
computations of the values of any given fo 
or three or four joint lives are nearly as easy 
as computations of the values of single lives; 
and may, after some practice, be performed 
almost as expeditiously as the numbers can 
be written. ! yes 
An error in a book of Logarithms may, if 
not suspected, produce infinite perplexity ; 
and therefore; when, after repeating any cal- 
culation, the source of an error cannot be 
discovered, it will be right to examine the 
Tables from whence the Logarithms have 
been taken. In gerieral, the order in which 
the numbers follow one another will imme- 
diately discover an error of the press; but if 
not, a different book of Logarithms should 
be consulted; and if possible, Mr. Garpt- 
wer’s, which is so correct as to be almost 
invaluable. - av 
It may be proper to observe once more, 
that it is very easy to take from SHERWIN S 
or Garpixer’s Tables the numbers of Lo+ 
garithms, and the Legarithms of numbers 
to six figures; and that if this is done, the 
resulting values will be always accurate to at 
least, the third place of decimals. But, if 
such a degree of accuracy is thought neeéd- 
less, it will be sufficient to take them to jive 
figures, | | | oa 
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The Theorems on which the method of 
calculations here explained, (exclusive of the. 
proof) are grounded, will be given in note 
N at the end of this volume. - But a.more 
distinct. investigation of these Theorems, 
and also an explanation of the principles on 
which the proof is founded, has been given 
by Mr. Morgan in his Treatise on Annuities 
and Assurances. Chap. 2d. Sect. 2d. 

The rules for finding, from the values of 
two or three joint lives, the values ef the 
longest of any two or three lives; and also a 
very easy rule for obtaining nearly the value 
of any three joint lives from the values of 
two joint lives, will be given in the next 
volume at. the end of the ‘able, shewing 
the values of two joint lives according to the 
Northampion Observations, . 


Account of a method of deducing, from the 
correct values (according to any observa- 
tions) of any single or joint lives at one 

rate of interest, the same values at other 
- rates of interest. 


PRELIMINARY PROBLEMS. 


Prostem I. The expectation given of a 
single lite by any table of observations, to 
find its value, supposing the decrements of 
life equal, at any given rate of interest. 

SOLUTION. 


f 
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SOLUTION. Finding in Table II. the value 


of an annuity certain for a number of years 


equal to twice the expectation. Multiply 
this value by the Perrerurry increased 
by unity, and divide the product by twice 
the expectation. The quotient subtracted 
from the perpetuity will be the value re- 
quired. 


EXAMPLE. 
The expectation of a life aged ten, by 


the Northampton observations (See Table 
XVII.) is 39.78. Twice this expectation 


is 79.56. The value of an annuity certain 


for 79.56 years is, by Table Il. (reckoning 
interest at 4 per cent.) 23.894. The product 
of 23.894 into 26 (the perpetuity increased 
by unity) is. 621.244, which, divided by 
19.50, gives 7.808. And this quotient 


subtracted from 25 (the perpetuity) gives 


17.192 years purchase, the value of a lite 
aged ten, deduced from the expectation of | 
lite at that age, according to the North- 
craton observations. 

This is the rule by which Mr. De Mowre 
has calculated the table commonly used of 
the values of lives according to his hypo- 
thesis; and from. this ‘Table (the sixth Table 
in the next volume) the value required in 
this problem may be deduced more com-~ 
pendiously in the following manner, pro- 
vided the expectation does not exceed 38.— 
“Take the difference between twice the 

“ expectation 


j 
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“expectation and 86; and the value in the 
“Table corresponding to that difference, ‘if 
“not less than 10, will be the value sought.” 
Thus; twice the expectation of a life aged 30 
(that is, its complement) is, by Table XVIII. 
56.54. The difference between it and 86, 
is 29.46. And since the value correspond- 
ing to age 29 in Mr. De Mowvre’s valuation 
of lives (or in Table VI. in the next volume) 
is (reckoning interest at 4 per cent.) 14.816; 
and the value corresponding to age 30 is 
14.014; it is obvious, that the value cor- 
responding to age 29.46 must be the greatest 
of these two values lessened ‘by .*°, of the 
difference between it and the /east. This 
difference is 202; and 4% of it (or .202 
multiplied by .46) is .093, which subtracted 
from 14.810, gives 14.723 the value sought 
of a life whose expectation is 28.27 (or 
whose complement is 56.54) on the sup- 
position of an equal decrement of life. 


PROBLEM Ui. 


es by any table of observations, to deduce 

from thence the value of the joint lives at 

any rate of interest supposing an equal de- 
crement of life. 


, Having the expectations given of any two 
div 


SoLurion. Find the difference between 
twice the expectation of the youngest life, 
and twice the expectation of the oldest life 
increased by unity and twice the perpetuity. 

Multiply: 
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Multiply this diffetence by the value of an’ 


annuity certain for a time equal to fice the 
expectation of the oldest life; and by twice 
the same expectation divide the seca re- 
serving the quotient. 


From twice the perpetuity subbtiact the | 


reserved quotient, and multiply the remain- 


der by the perpetuity increased by: unity *.. 


‘This last product divided by twice the ex- 
pectation of the youngest life, and then sub- 


tracted trom the perpetuity, will be the | re- 


quired value. 
EXAMPLE. 


Let the joint lives proposed be a life aged 
10, and another aged 15, and let: the table 


of observations be the Northampton ‘Table, | 


and the rate of interest. 4 per cent... Twice 
the expectations of the two lives are 79.56 
and 73.02. (See Table XVIII.) 


Twice the expectation of the oldest ia, 


increased by unity and twice the perpetuity, 


is 124.02, which lessened by 79.50 (twice 


the expectation of the youngest life) leaves 


44.46 for the reserved remainder———This — 


remainder multiphed by 23.574 (the value 


* When twice the expectation of the youngest life is 
greater than twice the expectation of the oldest life in- | 


creased by. unity and twice the perpetuity, the reserved quo- 
tient, instead of being sultracted from twice the perpetuity, 
must be added to it, and the sum, not the difference, mul- 
tiplied Pr the perpetuity increased by unity. 


id, RRA te es 


; 
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of an annuity certain for 73.02 years) and 
the product divided by 73.02 (twice the ex- 
pectation of the oldest life) gives 14.352 the 
quotient to be reserved; which. subtracted 
from double the perpetuity, and the remain- 
der (or 35.648) multiplied by the perpetuity 
increased by unity (or by 26)'gives 926.85, 
which divided by 79.56: (twice the expec- 
tation of the youngest life) and the quotient 
subtracted from the perpetuity, we have 
13.350 for the required value. - > | 

This calculation may ‘be made more easily 
by logarithms in the following manner. 


~¥ This value, when the number of- years is a whole 
number with a fraetion added~(as will be commonly the 
case) may be best computed in the following manner. 
- Suppose the number of years to be 83.28. 
~The value of an annuity certain for 83 years is (by 
Table {f.-Vol- Il.) 24.035. The same value for 84 years 
is 24.072. The difference between these two values 
is .037 ; which difference multiplied by .28 (the fractional 
_ part of the number of years) and the product (.0103) 
added to the east of the two values, will give 24.045 the 
value for 83.28 years, | 


th. 
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Twice the expecta- 
tion of the lee x £4 he 
App twice the per- 
petuity increased 51.00 
by unity - - ?7—-—--—~ 
Sum - - 124.02 
Suprracr twice) _ 
the expectation ot 
the youngest - 
: Remainder - 44.40 
Log. of 44.46 is 1,647,9695 
Log. of 23.574 1s 1.372,4333 


79.50 


Sum - - 3.020,4028 
Subtract -  1.863,4418 Log. of 73.02 


Pie test | 1 Pilla number of 
Remainder 1.150,9610 which is 14.352 
or the remainder 

to be reserved. 


Twice the perpe- 5 
tuity is 


Subtract noe 
Remains - - 35.648 Logar. of which is 1.552,0852 
Add Log. of the perpetuity increased by unity 1.414,9738 
Sum - - 2%.967,0085 
Ree ~ “sens in ae of ines 1.900,6948 
Remainder - - 1.066,3137 


The number of this last remainder is 
11.650, which subtracted from 25 (the per- 
petuity) leaves 13.350, the value sought.— 
See the algebraical canon in Note (L) at the 


end of this volume. 
GENERAL 
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GENERAL RULE. | 

Call the correct value (supposed to be 
computed for any rate of interest) the FIRST 
value. | 

Call the value deduced (by the preceding 
problems) from the expectations at the same 
rate of interest, the seconp value. | 

Call the value deduced from the expecta- 
tions for any other rate of interest the THIRD 
value. | | , 

Then, the difference between the first and 
second values added éo or subtracted JSrom the 
tard value, just as the first is greater or less 
than the second, will be the value at the rate 
of interest for which the THIRD value has 

been deduced from the expectations. 


Lhe following examples will make this pere 
Sectly plain. 
EXAMPLE L 

In the 48th and 49th Tables, Vol. If. the 
correct values are given of two joint lives 
among mankind at large, without distin- 
guishing between males and females, accord- 
ing to the Swepen observations, reckoning 
interest at 4 per cent. 

Let it be required to find from these 
values the values at 3 per cent.; and let the 
ages of the joint lives be supposed 10 and 
lo, 


Q-2 The 
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The correct value by Table XLVIII.- 
(reckoning interest at 4 per cent.) is 16.141. 
The expectation of a life aged to is (by 
Table XLIV.) 45.07. The value deduced 
from this expectation at 4 per cent. by 
Preb. II. is 14.539. ‘The value deduced 
by the same problem from the same ex-_ 
pectation at 3 per cent. is 10.808. . The 
difference between the first and second values, 
is 1.602, which, added to the third value 
(the first being greater than the second). 
makes 18.410 the value required, 


EXAMPE iI, 

Let the values be required of two joint 
lives aged 50 and 60, at an interest of 3 
per cent. from the correct value given at an 
interest of 4 per cent. according to the North- 
ampiton. observations. 

First or correct value at 4 per cent. by 
Table XXII. is 6.989. The expectation 
of 50 1s 17.99; of 60, 16°13.21, by ‘Ta- 
ble XVIIL |The second value, or the 
value. “deduced from these expectations at 
4. per cent. is, by Prob. Il. 7.182. The 
third value, or the value deduced from the 
same expectations at 3 per cent. 18 7.704.— 
Lhe difference between the first and second 
18 .193, which (since the second is greater 
than the first) must be subtracted from the 
third, and the remainder (or 7.511) will be 
the value required.—The exact value at 3 
percent. is, by“Lable XXII. 7.460. 

e If 
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if the value is*required at 5 per cent. the 
third value will be 6.732; and the difference 


subtracted from 6.732, will leave 6.539 the 


value at 5 per cent. 


_. The exact value at this rate of interest, is 


(by Table XXIL.) 6.563. 


EXAMPLE If. _ 


Let the value be required of a single male 
life aged 10, at 3 per cent. interest, from the 
correct value at 4 per cent. according to the 
Sweden observations. | | 


First, or correct value at 4 per cent. (by. 
Table XLVIL) is 18.674. The expectation 
of a male life aged 10, is (by Table XLIV) 
43.94, \ 


from this expectation by Prob. L) is 17.838. 

The third value (or the value deduced 
from the same expectation at 3. per cent.) is 
21.277, . 

The difference bet ween the first and second 
is .836; which (since the first is greater than 
the second) must be added to the third; and 
the sum, (that is, 22.113) will be the value 
required. 

Lhe third value at 5 per cent. is 15.286; 
and the difference added to 15.286 makes 
16.122 the value of a male life aged 10 at 5 
per cent. according to the Swepen observa- 
tions.—The exact value at 5 per cent. is (by 
Table XLVIL) 16.014. 

| | Again 


The second value (or the value deduced 


eg 


280 8=—-- Account of Values of’ Lives 


. Agaim, The difference “between 16.014 
(the correct value at 5 per cent.) and 15.286 
(the value at the same. interest deduced from 
the expectation) is 728; which, added (be- 
caus the first value is greater than the se- 
cond) to 13.335, (the value deduced at 6 
per cent. from the expectation) gives 14.063, 
the value of thesame life, reckoning interest 
at 6 per cent. 

These deductions, in the case of single 
lives particularly, are so. easy, and give the 
true values so nearly, that it will be scareely. 
ever necessary to calculate the exact values 
(according to any given pie reg for 
more than one rate of interest. 

_ If, for instance, the correct values are com-~ 

puted at 4 per cent. according to any obser- 
vations, the values at 3, 31, 4!, 5, 6, 7, or 
8 per cent, may be deduced from them by 
the preceding rules, as occasion may require, 
without much labour or any danger of con- 
siderable errors, ~The following comparisons 
will shew. in some measure how far these 
. deductions may be depended on. 
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Value of Single Male Lives by the SwepEeN 
‘Table of Observations. 


-|Values at 5 per cent, de- 


Ages. Iwalues by Table XLVIL 
at 4 per cent, 
5 15.879 
10 16.122 
15 15.707 
30 13.909 
60 7.969 


70 2.417 


Values of two joint ine by 


ore 


duced from the correct}Correct values by Table 
XLVIL at 5 per cent, 


pane SS aye: 


15.780 
16.014 
15.624 
13.889 
7.903 
5.389 


the Norti- 


ampron ‘lable of Observations. 


ie Values at5 per 
cent, deduced 
from the cor- 


Correct values) 
at 5 Per cent, | 


Ages. 


| Valuesat 3 per 

cent. deduced 
y Tabl * from the cor- 
rect valuesat4 XVUL XIX. irect values at 4 lad 


Correct ya- 


ble XX. xe. |S [Brees ao akan 
5- 5| 11.989 11.984 | 15.618 | 15.638 
15-15 ae 11.960 | 15.184 | 15.229 
| 25-25 sabioge 10.764 | 13.389 | 13.383 
40-40 rebion 9.016 | 10.756 | 10.764 
60-60} 5.842) §.888| 6.692 | 6.606 
| 15-40! 10.214 | 10.205 | 12.368 | 12.459 
30-60 | 7.285 | 7.292! 8.390} 8.378 
| 50- Go} 0.555 | 6.568) 7.471 | 7.401 


ee eT ee 
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Values of Single Lives by the NorrHamp- 
Ton ‘l'able of Observations. 


* 


Wie ats per| Values at3 per 
ae Meas ‘deduced Correct va- cent, deduced/Correct  va-| | 
Ages from the cor-Jnes at 5 per from the cor-jlues at 3 per 


rect values at/cent. by Table 
'5 per cent. by| XIX. 
Table X1X, 


* lrect values aticend, by Table. 
4 per cent, by XIX, 
fable xT 


5 | 14.825 | 14.827 | 20.435 | 20.473 
10 ) 15,162 |} 15.1397) 20.6521 20.068 
68 6.546 | 6.536 7.353 7.307° 


' {Values ene 4 |v: alues at 5 per 
cent. deduced|Correct va-'cent. deduced 
Ages, |from the cor-lues at 4 per/from the cor-|Correct value 
ges. | ; 
rect values aticent. by Tablejrect values atjat 5 per cent. 


eee 


ee 


ane 


15 per cené, by, XIX. 3 percent. by 
Table XTX. Table XIX. 
5 | 17.239 17.248} 14.850 | 14.827 
10 |97.500 | 17.523°) 15.173 115.139 
| 68 | 6.920! 6.930) 6.560 | 6.536 


i 


It may be observed in these examples, 
that the deduced values are sometimes almost 
the same with the correct values; that gene- 
rally they do not differ more than a 20th or 
30th of a years purchase; that in jot 
lives they differ less than in sagle lives; 
and that they come equally near to one an- 
other gehatever the rates of interest are. 

The following observation will shew the 
reason of the circumstance last mentioned. 

The value deduced from the expectation 
coincides with the correct value when the 
rate of interest is little or nothing; and, 
consequently, the difference between the two 


E 
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values becomes then little or nothing; and 
to this it is continually tending as the in- 
terest is diminished. On the contrary; the 
increase of value occasioned by the decrease 
of interest tends to make the difference 
greater. There is, therefore, in this case, 
the counter-action of two causes which al- 
ways keep the difference nearly the same in 
all rates of interest. 


The preceding rules seem to leave nothing 
wanting on this subject, except tables of 
the values of two joint lives at any one rate 
of interest, when the lives are either both 
male or both female lives. But the fol- 
lowing rule for finding these values from 
the values in the Swepen ‘Tables, will 
render the labour of composing such tables 
almost needless. 


Rue for computing from the values of 
two joint lives in Tables XLVIII. and 
XLIX. the values of two joint lives 

both male or both female. 


“Find in that column of Table XLY. 
“ which shews the expectations of /ives im 
“ general, two ages whose expectations 
“come nearest to the expectations of the 
“two male or the two female lives pro- 
“ posed. — 
“From these expectations deduce, by 
* the rule in p, 223, the value of two joint 
“ hives 
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‘« lives at those ages; and take the difference 
“* between this value and the correct value at 
‘* those agés in Tables XLVIII. and XLIX. 
_  Deduce also, by the rule in page 223, 
“‘the value of the joint lives proposed, 
** from the expectations in Table XLV. of 
“‘male and female lives. The difference 
*< just found added to this last value, if the 
*“ value before deduced from the expécta- 
“tions of lives in general is less than the 
“correct value, or subtracted from it if 
“ greater, will be nearly the correct value of 
** the two joint lives proposed.” 


EXAMPLE, 


Let. the two pro dt lives be both fe- 
mate lives, one aged 20 and the other aged 
50. 

The expectation of a ‘fens life aged 20 
is, by Table XLIV. 39.15. ‘The expecta- 
tion nearest to it, in Table XLV. shewing 
the expectations of lives in general, is 39.47, 
corresponding to a life aged 18. In like 
manner; the expectation in the same ‘lable 
nearest to the expectation of a female life 
aged 50, is 19.09, corresponding to age 
4Q. The value (deduced from these ex- 
pectations) of two joint lives aged 18 and 
49; is; by the rule in'p. 228, ¥0,245. The 
correct value, taken from Table XEIX. is 
10.851, and the difference is .600, which 
difference added (since the former value is 

| less 
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less than the latter) to 10.281 (the value of 
two joint female lives aged 50 and 20, de- 
duced from the expectations by the rule in 
p. 223) makes 10.887, the correct value 
nearly of the joint female lives. 

In order to find how near the values thus 
found come to the exact values, let the va- 
lue of a single female life aged 20, (reckoning 
interest at 4 per cent.) be computed in the 
same manner from the correct values given 
in'Fable XLYII. of the values of lives in. 
general. 

The expectation in Table XLV. nearest 
to the expectation in Table XLIV._of a fe- 
male life aged 20, is 39.47, which, in Ta-. 
ble XLV. (shewing the expectation of lives 
in general) is the expectation of a life aged 
18. The value of a life aged 18, de- 
duced from. ¢Ais expectation by the rule in 
p. 223, is 17.138. ‘The correct value .in 
that column of Table XLVI. which shews. 
the values of lives in general, is 17.897. 
The former value is the least, and the dif- 
ference is .750. The value deduced 
by the same rule from 39.15 (the expecta- 
tion of a female life aged 20) is 17.083, and 
the difference just found added to this ae 
makes it 17.842, which is very nearly the 
same with 17.872, the correct value in Ta- 
ble XLVIL. The value deduced in the 
same manner of a ma/e life aged 20, is 17.363. 
The correct yalue (in Table XLVIIL) is 
17.335. 


“ Value 
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Value by this Rule of 


A female life aged 50, is. 12.000———Correct value is 12.049 
aged 60, is 9.018 Correct value is 9.039 
Of a male life aged 30, is 15.722 Correct value is 15.751 
aged 70, is 5.702 Correct value is 5.670 


In calculating by this rule, when any 
other rate of interest than 4 per cent. is 
used; the values of the joint lives, at that 
rate of interest, (deduced from the expecta- 
tions and from the values in Tables XLVIII. 
and ALIX. at 4 per cent. by Prob. IL. p. 223) 
must be taken for the correct values. It 
must likewise be remembered, that this Rule 
cannot be used when the youngest of the 
two joint lives is /ess than ten years of age. 
In other cases, the values found by this 
Rule will be right generally within a 30th 
or 40th of a year's purchase, and never, I be- 
lieve, wrong more than a 15th or 20th of a 
year's purchase. 


CHAPTER 


», 
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CHAPTER V. 


Short and easy Theorems for finding, in all 

_ Cases, the differences between the Values 
of Annuties payable Yearly, and of the 
same Annuities payable Half-yearly, Quarr 
terly, or Momently. Communicated in @ 
Letter to Sir John Pringle, Bart. P.R.S. 
and read to the Royal Society, November 9, 
1775, and published in the Philosophical 
Transactions, Vol. 66, Part. I. 


"THE values of annuities, as given in 
all the common ‘Tables, suppose them paid 
yearly. But it is well known, that gene- 
rally they are paid half-yearly, and some- 
times quarterly: and that this is a circum- 
stance which always adds to their value, 
The difference between the values of annui- 
ties, according as they are paid in these dif- 
ferent ways, I have seen no where stated 
with accuracy; and therefore, I have thought 
that the following attempt to do this may be 

of some use, 
Annuities are of two sorts. They are 
either payable certainly or conditionally. — 
Of 


= 
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Of the former sort are all annuities which 
are payable at fixed times, without depending» 
on any contingency. Of the latter sort are 
all annuities on lives. I will first consider 
the first sort of annuities. 

' Let r denote the interest of £1 fora year ; 
and 2 the term or number of years during 
which any annuity is to be paid. Let p de- 
note the value of the perpetuity, or the quo- 
tient arising from dividing £1 by its interest 
for ayear. Let y denote the value of an an 
annuity for 2 years, supposing it to be paid 
yearly; h its value, payable half-yearly ; ¢ 
its value, payable quarterly; and m its value, 
payable momently. : 


THEOREM I. 


i 
rxler" 


ye 


THEOREM Ii. 


THEOREM. 


t 
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THEOREM IU. . 


I 


q =? - An 
rxi+d 


THEOREM IV. 


Tr. 
ae eee where n denotes the 


number which hath rm for its hyperbolic 
logarithm, and rn x 0.43429448 for its lo- 
garithm in Brigg’s system. 


EXAMPLE L 


Let the rate of interest be 4 per cent. and 
the term 5 years, and consequently 7 = 0.04. 
m=5. P= 25. 

Then, = 4.4518 

4 = 4.4913 
: q =, 4.5120 
m = 4.5415 


EXAMPLE I. 


Let the rate of interest be the same, and 
the term for which the annuity is payable 25 


years. 
i Then 
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Then y == 15.6220 
* itm UBI7ILS 
gq = 15.7694 ° 

m = 15.801 


EXAMPLE Hl. 


Interest being the SAME, let the term be — 


oO years. 

21.4822 
21.5491 

21.582 
21.616 — 


“Hel Wt ll 


“ 


EAAM YES IV. 


Interest being the same, let sane term be 


100 years.” ©: 
Then, lal 24.505 nite " f J GrPss. SiJ | 
hse 24596 3g eoq" eaduat 
Q = 24.5382 9 


In the foregoing Theorems it may be ob- 
served, that the ratio to one another of the 
values of annuities payable yearly, half- 
yearly, quarterly, and momently, 1s greatest 
when 7 is least; that .it decreases conti- 
nually as 7 increases, till at last it vanishes 
when 7 becomes infinite or the annuity 1 is 4 


{& + 
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perpetuity. Agreeably to this it appears, in 
the examples I have given, that the values 
in the first example differ more from one 
another in proportion than the values in the 
second example; and that these also differ 
more than the values in the third; and that 
in the last example all the values are nearly 
the same. 

These values computed by Mr. De Mowre's 
rules in: his ‘Treatise on Life-annuities, p. 80° 
and 224, &c. come out greater when 7 ex- 
ceeds, and less when 2 falls short of 15 or 
20 vears. But those rules suppose the half- 
yearly and quarterly interests of money to be 
less than half or a quarter of the yearly in- 
terest. For imstance; the value of an an- 
nuity of “s€1 payable half-yearly and quar- 
terly for 50 years is, according to Mr. De 
Mowre's rules, 21.699 and 21.772, or a 
goth part and 74th. part more than the value 
of the same annuity payable yearly, sup- 
posing money improved at 4 per cent. when 
the annuity is paid yearly ; and at £1.98 per 
cent. when it is paid half-yearly; and at 
0.985 per cent. when. it is paid quarterly : 
That is, supposing money improved at a 
rate of half-yearly or quarterly interest, 
which, instead of being a half or a quarter 
of the yearly interest, is only that half- 
yearly or quarterly payment which, in con- 
sequence of being laid up and improved at 
compound interest, will ina year amount to 
the sum that makes the yearly interest. It 

VOL. I. R is 


242 Theorems for finding the Differences: 


is obvious that this cannot be the proper 
method of computing these values. But 
not to insist on this; I will next state the 
different values of the second sort of an- 
nuities; or of /ife-annutties, according as 
they are supposed to be payable yearly, half- 
yearly, quarterly, or momently. 

Let r as before be the interest of £1 as a 
year; 2 the complement of a given life;” 
y, h, g, and m, the values respectively of an 
annuity certain for 2 years payable yearly, 
half-yearly, quarterly, or momently; P the 
perpetuity; y the present value of an an-. 
nuity on a life whose complement is 7, 
payable yearly ; » the value of the same an- 
nuity payable half-yearly; and q and m the 
values of the same annuity pages quarterly 
and momently. | 


2'The complement of a life is, in Mr. De Moivre’s 
hypothesis, the number of years it wants of 86. In all 
other cases, it is double the expectation of a life; that 
is, it is double the quotient (diminished by 4 unity) 
arising from dividing the sum of all the living i in a Table 
of Observations from the age (inclusive) of the given 


life to the extremity of life, by the number of the living at 
that age, 


"Then 


( 
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Then, xy =P — ——X¥ 


x h, 


Cod Cm ger tt st 


EXAMPLE IL. 


Let the life be supposed of the age of 36. 
The complement of such a life is 50, ac- 
cording to Mr. De Mowre’s hypothesis; and 
also very nearly, according to the Breslaw 
and the Northampton Tables of Observations. 


‘Therefore, n will be 50. Let the rate of 


interest be 4 per cent. or r= 0.04. P= 25. 
y = 21.482. h = 21.549. g= 21.582. m= 
21.010. See p. 240. 


1,04 _ 7 | 

Therefore, y=25 50x 0,042 1482 == 13,8209 
1,02 

2 O 550,04 67 199 49 14,010 
1,01 

Q=25 —— 2 x21,682 = 14,101 
y) 
) 21,616 

M==25—-— ==14,191 


~ 50x 0,04 


R 2 EXAMPLE 
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EXAMPLE IL. 


Let the life be supposed of the age of 61. 
The complement of this life is 25 by Mr. 
De Meivre’s hypothesis and the Northamp- 
ton Table of Observations. Therefore, 1n- 
terest supposed at 4 per cent. | 


1,04 ples : 
Be wars 13,022 ==, 8,742 


1,02 
25 x 0,04 
1,01 


sighStion ge arth ont, sek 


x 15,712 = 8,973 


The different values, given by these theo- 
rems* of life-annuities payable yearly; half- 
yearly, and quarterly, suppose nothing: to 
be due to an annuitant for that year, halt- 
year, or quarter, in which he shall happen 
to die. If, on the contrary, he is to be 


2TIt is of no consequence that these theorems are 
founded on the hypothesis of an equal: decrement of life; 
for taking equal yearly values, (or values nearly equal) the 
differences between them and half yearly and quarterly 
values are almost exactly the same, whether they are de- 
duced from real observations, or from this hypothesis.—— 
Even) in the hypothesis itself it requires a considerable 
difference in the yearly. value, to produce any material 
a OS in the excess of the half-yearly and quarterly 
values. 


entitled. 
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entitled to such part of the annuity as shall 
be. proportioned to the time which shall 
happen to intervene between his death and 
the time when the payment immediately 
preceding his death became due; or in other 
words, if the annuity is an annuity secured 


by land, - must be added to the first theo- 


xem in order to obtain the value of such an 
annuity payable yearly, And in like manner, 
wis must be added to the second theorem to 
obtain the value of the same annuity payable 


half-yearly : and - to the third theorem, to 
: 7 < 


obtain its value payable quarterly. 


The value, therefore, in the first example, 
of an annuity payable yearly on a life aged 
30 being 13,829; its value, if secured by 
land, or to be enjoyed to the last moment 

Fe y 21,48: 

of life, will be 13,829 + = — 44.043, 
Hf secured by land and payable halt-yearly, 
hae 21,549 

its value will be 14,010 + =e = 14,117. 
If secured by land and payable quarterly, 
Re 21,582 | 
its value will be 14,101 + — = 14,155, 
The like. values in the second example are 
9,005,.9,130, and 9,151. 


Life-annuities payable monthly or weekly 
may 
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may be considered as of the same value with 
annuities payable momently ; and it is evi- 
dent, that they must be enjoyed nearly to 
the last moment of life. 

‘From these rules and examples it may be 
gathered, that the difference between the 
values of annuities on lives payable yearly, 
half-yearly, quarterly, and momently, in- 
creases continually with the ages; bute af | 
not secured by land, this difference can never 
be so great as. a quarter of a year’s purchase 
in the case of annuities payable yearly and 
half-yearly ; three-eighths of a years pur- 
chase in the case of annuities payable yearly 
and quarterly; and half a year’s purchase in — 
the case of annuities payable yearly and mo- 
mently. | 3 

Mr. Simpson, in his Treatise on the Doc- 
trine’ of . Life-annuities, p. 78, and in his 
Select Exercises, p. 283, hath given a quar- 
ter of a year's purchase as the addition al- 
ways to be made to the value of a life- 
annuity payable yearly, in order to obtain 
its value payable halfvearly; and three- 
eighths of a years purchase, if its value pay-— 
able quarterly is required. But it appears, 
that these are too large additions; and, 
whatever be the rate of interest or the num-~ 
ber of lives, a fifth of a year's purchase will — 
be generally more than a sufficient addition, — 
if the value of the annuity is desired pay- — 
able half-yearly; and  three-tenths of am 
vear's purchase, if the value of the annuity | 

is 
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is desired payable quarterly. Mr. De Moivre's 
rules, in p. 85 of his Book on Life-annui- 
ties, for finding the values of life-annuities. 
payable half-yearly and quarterly from their. 
values payable yearly, are still, less correct ; 
for they suppose the difference between these. 
values the same, whether the annuities are 
life-annuities or annuities certain. 
_ Mr. Dodson, in the first question in the 
_ third volume of his Mathematical Reposi- 
tory, hath given a rule for finding the value 
of an annuity secured by land and payable 
yearly, which coincides with that here given; 
and Mr. De Mowre, in p. 338 of his Trea- 
tise on the Doctrine of Chances, hath given 
a theorem for this purpose, which also 
brings out nearly the same answers. But 
Mr. Simpson, in Prob. I. p. 323 of his Se- 
lect Exercises, makes the excess of the va- 
lue of such an annuity above the value of 
an annuity payable yearly but not secured 
by land, double’ to the same excess derived 
from Mr. Dodson’s and Mr. De Mowre's 
rules. ‘The truth is, that Mr. Dedson’s rule 
gives the exact value; and that Mr. Simpson’s 
problem gives the value, not of an annuity 
secured by land and payable yearly, but of 
an annuity secured by land and payable mo- 
imently ; and also, that his method of solu- 
tion implies a rate of interest somewhat less 
when the annuity is payable momently than 
when it is payable yearly. 

But 
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But to prevent all perplexity on this sub- 
ject, I will subjoin the following investiga~ 
tions, which will be easily understood by 
those who are acquainted with the common 
methods of calculating the values of life- — 
annuities. 


Let r, as before, be the interest of £1 for 
a year. Then the present value of £1 pay-— 
able at the end of one year, two years, 
three years, &e. will be Saas 5, 
&c. respectively. And the present value of 
an annuity certain for 2 years payable yearly 
is the sum of this series continued to 2 

| | 

terms, > or — — —=—, = 


1 
yo eMad AN) (ine ARG 
In like manner, the present value of half 
s£1 (that is, of 10s,= 05) payable at. 


the end of half a year, a year, a year anda 
half, &c. reckoning half-yearly interest at half 


>In the Postscript it will be proved, that the sum ‘af 


mt 7 e 4 P e 
7 terms of the series — giulog dy . be Sciitina 
@ a*, a: gf 


=~ 


1 ia 
=<===. Substitute 1 + rfor a, and it will appear 
a*xa—~il . ; 
| ; 1 
that the sum of m terms of the series ea ale 
— 


1 + 7/\? 


1 . ] 
Loe eo 


Ea Op ASP 


6 the 
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the atmual interestjis—22-, 22. | 2° &e, 
| Leu 4 +4 ry “P 
| AB of 42 2 
And the present value of an annuity certain 
payable half-yearly for m years, each pay- 
ment to be half the yearly payment, is the 


66°F -0,5 = 1 iz 
‘cai Fon ida RC meal 
2 3 x1l+ re rxil +5 

aired — i 


By the same steps it svill appear, that the 
‘present value of an annuity certain for n 
years to be received in quarterly payments, 
each a quarter of the annual payment 1s, 


a 2 1) pia Wate ot ad ay) 
r re r4t]" | Pialeage § 


And also, that the present value of an annuity 
certain for years, to be received in mo- 
mently payments, each the same proportional 
part of the yearly payment that the momentis 


of the year, must be P — ——~—=——+—_ a7 
| i000, Be 

rx aks 

. 1000, &c. 


tet 
ork ox3 
v4 
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rint 
2X3x4? 
definitely to the number of which rz is the 
hyperbolic logarithm, by Prob 1. Sect. XI. 


Vol. I. of Mr. Simpson’s Fluxions; or by 
Prop. 1, p. 40, of his Treatise on Trigono- 


1 


_&c. which series approximates in- 


metry. ‘Therefore p — 


1000, &e. 7% 
rx] 
* x00, 1000, ~ &e, 


=P— —< =m, as expressed before. See 
p. 239. | | 

an the value of an annuity of £1 for n, 
years is required payable half-yearly, and 
the half-yearly interest of 41 instead of be- 


ing half the yearly interest (or. ag : is sup- 


posed tobe 1 +r? — 1; the answer will be 


0,5 0,5 143 0,5 alts 0,5 oC clades 
) peyaaes i iS oe -conti- 
lama? bor 51 ais, tage yrs Gg 6S 


0,5 57 055 


OE ca 


nued to onterms= = 


2xIA+n —2 


ae | I 
tq b= one x — (the value of the same an~ 


nuity payable eine supposing the vaurky 
interest 
5 


1+ rot i+r *xixnp—l 


b 
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interest of 221 to ber) as —22 ‘to , * 


agreeable to Mr. De Mowre's deduction in his 
‘Treatise on Life-annuities, p. 125, 4th edit. 


>In the same manner the value payable quarterly is 


Lb— aes x" ident and thevalue payable mo- 
1 
Ant 4xitr\>—1 | 
RGR pI 
mently = 1— ee . ; 


| 1+r”" 1000, &. x 147) selves &Oo — 1 
Consequently the value of an annuity certain, payable 
quarterly or momently, is to the same value, payable 


( 3, SULEY : 
yearly, as —-~—_— Saase» OT 5 to = (N being the. hy- 
axi+riiny? 


perbolic logarithm of 1 + 7). Supposing, therefore, the 
interest to be 4 per cent. the value of an annuity payable 
yearly must be znvariaily increased in the ratio of 1.0101, 
or 1.0152 or 1.01986 to 1, according as it is payable 
either half-yearly, quarterly, or momently. The differ- 
ence, however, between the values of annuities payable 
yearly and at shorter intervals is known to be continually 
lessening in proportion to the length of the term, till at 
last, when the term is extended to a perpetuity, those 
values become the same, whether the payments are made 
yearly or momently. But such an equality can never 
take place according to Mr. De Moivre’s rules; nay, if the 
term be extended only to 70 years, and interest be 6 per 
cent. an annuity payable quarterly will be worth more 
than even the perpetuity when the payments are made 
yearly. ‘This is so manifestly wrong as to render any 
further argument unnecessary to expose the fallacy of Mr. 
De Moivre’s method of solution. M. 


This 
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This implying, in the case of annuities pay- 
able hali-yearly, a smaller interest than half 


the yearly interest (for1 + rl? —1 a less than 
5) gives the difference between their value 


and the value of annuities payable yearly, 
greater than the truth. 


But to return to the investigation of the 
theorems in the former part of this paper. 


_ Let us again call p the perpetuity, and y 
the value of an annuity certain for r years 
and payable yearly ; it is well known that 
the value of £1 payable yearly on a life 
whose complement is 7 is (supposing an 

equal decrement of, lifeb-mee-csec ot ise age 
| aX Yr rx i +rf 


“nos : 
a a> i iOS. continued to # terms 


Tia 


* See Mr. De Moiwwre’s Treatise on Life-annuitiés, 
p. 99, 4th edition. Or his.Doctrine of Chances, p- 311, 
Ad edition. Or’ Mr. Dodson’s Mathematical Repository, 
Vol. TE. p. 137. ‘Or Mr. ‘Simpson on Annuities and Re. 
versions, p. 14. Jn consulting these writers, care should 
be taken to remember, that they use r to denote the prin- 
eipal and interest of £1 for a year: whereas it hath been 
most convenient for me in these observations to make + 
stand only for the interest. In those writers, therefore, 
r signifies the same with 1 ++ 7 in this paper; andr — 1 the 
same with 7, | 


It 
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In like manner,supposing money improved 
at an half-yearly interest equal to half the 


yearly 
It is said above, that the value of an annuity payable 
OF ie 1g ao. 3 ; we ae ee ae 
yearly on a life whose complement is 7, is oo 
\ | mx il+r 
= 2 2 3 : 
a Fo? BC Coitinued® to 2 terms. 
2X Pep ax il-r)? , 
This expression is equal to <= ae 
pre equ ore Py aes 
n. 1 1 2 3 
mxitn® ”) n lot rn pete yon 
tic But —— =e ict elem + ae, Ke. (= 
(”) ax ber. ae 147i? axiew ( 
1 L, ye beh die 6 1 


—— + —— + — — &e.) = —- — _ = F 
erent ran fe rae 
see p. 248.) Also, by a theorem which will be demon- 
aes in ag A sch and putting @ for any given quan- 
Qo: 

tity, /— ae S + distin TS continued ton terms, = —=-2=- 
V9 3? gig 


o— x ——— — xX ———. Therefore, if 1+ r is 


eles, for a, and ¥ ion 2 —_— ae the sum (mul- 


rT TX 1 rv" 


‘ 2 H 
tplied by -) of m terms of the series — + =n ae 


 Seartg ] 
ay ‘Bicw will come. out. pet RLY or K ce 


‘- or 
d+r i+ = 
T+r H 1 
ae ky a ae" . Therefore, the’ series : EERE a 
4 
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yearly interest, or to 5 ~, the value of the same 


-- ae 


annuity payable ey sag is 5 mf 
ax 1 ails 9 
| Mm TY EM n— 4 
See, 39 &c. eanunued to 
@x tI nxi+ | 


Vé 1 7 if) 
= 


2n terms =; KX ux 145 Taxite Taxite ‘ 


a 


4 ej ] ETRE 

&c. continued to.2n terms — = Xnxi+t am 
ae oh es eT &c. continued to 2 

nx1+- nx + | 


terms. “But the sum of the first of these two 


2 nN 
ie ee Se 1 
series, or of = X.—.. 7 ee Sci=5 
‘ . nx l+— nxl+— “ (= ~ 


4 


4 3 
eae OR oe 
r+r7h I+ a) 
. ] i | 
tracted from the series —-— + ——- + ——=-., &c. con- 
pyar itr ign Ten” 


tinued to 2 terms; that is, the value of the life will be 


&e. continued to 2 terms and sub- 


Pale ie eames BG +? 
8 ee Boers aa np ae 
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aa += ——, &e.) is a see p. 240, &e. 
ke i) 
+. eri 


And the sum of reeatide series is the same 


with half the sum of the series ea x 


ae 3 
== 5, &c.(2n). But by the 
39 
nl rae és 
3 1+ a | 
theorem mentioned in the last note, the sum 


Pos | le a. : 
of m terms of the series ge as ee i 


a nN 1 1 


; 
—— = = x et es ees ao x =F" Therefore, 
«—1) a (a eee a—i) 


if i+ ; is substituted for a, 2n for nm, and 


4] ae , 
h for ~ ra ==;, the sum of the second 
. rx te 


series (that is, of : X= pi aigarteek 


each mee 
+9 


3 . : 

=>, &c. (22) will come out 1+ : ida 
i Vey 

ces 7 

1 l 1+ = {eas 

OE ae ie ; 

7 * ea ag cli age h+h 7 There 

ee | 
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fore,the second series subtracted from the first, 
| r l+r 


=x hou, 


xh=P-—- 


nr nr 


1 
leaves 


agreeably to the second theorem in p. 243. 
‘By reasoning in the same way it may be 


a 
| Lets 
easily found, thate = P — =~ X q; and; 
‘ ; 
b — 
Ngan aes 71006; 86. c= ee 
a age OD Rr an he oe a ee apres 


ably to the third and fourth theorems in 

These theorems, I have said, suppose that 
an, annuitant is entitled to no payment for 
that year, half-year, or quarter, in which 
he, dies. If, on the contrary, he is to be 


entitled when he dies, to sueh a part of the 
yearly, half-yearly, or quarterly payment as 
shall bear the same proportion to the said © 
payments respectively, as the intermediate 
time between the last payment and his 
death bears to the whole year, half-year, 
er quarter; in: this. case,, supposing) the an- 
nuity payable yearly, it is evident, since 
there is the same chance for his dying 
in one half of any year as in the other, 
that he will. have an expectation of half a_ 
year’s payment more than he would be 
otherwise entitled to. But the value of 
half £1 to be paid at the degth of a person 

| whose 


ee 
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e e e 1 
whose complement, of life is n, is.> x 


1 is 1 a 
Saat 5 & ae t+ = x — —,, &e. 
a xT res jhe dani 
continued to 2, terms (8) = rit =, bussia ti 
In like» ‘Thanner, a person who enjoys’ fe 
annuity secured by land, payable half-y early, 
will have an expectation of a quarter ofa 
year’s pdyment more than he could be other- 
wise entitled to’; the value of which is 


1 1> bab 
— Se a —, &e. Ee 3 


T 
tas rar 
‘™ ee He x 4s 


a3 


in 


& 4 ’ e287 
rh > 3 


to on terms = =e Ey ties same pay” it 
An 


will appear, that —& “a is the addition to be 


made to the value of an annuity. payable 
quarterly, in. eee to obi its value when 
sequréd' by lahd-® X A=) —d x 4 baw 

[ ‘i 


¢ erry 
iy : “2 posta t y ; wen Pe & 
ee 2) ae : i 


‘ IN the note, —p. 248 » the expression ——— 


‘eee Lie, ; | 
eso ys aha the sum of 7 Set 


of the series — 4 — +a a » &c.. to on 


and the expression —— - ay : 
inne G—1|" (-@ ° @omMl ae aby 


" See page 248, &c, 
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x is given, in : 253, as the sum of 72 
= 

terms of the series +e a. ae os &c. 


The following strep ‘of these theo- 
rems being very easy, will not, perhaps, be 
unacceptable to those who have studied this 
subject. 


Putas i454 pe, &e. — tf eM 
ttatete: Bez 


Q” 


Then a xa=1+4- +4 Sb ~,, be. to——, 


| 1 1 
weet —_—- -_—= -= —- ——= . to 
and A x @ ern tbat a ke 
i 1 | 
Rah a Ae 


anda xXxa—A(=aXxa—1i)=1— 5. 
i 1 1 ’ R 
Therefore, a = ee which is 
the first theorem. 


 . ene ete | re. 
Again, a x@= 1454+ — aoe ee 


ands Xa= 145 + * UG Wen 


Therefore, B x:a'—a X ray Bn +5 he F ain 
to aa, 
i 

To 
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To both sides of the last equation add = 
and it will appear, that 


n 1 2 3 4 
BXd-AXO+5=-+5+5+> &e. 


n— | n 
gay hae eS 


me? 


Therefore, Bxa—B=BXQ—1 =A Xa-— 


Mt. Ax@d@ nN 
Pee and Be ——o | 
a”’ a—l a +i gt 


For A, in this last equation, substitute its 
1 


equal, or —— — — x ——,and the resulting 
sae Rien, os aoe ees 
equation will be fo. se § fe ee 
a ae Ew 5d Pe ote 
a which is the second theorem, 
When 7 is infinite, all but the first 
terms in both these theorems vanish; and 


therefore, ss is the sum of the series 
1 1 aS : - on . 

¢ +> +, &c. continued infinitely ; and 
—*— is the sum of the series + 4. 2 +. = &C. 
o— ii ea. ae aly 
continued infinitely. 


By a like deduction, putting 


1 2% 2 3x3 , 4x4 , n® 
odes 2 oe ome &e, to q? 


82 and 
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iicones ten ada 4x 4x2 


toss ms it arch be found tit’ c= 


Hay + - ‘ete Bieea: SOHAL MicAgp ga 4 
Free ON ge a eet cee 
afl a” ton st a” +’ ” 


And consequently, substituting the values of 
A and B, that 


ose mK Seize 1 a? 4 a 
as 1 a” Gs 1 a" ; bi iP i}? hg 
ae ‘p2 


And ae the values of A A, B, -c; that 


a + 4a? +a eee, 1 2 an? 1 
> ae ee Sen ee Oe ee 
3a°n ve 3an 1 a + 4a + c. I 
SITU pIIe SUT Al LY Ce Or, 


since all but the first terms in these expres- 
sions vanish sano nis s infinite, that the sum 


oft the series +; s 7 &e. continued in- 


is 1S | = oe and that the : sum of the 


series gta - 7 a +. — continued infinite- 


These are all the theorems necessary for 
calculating the values of annuities on single 


lives, and on afly two" or three joint lives, 
upon 
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upon the ru he nie of an equal decrement 
of life. — 


Supposing r the interest of #1 “a a year, 
L 


Terr 


the sum of » terms of, the series iF a 
é & 
mges an _&e. AS, _the peas value of an an- 


nuity certain for 4 years; andor: ea: += = x 


Bs 1 rs | (continued to 2 terms) i is the 
, 1-+r! 


present value of an annuity certain | beginning 
with £1, and inc reasing to 2€2 the second 
year, to £3 the third year, &. | 
_ df this last annuity is not an annuity cer- 
tain for a given term, but a life-annuity, 
the value of it (supposing 2 the complement 
of the life, a the value of an annuity certain . 
for n years, c the value of two equal joint 
lives whose common complement is ”, Pp 
the perpetuity, and p the value of 1 to be 


= 


received at the end of m years) will be rye 
xn+npp—APxX1-+r, 


§ * 


EXAMPLES. 


Let the term be forty-one years, and the rate 
of interest 4 per cent. 


The value of an annuity of 41 certain 


for this term is €20. “ 
The 
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The value of an annuity certain for the 
same term, and beginning with £1 at the 
end. of the first year, but increasing to £2 
at the end of the second year, to £3 at the 
end of the third year, and so on till it be- 
comes £41 at the end of the forty-first, year, 
is (by the Second Theorem, putting I + 7; 
or 1.04 for @) #£314...10s. | 

The value of an annuity increasing at this 
rate without end is £650. 

If the annuity is a life-annuity which 1s 
to inerease at the rate of #1 every year 
during the whole possible continuance of a 
life whose complement is forty-one years (or 
whose age, according: to: ‘Table Vi. in the 
next volume, is forty-five), the present value 
of it will be, by the last theorem, £135. 
But a, much simpler rule for finding the 
yaluesiof annuities of this sort will be given 
in the following notes. See Note I; and 
also Mr. Morgan.on Assurances, p. 119. 
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POSTSCRIPT. 


THE first four Tables in the next volume 
furnish with the means of determining easily 
the values and amounts of sums and annui- 
ties fer the most common half-yearly as well 
as yearly rates of interest; Mr. Smart, in 
his very useful and comprehensive Tables, 
having given the half-yearly values and 
amounts improperly. 

It is very obvious, that the amount at any — 
given yearly interest of any given annuity 
payable half-yearly, is the same with the 
amount of half that annuity at half the in- 
terest, and payable a double number of times. 
The amount, for instance, at 4 per cent. of an’ 
annuity of £10 payable yearly for 30 years, 
is, by Table IV. £5600.849. 

If itis payable half-yearly, its amount vrill 
be the same with the amount at 2 per cent. 
of an annuity of £5 payable for 60 years, 
which, by the same able, is £570.257. 
In like manner; the amount at 5 per 
cent. of an annuity of £50 for 40 years, 
payable half-yearly, is the same with the 
amount at 2: per cent. of an annuity of 
£225 for 80 years, which appears to be 
£6209.567. ‘The amount at 5 per ceni. 

of 
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of the same annuity payable yearly, appears 
to be £6039.988. 

Farther. The amount of £10 princi- 
pal put out to yearh 7] interest at 4 per cent. 
and forborne for 30 years, is (by Table ILL.) 
£32.433. But if it is put out to 4 per cent. 
half-yearly interest, its amount will be the 
same with the amount of the same prin- 
cipal, bearing fa/f the interest in double the 
time; that is, it will, in the present instance, 
be the same with the amount of £10, bear- 
ing 2 per cent. interest in 60 years, which, 
by the Table last sinesiie ee: appears to be 
232.810. 

“These amounts can we thus aeiurtiithed 
from these Tables only, when the term for 
which they are wanted does: not exceed 50 
bate or 100 half years. 

In’ order to find them for any’ longer 
term, the following method must be taken: 

“Tf the amount required is the amount 
“ not of an annuity, but of a sam—find first 
“the half-yearly amount for 50 years; after 
“ which find the half-yearly amount of that 
“ amount for the remainder of the term, and 
“ this last will be the amount ‘desired.’ 


» EXAMPLE... 


Let the amount be rete at 4 per: cont. 
of £10 in 80 years, Beg she oe 
payable half-yearly. | 


Ans. 
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Ans. The amount in 50 years, fete 
mined in the. manner just described, 
79.446; and the amount of 72.446 in . 
years, ‘determined in the same way, is 
237.676, which is the amount required, 

. This amount, suppesing the interest pay- 
able yearly; is £230.049. 

But if the amount required is the amount 
of an annuily improved at any given rate 
of | compound — interest payable /half-yearly, 
it will be necessary, after finding the sum 
which is the amount for 50 years, to. find 
the yearly interest that sum will carry at the 
given rate; and the amount for the remainder 
of the term, of this interest increased by the 
annuity, added to the amount for 50 years, 
wil] be the amount required. 


EXAMPLE. 


ga 2 the amount be required, at 4 per cent, 4g 4 - 
of £10 per ann. in 80-years, SUPPOSINE, the i foi 
annuity payable half- -yearly. a me ceed - 
Ans. ‘The amount in 50 years (being the Hiri fn 7 
same with the amount of £5 per ann. inj“, rn</— 
100 years, at 2 per cent.) is, by Table LV. L | 
£1501.1¥6.——~—The_ yearly interest of 
£1561.116, at 4 per cent. is £62.446, which 
increased by £10 makes #72.446; and the 
amount of 72.446 per ann. payable half- 
yearly in 30. years (or of £36.223 in 60 
half years) is £4628-96, which added to 
YlLI.255 £1 561.140, 
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£1561.146, makes #£6182.076 the amount 
required. £698.35 sits 

This amount, supposing the annuity pay- 
able yearly, is £5982.665. 

ZEPIEUYE 

N. B. These’ amounts for any given term 
and rate of interest are the same with the 
debts bearing that interest, which will be 
gradually sunk in that term by any given an- 
nuity appropriated to the redemption of the 
debt.—It appears, therefore, from the last 
example, that a sinking fund of a million 
per ann. never diverted would pay off, 1n 82 
years, a public debt of 598 millions, bearing 
4 per cent. interest, supposing it applied to 
that purpose yearly; but that if applied half 
yearly, it would pay off, in the same time, 
a debt of 618 millions. 


These examples shew the method of find- 
ing, by the abovementioned Tables, the values 
at any rate of interest of annuities payable for 
any given terms, supposing them payable 
half-yearly ; and likewise the values of any 
sums payable at the end of any terms, sup- 
posing a half-yearly instead of a yearly dis- 
count allowed. But in such cases, these 
Tables will be of no use, if the terms ex- 
ceed 50 years, or 100 half-years; and it 
will be necessary to have recourse to the — 
theorems at the beginning of the preceding 
chapter, by which, with the help of lo- 
garithms, it is easy, in all cases, to compute 
the difference between the values of annui- 

ties 
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ties (including ife-annuities) as they are 
payable yearly, halt-yearly, or quarterly. 


With respect to life-annuities, it may be 
proper to observe here particularly, that 
_ their values deduced: from. the complemenis, 
that is, from twice the expectations according 
to any given table of mortality (by the rules 
in p. 221, and p. 223), and payable haif- 
yearly or quarterly, is the same with the 
values of half or a quarter the annuities 
at half or a quarter the yearly interest, de- 
duced. (by the same rules) from double or 
quadruple the complements: and that the 
difference between the yearly values and 
these half-yearly or quarterly values added 
tothe true yearly values according to the 
same table of mortality, will give, with almost 
perfect correctness, the half-yearly or quar- 
terly values according to that table. 


EXAMPLE. 


Let the different values be required of an 
annuity on a single life aged 50, according as 
it is payable half-yearly or quarterly, reckon- 
ing interest at 4 per cent. and the probabi- 
lities of the duration of life, as they are in 
Table XLV. Vol If. — 

Ans. The complement (that is, twice the 
expectation) by Tabie XLY. of a life aged 50 
is 30.92.——~The value of an annuity pay- 

: able 
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able yearly on a life at this age deduced at 
4 per cent. from this complement, is by the 
rule) ino, 221, 21.533. The value de- 
duced from doub/e this complement (that is, of 
a life whose complement is supposed 73.84) 
at 2 per cent. is 23.406°, the’ half of which 

wig 


¢ In computing in this case, by the rule here re- 
ferred to, it is necessary to find the value at 2 per cent. 
of an annuity certain payable for 73.84 years. This 
_value (by the First Theorem in the preceding Chapter) 


is 50 — —- i — 73.84. 
02 x 1.02] 
that 1.02\""* is 4.3154; and, consequently, that this 
expression is 38.416, which multiplied, according to the 
rule in p. 221, by 51 (the perpetuity increased by unity), 
and the product divided by 73.84 will give 36.533, which 
quotient subtracted from 50, (the perpetuity) leaves 
23.466. | 

In like manner; the value, by the same theorem, at 
1 per cent. of an annuity certain for a number of years 
equal to four times the complement (that is, to 147.68 


By logarithms it is easy to find 


years) Is 100 — tb ee eet lich is equal to 76.994 ; 
O1 X% 1.O1! 

and the product of 76.994 into 101, divided by 147.68, 

gives 52.654, which, subtracted front 100, leaves 47.345, 

the quarter of which is 11.836. : . 

It is necessary to add here, that in computing the 
yearly value of any life-annuity from the expectation by 
the rule in p. 221, the value of an annuity certain for a 
number of years equal to twice the expectation (or the 
complement) may be always taken from Table II. Vol. I, 
when the complement is any whole number of years; and 
also, that when it is not any whole number of years, it 
may be taken for the correspondent arithmetical mean 
between the two nearest yearly values in the’ Table. 
Thus; in the example given above, ‘the value at 4 per 
cent. of an annuity certain for 56 years, by Table I. 

is 


Rosiscripts 269 


is 11.733.——The difference is .200.;,, And 
this difference, added to. 11.658 (the. érue 
yalue by Table XLVII. of an annuity payable 
yearly on the supposed life), makes 11.858; 

_ which is the true value of the aay payable 
half-yearly. 

The value of the same annuity deduced 
(by the rule in p. 221) from quadruple the 
complement at 1 per cent.; that is, the value 
at 1 per cent. of a life whose complement 
is supposed to be 147,08 years, is 47.345, 
the guarter of which is 11.836.. The dif- 
ference between this value and 11.533 is 
303, which added as before to 11.658, makes 
11.961, the true value of the anguHy pay- 
able quarterly. 

_,In.the same way the values are to be com- 

puted (by the second rule in p. 223) of an- 

- nuities payable half-yearly or quarterly on 

- any two joint lives. 

__If the annuity is a life-annuity! secured 
on | 


is 18.908. The value for 37 years is 19.142. The 
difference is .234; and this difference multiplied by .92° 
(the fractional part of the complement) and added to the 
least of these two values, gives 19.123 for the value of an 
annuity certain for 36.92 years. 
The exact’ value by the first Theorem is 25 — 
a 


OL > SC ik ¢ 1.04) 


with the former value. 


=<; 5» Which is equal to 19.123, and the same 


‘ It should be remembered, that all the values of life- 
annuities in the Tables in the next volume suppose that, 
. when 
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on land, the value is to be computed by the 
directions in the preceding chapter.— 
If such an annuity is payable ha/f-yearly, as 
is most common, its value, in the present 
instance, will be 11.858 (the half-yearly — 
value just determined) increased by the quo- 
tient of 19.206 (the value of an annuity cer- 
tain and payable half-yearly for a number of 
half years, equal to four times the expectation 
or twice the complement; that 1s, 73.84) di- 
vided by four times the complement. ‘This 
quotient is .130; and the value, therefore, 
is 11.980. 

The following comparison will shew, in- 
some measure, what additions should be 
made, at all ages, to the yearly values of life- 
annuities,on account of these different modes 
of payment. | 


when the annuitant dies, nothing can be claimed for the 
time that has past since the last payment became due. 
If a payment proportioned to that time may be claimed ; 
that is, if the annuity is payable to the last moment of life, 
it is called an annuity secured on land, | 
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TABLE 


Shewing the Additions to the Values of Life- 
_ Annuities on account of their being pay- 
able half-yearly, or quarterly, or half-yearly 
' and secured on Land. 
Interest 4 per cent. 
oak oe Quarterly str hie a Tend Soe 


yearly}/ value. jyearly||and payablelyearly 
value, value.|jhalf-yearly.|value. 


Yearly ° 
value by 
» Table 
XLVIT, 


Age yearly va- 


ue, 


10}18.891}19.018].127|119.089}.198} 19.085).194} 
20117 .603)17.746|.1431|17.810|.216} 17.824!.291; 
30/16.006 16.168}, 162//16.249].243] 16.2591.253° 
40 14.034/14.216].182 14,307}.273|| 14.324!.290}. 
50/11.658/11.858}.200]/11.901).300) 11.98Q!.3311. 
00} 8.789] 9.014}.225|| 9.110).330]} 9.170).384. 
70} 5.783} 6.010}.236] 6.136'.353} 6.204].421 
75| 4.534] 4.770|.2360] 4.892).358)| 4.907)|.433° 


Interest 5 per cent. 


16.331|.162!| 16.332).163} 
20}15.200)15.383).123)15.4451.183])) 15.4471.187 
30|14.080| 14.223}. 143)/14.293].213]| 14.290].219 
({40}12.558)12.720).162/12.801}.243)) 12.819).254) 
150|10.63.4/10.820).186]10.914|.280)| 10.933/.299. 
60| 8.184} 8.403].219) 8.498|.314]| 8.544/:360} 
70| 5.404! 5.7101.225)| 5.835|.341|| 5.8011.397 
75| 4.345| 4.5751.230|| 4.092/.347|| 4.702!.417. 


110/16.169|16.278}.109 


_ These excesses are the same from what- 
ever tables of mortality the yearly values are 
deduced. They are also nearly the same 
(supposing equal yearly values) whether the 
yearly values are the values of single, or of 

joint lives, or of any number of lives. 
CHAPTER 
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ng VI. 


OF Pubiic ‘Creo: ie the. Nationau 


Desr. - gi he: | | 


fh HE National Debt is a silged in which 
the public is deeply interested, Some ob- 
servations have’ occurred to ' me. upon it, 
which I think important; and for this rea- 
son, though foreign to my chief purpose in 
this work, I shall beg leave to offer them to 
pane attention. | . 


_ The practice of raising the necessary sup- 
plies for every national service, by borrowing 
money on interest, to be continued till the 
principal is discharged, must be in the high- 
est degree detrimental to a kingdom, unless 
a plan is settled for putting its debts into 
a regular and certain course of payment.. 
When this 1 is not done, a kingdom, by such 
a practice, obliges itself to return for every 
sum it borrows infinitely greater sums; and, 
for the sake of a present advantage, subjects 
itself to. a burden which must be always | 
growing heavier and heavier, till it becomes 
insupportable. 
This seems to be now the very state of 
1 this: 


and the ‘National Debt. 94.3 


‘this nation. At the REVOLUTION, an vera 
in other respects truly glorious, the practice 
I have mentioned begun. © Ever since, the 
public debt has been increasing’ fast, and’ 
every new war has added much moré.to it 
than was taken from it during the preceding 
period of peace. In the yéar 1700, it was 
16 millions. In 1718) it was 55 milliovs. 
A peace, which continued till 1 740, sunlé 
it to 46 millions; but the succeeding war 
increased it to 78 millions; and the next 
peace sunk it no lower than 75 millions. 
In the dast war it rose to 146 millions and 
a half. During a peace which has lasted 
now 10 years, it has been reduced to 138 
millions: and at a sum not much less 
than this, it will, perhaps, be found at the 
commencement of another war, which may 
possibly raise it to 200 millions %—-One 
éannot reflect on this without terror.—No 
resources can be sufficient to support a king 
dom long in such a course. "Lis obvious, 
that the consequence of accumulating debts 
. © It should be remembered that this was written in 
1773.—In 1774 and 1775, two millions of the capital of 
the 3 per cent. annuities were paid off, which reduced the 
capital of the public debt to 136 millions ; and at this sum,, 
nearly, (supposing the long annuity then worth 27 years 
purchase) it stood at the beginning of the American war.(*) 
_ (*) The additions which have been made to the public 
debt by the American, and the late war, together with its 
whole amountat the beginning of the predent war in 1802, 
may be learnt from the account at the end of this Chapter; 
What the amount may be at the conclusion of this war it is 
neither easy nor agreeable to conjecture, M. 

&°VOL }'1. - So 
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so rapidly, and of mortgaging posterity, and 
funding for eternity, in order to pay the 
interest of them, must, in the end, prove 
destructive. Rather than go on in this way, 
it is absolutely necessary, that no money 
should be borrowed, except on annuities, 
which are to terminate within a given pe~ 
riod. Were this practised, there would be 
a xyimir beyond which the national debts 
could not increase; and time would do that. 
necessarily tor the public, which, if trusted 
to the economy of the conductors of its 
affairs might possibly never be done. 

This, therefore, is one of the proposals to 
which on this occasion, I wish I could en- 
gage attention. Iam sensible, indeed, that 
the present burdens of the state would, in 
this case, be increased, in consequence of 
the greater present interest which would be _ 
necessary to be given for money: but I do 
not consider this as an objection of any 
weight. For let the annuity be an annuity 
for 100 years. Such an annuity is, to the 
present views of men, nearly the same with 
an annuity for ever; and it is also nearly the 
same in calculation, its value at 4 per cent, 
being 241 years purchase, and therefore only 
half a year’s purchase less than the value of 
a perpetuity. Supposing, therefore, the pub- 
lic able to borrow money at 4 per cent. on 
annuities for ever, it ought not to give above 
1s. 7d. per cent. more for money borrowed 
on annuities for 100 years: But should it be 

obliged 
4 
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obliged to give a quarter, or even a half per 
cent. more*, the additional burdens derived 
from hence, would not be such as could be 
very sensibly felt; and the advantages arising 
_from the necessary annihilation of the public 
debts by time, would abundantly overbalance 
them. 

‘These advantages would be, indeed, un- 
speakably great. By such a method of raising 
money, the expence of one war would, in 
time, come to be always discharged before 
a new war commenced; and it would be 
unpossible that a state should ever have upon 
it, at any one time, the expence of many 
wars; or any larger debts than could be con- 
tracted within the limited period of the an- 
nuities ; and consequently, it would enjoy the 
invaluable privilege of being rendered, in some 
degree, independent of the management of its 
finances by ignorant or unfaithful servants. 

_ I must add, that it is by no means neces- 
sary, that the limited period of the annuities 
should be so long as | have mentioned, or 


“+ The annuities might be kept 18 years without being 
much diminished in value ; for, supposing interest at 4 
per cent. an annuity for 82 years, is, within a 49th 
part, or £2 in £98 worth as much as an annuity for 
100 years. 3 

Perhaps, in this way of raising money, it might be best 
to offer a higher interest at first, which should fall to a 
lower, at the end of given intervals. Thus, though 41 for 
100 years is equal in value to 5 per cent. for 17 years, and 
after that 4 per cent. for 83 years, yet the latter might ap- 
pear more inviting. 
| T 2 109 
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100 years; and that, at any time before the 
expiration of this period, the public might 
employ any surplus monies, in extinguishing 
part of the annuities, by purchasing them for 
itself at the market price; and thus it might 
aid the operations of time, and keep its debts 
within any bounds that its interest rendered 
necessary. Our government has, I know, in 
. some instances adopted the plan now pro- 
posed ; but it is to be wished that, instead of 
retracting ‘ it, as was once done, it had been | 
carried much further. . 

Iam, however, far from intending to re- 
commend this plan as the best a state can 
pursue. There is another method of gaining 
the same end, which is, on many accounts 
preferable to it. I mean, ‘‘ by providing an 
‘annual saving, to be applied invariably, 
‘‘ together with the interest of all the sums 
‘‘redeemed by it, to the purpose of dis- 
‘charging the public debts: Or, in other 
** words, by the establishment of a permanent 
*€ SINKING FUND.” x 

It is wcll known, that, this plan has been 
also adopted by our government; but, though — 
capable of producing the greatest etfects in 
the easzest and surest manner, it has never 
been carried into execution. It will abund- 


*In the year 1720, the nation was put to the expence 
of above three millions, in order to reduce several long | 
and short annuities then subsisting to redeemable per- — 
 petuities, | | a 
antly 

| 
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cantly appear, from what fellows, that ‘thi 
observation is just. 


- Suppose the annual saving to be s£100,000, 
This sum, applied mow to discharge an equal 
debt, bearing interest at 4 per cent. will trans- 
fer to the public, from its creditors, an an- 
-nuity of £4000, The annual saving, there- 
fore, would be increased to £104,000; and 
this saving would transfer to the public ano- 
ther annuity of £4,160, and make the saving 
at the, beginning of the 2d year, to be 
1108 ,160.—Thus, the original fund would 
go on increasing, at the same rate with money 
improved at 4 per cent, compound interest.— 
At the beginning of the 3d year it would-be 
£112,480. At the beginning of the 18thyear, 

202,581, Of the 36th year, £410,393, 
and of the 95th year, £4,151,138.—In 94 
years, then, the nation might be eased of 
above 4 millions per annum in taxés; and 
above 100 millions of its debts would be 
discharged, gradually and insensibly, at no 
greater expence than 42100,000 per annum; 
and without interfering with any of the re- 
sources of government ; or making any other 
difference, than causing funds to be engaged 
for a course of time to the public, which 
would have been otherwise necessarily en- 
gaged to its creditors, and which, therefore, 
must have been entirely useless to it. 

It is an observation that deserves particular 


attention here, that on this plan, it will be 
of 
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of less importance to’a state what interest it 
is obliged to give for money: For the higher 
the interest, the sooner will such a fund pay 
off the principal. ‘Thus; a hundred millions 
borrowed at 8 per cent. and bearing an an- 
nual interest of eight millions, would be paid 
off by a fund, producing annually £100,000 
in 56 years; that is, in 38 years less: time 
than if the same money had been borrowed 
a A per cene Fs 3 


k What is here said, supposes the same fund applied 
to the discharge of debts bearing different interests. If 
different funds are applied, bearing to one another the 
same proportion with the interests of the debts which 
they are to disharge, the benefit derived from borrow- 
ing on lower rather than higher interests, will be reduced 
to almost nothing; for the disbursements of the public on 
account of all equal loans, will, in this case, be nearly 
the same. | | rr 

The following example will explain and demonstrate 
this : : 


Let.a million be borrowed at 3 per cent. and let a fund | | 


be charged with it, bringing in szx shillings per cent. per ann. 
more than the interest ; or £33,000 instead of #30,000 
per ann. This surplus, unalienably applied, together with 
all the interests disengaged by it, will annihilate the prim- 
cipal in 81 years, as may be gathered from Table IV. in 
the next volume. And the disbursements, on account 


of the loan, will be 81 multiplied by £33,000; that is, - 


2,673,000. Let us suppose again, a million borrowed 
at 6 per cent. and let a fund be charged with it, pro- 
ducing a surplus of twelve shillings per cent. per ann.; such 
a fund, besides’ paying the interest, will discharge the 
principal in 41 years; and the disbursements, on account 
of the loan, will be £66,000 multiplied by 41; that is, 
£2,706,000, or nearly the same with the disbursements 
on account of an equal loan at 3 per cent. | 


It 


| 
| 


and the National Debt. 979 


It follows from hence, that reductions of 
interest would on this plan, be no great ad- 
vantage to a state. ‘They would, indeed, 
lighten its present burdens; but this advan- 
tage would be, in some measure, balanced 
by the addition which would be made to its 
future burdens, in consequence of the longer 
time during which it would be necessary to 
bear them.—I mean this on the supposition, 
that the savings produced by reductions of 
interest, are immediately applied to. the re- 
lief of the state, by annihilating taxes equi- 
valent to them. But if that is not the case; 
and if, likewise, there is either no plan esta- 
blished for putting the public debts into a 
certain course of payment, or it is not faith- 
fully carried into execution; in these circum- 
stances, reductions of interest may prove 
hurtful. For, first, They would only fur- 
nish funds for contracting further debts, and 
with more money for supplying the defi- 
ciencies arising from profusion and bad ma- 
nagement. And, secondly, As, in such cir- 
cumstances, they would only retard, and not 
prevent the increase of the burdens occasion- 
ed by the public debts, a period would 
come when the affairs of the state would 
get near toa crisis; and at such a period, its 
danger would be increased, in proportion to 
the reductions of interest that had been made. 
In order to understand this; let us suppose 
that a debt, bearing an annual interest of five 
millions, is the whole debt which a state 
can bear without being so much oppressed as 
to 
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to be near sinking. Let it, however, be sup- 
posed to have’ still some last resources lett, 
which may enable it to bear, for 23 years to 
come, this load; together with every addi- 
tional load, which, during this time,,may be 
necessary to be thrown upon it.——Let it fur- 
ther be supposed, that at this time, the state 
urged by the fear of an approaching bank- 
tuptcy, resolyes upon entering into some 
effectual measure for preserving itself—— 
Certain it is, that. in such cireumstances, no 
measure so effectual can be pursued, as the 
establishment-of a sinking fund, and such a 
faithful application of it as [have explained, 
Let that then be the measure’ entered upon ; 
and. let.the state be supposed capable of pro- 
viding a fund, producing a million annually. 
df ali the debts bear interest at 0 per cent. 
this fund would pay off three-fifths of them, 
within the time | have mentioned; or, in 23 
years; and the state might be saved. But 
if, in consequence of reductions, they bear 
interest at no more than 3 per cent. the same 
fund would nat give the same relief, in less 
than doud/e that time; and therefore, a bank- 
ruptcy might prove unavoidable’. | 

I wish } could think, that there is nothing 
in this representation, that can be applied to 
the present state of thisnation. ‘The interest 
of the public debts has. been reduced, at dif+ 


' Tt should not be forgotten, that the eutelan of such 
a scheme would raise the 3 per cent. debts nearly to par, 
and render the discharge of them, at a discount i goin 
cable. 


fone 
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ferent periods, from 6 to 5, from 5 to 4, and 
from 4 to 3 per cent.; but still they have 
grown with rapidity; and we now see our- 
selves overloaded. and in no way of gain- 
ing relief. Had there been no reductions of 
interest, we should, indeed, have been in the 
same condition sooner; but, we might have 
been relieved also sooner, and with less dif- 
ficulty and danger. | | 
-In short:, Reductions of interest are ad- 
vantageous chiefly when made to gain ad- 
ditions ‘to such a sinking fund as 1 have de- 
scribed.—When made with other views, they 
are only palliatives, which give present relief 
by increasing future danger; or expedients 
which postpone a public bankruptcy, by ren- 
dering it a calamity more unavoidable and 
dreadful. As managed therefore among us, 
they have been indeed the effects of too 
narrow a policy, and deserve none of ‘the 
encomiums which have been bestowed upon 
them. The preceding observations prove 
this sufficiently; but there is one farther 
proof of it which I cannot help mentioning. 
Suppose s£200,000 per annum to have been 
‘gained in 1716, by the reduction which was 
then made of the 6 per cents. to 5 per cents.; 
or, in other words, by saving 1 per cent. per 
annum on a capital of 20 millions. This 
_ Saving, in consequence of being applied un- 
alienably in the manner I have represented, 
to the payment of the public debts, would, 
in 37 years, have discharged a debt of 
. #620,325,000, bearing 5 per cent. interest. 
) But 
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But if applied every year to current services, 
in order to avoid levying new taxes, the bene- 
fit derived. from it in the same period would 
be 37 times £200,000, or #7,400,000; 
but at the same time, a debt would have 
been continued of 20 millions, which must 
have been otherwise paid. The effect, there- 
fore, in this case, of the reduction, would 
be to prevent an incumbrance on the public 
of £200,000 per ann. by leaving upon it an 
incumbrance of a million per ann. rendered 
more difficult and unlikely than ever to be 
wremoved™. 


But 


m 'There is an inconvenience arising from reductions of 
imterest, which I did not attend to when this Chapter was 
composed, but which is greater than any here mentioned. 
‘They have given rise to the extravagant douceurs or pre- 
sums which have been annexed to our public loans, by 
causing the lenders of money to consider whatever interest 
could be offered above 3 per cent. as no more than a short 
annuity.—Had there been no reduction of interest be- 
fore the war which begun in 1755, the price of the four 
per cent. stocks would have been during the whole war 
either alove par or not much le/ow it, and government 
might have borrowed at this or a lower interest without 
premiums. But the reduction which had just taken place 
of 56 millions to an interest of 3 per cent, made it una- 
voidable for monied men to consider this stock as only a 
3 per cent. stock with £1 per ann. added till peace was 
established; and this made it necessary for government, 
either to promise interest extravagantly high, or to offer 
long, or short, or life-annuities, or additional capitals, as 
rewards for lending money at 3 per cent. The last me- 
thod has constantly been adopted; and in consequence 
of it, the public has been put to an enormous expence, 
which the avoiding of reductions and a little management 
would have rendered entirely unnecessary. 

I have endeavoured to explain this in the second Tract 

OR 
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--But-to return to the subject I have princi- 
pally in view; | 

What I have said implies, that a state al- 
ways discharges its debts, whatever interest 
they bear, by paying the original sum bor- 
rowed. It may, perhaps, be imagined, that 
when a loan is under par, it may be discharg- 
ed at a less expence. But this is by no means 
so practicable as it may seem; for it should 
be considered, that a public loan, now under 
par, would not long keep so, after being put 
into a course of payments: And for this rea- 
son, as a state can never be obliged, in re- 
deeming its debts, to pay more than the ori- 
ginal sum borrowed, so neither ought it to 


on Civil Liberty. Part I. Sect. HI. and particularly in 
the Supplement to that Tract, where regulations are 
proposed for raising the value of stocks bearing higher 
interest than 8 per cent. in order to avoid the necessity 
of offering high premiums and creating artificial debts. — 
The following example will shew what occasion there is 
for some such regulations. The 3 per cent. stocks were 
(Oct. 25th, 1781,) at 551; and the price of the 4 per 
cent. stocks, which, in order to bear a proportionable 
price, ought to have been 73}, was (deducting a fort- 
night’s interest) 702. One per cent. added to make a five 
per cent. stock, would have been still more undervalued ; 
and such a stock, even with the advantage of being de- 
clared -irredeemable for 15 or 20 years, would not pro- 
bably have sold for more than £82, or £83. Had, there- 
fore government attempted to, borrow by offering 5 per 
cent. it could not have succeeded without giving a pre~ 
onium of near £20 for every #100 advanced, But, by 
such regulations as those proposed in the Supplement to 
which I have just referred, it would, I imagine, have 
become practicable to borrow at interests corresponding 
nearly to the prices of the 3 per cents. without premiums. 


expect, , 
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expect, in general, to be able to redeem them 
by paying /ess. I have said, in general; for 
Tam sensible that, at the beginning of the 
operations of a fund, when its produce is 
small, and also in a time of war, a state 
might derive great advantages from the low 
‘price of its debts. And I am sensible also, 
that considerable advantages might be de- 
rived from Jotieries, in paying the public 
debts: But lotteries do great mischief in a 
state, by fostering the destructive spirit of 
gaming. It is wretched policy to make 
them familiar, by recurring to them in the 
ordinary course of government. There are 
great-occasions on which they may be ne- 
cessary, and for such occasions they should 
be reserved. | < | 

The advantages of putting the public 
debts into such a course of payment as I 
have described, are scarcely to be imagin- 
ed, It would give a vigour to public cre- 
dit, which would enable a state always to 
borrow money easily, and on the best terms: 
And the encouragement to lenders might 
be always improved, without any inconve- 
nience, by making every loan irredeemable, 
during the first 20 or 30 years; for, there 
could seldom be any occasion for beginning 
to discharge any one loan sooner. 

It might be easily shewn; that the faithful 
application, from the beginning of the year 
1700, of only £200,000 annually, would long 
before 1790, notwithstanding the reductions 

5 of 
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of interest, have paid off above a hundred 
millions of the public debts. The nation 
might, therefore, some years ago, have been 
eased of a great part of the taxes with which 
it 1s loaded. The most important relief 
might have been given to its trade and ma- 
nufactures; and it might now have been in 
better circumstances than at the beginning 
of the last war; its credit firm; respected by — 
foreign nations, and dreaded by its enemies. 
A new account might also some years ago 
have been begun; and another fund, not 
much more considerable, applied in the same 
‘way, would, in a short course of years, have 
paid all that would have been now unpaid 
of our debts. And thus, without any ex- 
pence that could be sensibly felt, its debts; 
as soon as they began to grow heavy, might 
have been constantly reduced to a half, or,a 
third; and not only all danger, but all con- 
siderable inconvenience from them prevented. 
All T have now said, suppeses a single fund 
witha general appropriation to the payment 
of the public debts. The same ends might 
be answered by particudar funds, with small 
surpluses, appropriated to particular debts. 
Inthe warsof King William and Queen Anne, 
an interest of six, and sometimes seven and 
eight per cent. was given for loans. It would 
have been easy to have annexed to each loan 
a fund producing a surplus of £1 per cent. 
after paying the interest; and such a surplus 
would have been sufficient to annihilate the 
principal 
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principal of every loan in 33 years. Had 
this plan been followed, the disengagement 
of the public funds, and the relief attend- 
ing it would have begun 60 years ago; and. 
the debts contracted, during the reigns of 
King William and Queen Anne, would have 
been all cancelled near 30 years ago, without 
any of that trouble, tumult, and. distress, 
which have been occasioned by reductions of 
interest, and by the various schemes which 
have been tried for lessening the debts ".— 
A fund, yielding £1 per cent. surplus, an- 
nexed to a loan of 5 per cent. would dis- 
charge the principal in 37 years®. At 4 per 
cent. in 41 years. At 3 per cent. 1n 47 years. 
These observations relate only to what 
might have been the state of the nation with 
respect to its debts, had a right plan been 
pursued from the first. But it will be asked, 
What can be done with them as they are? 
I wish I was able to give a more satisfactory 
answer to this enquiry. Every one must see 


n The sums to be laid out would, in this case, be so 
small at first, that it would be proper to employ them in 
purchasing part of the loan to be annihilated at the prices 
in the public market; and this, as far as It can be car- 
ried, is the most easy ‘and quiet ‘and silent way possible of 
extinguishing the public debts. | 


° I have all along supposed the produce of the public 


funds to come in yearly. The truth is, that it comes. ° 


in half-yearly; but this gives no advantage «in the pay- 
ment of the public debts worth taking into account. £1 
per annum, together with its growing interests, at 4 per 
cent. taken yearly out of £100, will reduce it to nothing 
in 41 years; if taken half- “yearly, it will annihilate the 
same capital only four months and 12 days sooner. 


our 
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our prospect to be discouraging, and our state 
hazardous. Some have thought, that a good 
method might be found out of discharging 
the national debt, by short annuities, and life- 
annuities. The following observations will 
shew how groundless an imagination this is. 
_ Short annuities and life-annuities have been 
always undervalued by the public; and 
were they offered to sale to such an amount 
_ as would be necessary to make any consider- 
able reduction in the national debt, they 
would probably fall to a very low price 
Let the three per cent. stocks be supposed 
at 80.£100 of this stock would not be 
given up fora life-annuity less than £6, ora 
short annuity for a less term than 30 years ; 
tor this is valuing them at 141. years purchase, 
and lite-annuities in particular have never yet 
been disposed of at so high a price—In or- 
der, therefore, to discharge in this Way a Ca- 
pital in the 3 per cent. annuities of 33 millions 
and a third (the interest of which is a mil- 
hon per ann.) it would be necessary to pro- 
vide a surplus producing another million per 
ann. for 30 years. But this surplus, em- 
ployed during the same time as a sinking 
fund, would redeem 47 millions and a half 
at par, and 51 millions and a half at £86 
in money tor every =£100 stock. It would, 
therefore, be great folly to employ such a sur- 
plus in the former way rather than the latter, 
But I will beg leave to detain the reader 
here a little longer—-—The observations now 
made may be of use in shewing what the 
.» best 
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best method is of incurring debts as well as 
redeeming them. 4 | 
Suppose a million raised by annuzties on a 
set of lives, all at 30 years of age. ‘The 
purchasers of such annuities cannot rea- 
sonably be reckoned to have an expectation 


of less than 30 years. That is; the dura- 


tion of their lives, taking them one with 
another, will be 30 years; and they will be 
entitled, supposing interest at 4 per cent. to 
£7 per ann. for every £100 advanced. Fora 
million then, the public would make 30 pay- 


menisof£70,000.—Let us suppose next, that | 


a fund producing this sum annually, instead 
of being engaged to pay these life-annuities, 
is engaged for 30 years, to pay the principal 
and interest of a million, borrowed on re- 
deemable perpetuities, at 4 per cent. ‘There 
will, at the end of the first year, be a sur- 
plus of €£30,000.—In consequence of ap- 
plying this to the extinction of the principal, 
it will be reduced to £970,000, on which, 
at the end of the second year, the interest due 
will be 38.800. There will, therefore, be 
a saving of £1200. Instead of employing 
this saving in further sinking the principal, 
which would cause the fund to accumulate 
in the same manner with money at com- 
pound interest, let it be taken and employed 
in any other way: And let the same be done 
with all the subsequent savings, reserving 
only £230,000 annually, for the purpose of 
sinking the principal. At the end of the se- 
cond year, the principal will be £940,000; 

sae , and 
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and the saving of interest upon it, at the end 
of the third year, £2400. At the end of 
the 30th year, the principal will be reduced. 
to £100,000. ‘The saving of interest that 
year will be, £1200 multiplied by 29, of 
£34,800, and the sum of all the savings will 
be £522,000. Deduct from hence £100,000 
femaining then undischarged of the princi- 
pal; and 422,000 will be the loss the 
_ public would sustain in the circumstances I 
have supposed, by raising money on life-an- 
nuities. But if we suppose the savings, as 
they arise, as well as the constant sum of 
£30,000, to be applied to the discharge of 
the principal, instead of beihg spent on cur- 
rent services; the whole million will be an- 
nihilated in 21 years and a half; and the 
loss to the public by preferring life-annuities, 
will be 8: years purchase of the annuities rs 
or £595,000. By similar deductions it may 
_be easily found, that the loss, in younger 
lives, is greater; in older lives less; but ne- 
ver inconsiderable, except in the oldest lives. 

It appears, therefore, that in consequence 
of such a way of raising money, the public 
must always pay much more in interest than. 
there is any occasion for; and waste a sum 
equal to more than half the principal bor- 
rowed?. This, however, though so wasteful, 
_ ? It is obvious, that the, observations here made, may 
be applied to the common methods of raising money 
on life-annuities, for building churches, paving streets, 
making navigations, &@. &c. Ahd, in gegeral, to all cases, 
| NOL. 1 U where,’ 


proportionably increased, 
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is a more frugal way of procuring money 
than by borrowing on perpetuities, without 
putting them into a course of redemption, 
for in this case the loss may be znfinite. 

“OBab-to return. | | 
~The enquiry which has occasioned this 
digression, nist be interesting to every per- 
son who wishes well to this country. All 


where the money received is not laid up to be improved. 
—For, to view this subject in another light, let us sup- 
pose £10,000 borrowed. for any public work, on perpe- 
tuities at 4 per cent. And, if that will afford more en- 


-couragement, let them be made irredeemable for any num- 


ber of years less than seventeen. Let us further sup- 
pose such rates, or tolls, established for the payment of 


the interest and principal, as shall produce double the in- 


terest of the sum borrowed; or £800 per annum instead 
of £400 per annum. Let the surplus, as it comes in half- 
yearly, be laid up to’accumulate in the public funds. in 
17 years anda half, reckoning interest at 4 per cent, a ca- 
pital will be raised, equal. to the whole sum borrowed ; 
and, therefore, at the end of that time, the whole’ debt 
may be discharged, and the whole transaction finished.— 
But if the same sum had been borrowed on annuities, for 
the lives of a set of persons 50 years of age, at 8 per cent. 
which is £1 per cent. less than the true value of such an- 
nuities: Had this, I say, been done, half the annuitants 
would have been alive at the end of the term I have men- 
tioned; and the whole transaction, together with the ex-, 
pences and trouble attending the management of it, could 
not have been finally closed till the extinction of all the 
lives; that is, notin less time, most probably, than 35, 
or, perhaps, 40 years.—It is a necessary observation here, 
that, if public credit maintains its ground, much will not 
depend, in the plan now proposed, on the rise and fall of 
Stocks. If a war sinks them, the money laid out, while. 
the war lasts, will accumulate faster. If a peace raises 
them, the money that had been previously laid out will be 


~ schemes 


and the National Debt. 291 


‘schemes for discharging the public debts by 
life-annuities, haye been shewn to be absurd 
and extravagant. In general it may be ob- 
‘served, that it is far from probable, that any 
money which the nation can spare, if ap- 
_ plied so as to bear only simple interest, can 
‘be capable of reducing its debts within due 
bounds; or of doing ws, in our present cir 
cumstances, any essential service. A fund, 
_ producing a surplus of even two millions an- 
nually, would, when thus applied, pay no 
more than 40 millions in 20 years; and, in 
that time, a war might probably come, which 
would interrupt the application of it; and in- 
crease our debts much more than such a fund 
had lessened them. 

Certain it is, ee that if our ee 
are to be retrieved, it must be by a fund in- 
creasing itself in the manner I have explain- 
ed. The smallest fund of this kind is, in- 
deed, omnipotent, if it is allowed time to ope- 
rate. But we are, I fear, got so near to the 
limits of the resources of the nation, that it 

‘cannot be allowed much time: And, 1n or- 
der to make amends for this, it is necessary 
that it should be large. 

In redeeming the. public debts, consider 
able advantages might be derived from their 
low price; and this advantage, in a time of 
war, would be nearly the same in whatever | 
manner the redemption was made: That is, 
whether it was always made at par, or at the 


| market prices below par. ‘The latter method 
| U2 | would 
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would be the best; but supposing the former 
adopted, an equivalent advantage would arise 
from the power it would give to borrow 
money on lower terms.—Suppose, for in- 
stance, that in a time of war, four mil- 


lions must be borrowed for the service of , 


the year; and let the produce of the fund 
be then increased to two millions; and the 
interest of money in the stocks, above 4 
per cent. In these circumstances, it would 
be the interest of the lenders of money, to 
take 31. per cent. for the sums they advanced, 
in consideration of having their 3 fer cents. 
paid off at par, to the amount of half these 


sums.—War, thercfore, would accelerate the: — 
redemption of the public debts; and it would — 


do this the more the longer it lasted, and — 


the higher it raised the interest of money. 


Or if, in consequence of paying always at. 


par, this could not happen; an equivalent — 
effect would be produced in the way just © 


mentioned. ‘The stocks would be always 
kept up by the operations of the fund; and, 
in proportion to the sums yielded by it, the 


public would be able to borrow money more ~ 
advantageously, and less would be added to — 


its burdens.— This seems to me an observa- 
tion of particular consequence. It demon- 


strates, that the invariable application, in — 


war as well as peace, of the produce of the 


fund I am supposing, to the payment of © 


the national debts, rather than to any cur- 
rent services, would, independently of its 


affect a 


> 


. | 
H: 
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effect in redeeming these debts, be attended’ 
with great advantages to the public. But: 
this is a subject on which I shall have occa-* 
sion to say more presently. — on 
The sinking fund, in its present state, and, 
after supplying the deficiencies of the peace 
establishment, yields, I suppose, a consider- 
able part of a million and a half per ann.‘. 
And I cannot doubt but that such savings 
might be made in the collection and expen- 
diture of the national revenue, as would 
cause this fund to yield the whole of this 
sum, without imposing any new burdens on 
the public. But, were there, indeed, no way 
of providing any part of it, but by creating 
new funds, or imposing new taxes; it ought 
to be done, because it must be done, or the 
nation sink. fs , 


The evils and dangers, attending an exor- 
bitant public debt in this country, are so - 
great, that they cannot be exaggerated.— 
Without repeating, what has been. so ‘often 


* A more -careful enquiry has shewn me that the true 
surplus of the’ public income was ‘at the time when this 
‘was written much less than I imagined. Kor five years 
alter 1763 it was ne more than £30,000 per ann, For 
five years before 1775 it was £338,729; and the me- 
dium for the whole duration of the peace between the 
last two wars was £196,000 per ann. according to the 
accounts in the second Tract on Civil Liberty, Part 3d, 
Sect. 4th. And from the commencement of the present. 
peace to the present year 1790, the stated revenue has pro- 
‘duced no surplus. | ; 
. 


said, 
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said, of its increasing the dependance on the 
crown; rendering us tributary to foreigners; 
and raising the price of provisions and labour; 
and, consequently, checking population, and 
loading our trade and manufactures; Iwill 
only take notice of the following evils which 
attend it. = rp 
. First. The execrable practices of the 
Alley. ‘These cannot be mentioned in lan- 
‘guage too strong. They are increasing every 
day; and the national debt, by giving occa- 
sion to them, is likely soon (with the aid of 
annual lotteries) to ruin all honest industry, 


among us, and to turn us into a nation of © 


Sets jvet 4; | eee! 

. Secondly. It must. check the exertions 
of the spirit of liberty in the kingdom, ‘The 
tendency of every government is, to. des- 
potism; and in this it must end, if the peo- 
ple are not constantly jealous and watchful. 
Opposition, therefore, and resistance, are often 
necessary. | But they may throw things into 


confusion, and occasion the ruin of the publi¢ | 
funds. The apprehension of this must in- 


fluence all who have their interest connected 
with the preservation of the funds, and in- 


cline them always to acquiescence and ser-_ 


vility. 


danger from foreign enemies by inviting in- 
sults, and rendering us incapable of meeting 
war, however necessary, without the hazard 


of 
‘é 


a 


But further. It exposes us to particular 


and the National Debt. 298 


_ ef bringing on terrible convulsions, by over- 
whelming public credit. CB aah a 
All these are evils, which must increase 

with every increase of the national debt; and 

there is a point at which, when they arrive, 
the consequence must be fatal’. 


But to proceed to some further observa- 
tions. ayo 


“What has been said, has all along sup- 
posed a sacred and inviolable application of the 
fund | have described, and of all its earnings, 
to the purpose of sinking the national debt. 
The whole effect of it depends on its being 
‘allowed to operate, WITHOUT, INTERRUP- \ 
TION, a proper time. But it may be asked, 
how this can be secured? Or, by, what me- 
thod an object, that must be continually 
growing more and more tempting, can be 
defended against invasion. and. rapine ?-——I 
might here mention the superintendency and 
care of the representatives of the kingdom, 


* « Either the nation, (Mr, Hume says, Essays, Vol. If 
« », 145) must destroy public, credit ; or public credit will 
* destroy the nation.” “Mr. Gordoyi, in the Preface to 
Cato’s’ ‘Letters, tells us, that the great and good Mr. 
Trencuarp had two. things much at heart,, namely, 
keeping England free from foreign broils, and paying off 
the public debts. He thought that one of these depended 
on the other, and that the leing of the state ‘depended on — 
therlatter.. Mr. Gordon adds, that he ‘believed ‘no! one, 
who thought at all, could think Mr. TRuncHarp,mis- 
ieee RUE Se Yate 
3 the 
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the faithful guardians of the state, to whom 
ministers are responsible for the use. they 
make of the public money. But experience 
has shewn, that we cannot rely on this secu- 
rity. —The difficulty, therefore, now men- 
tioned, is the very greatest difficulty the na- 
tion has to struggle with in the payment of 
its debts. 

The sinking fared was established in the 
year 1710, or soon after the accession of the 
present family, at a time when the public 
debts, though not. much more than a third of 
what they are now, were thought to be so 
considerable as to be alarming and danger- 
_ ous, It was intended as a SACRED DEPO- 
sir nevér to be touched; the law which 
established it declaring, that it. was to be ap= 
plied” to the payment of. the principal and, 
interest of such national. debts and. incum- — 
brances, as had been incurred before the 25th 
of December 1716; and to no other use, intent, 
or purpose whutever. —The faith of parlia- 
ment, therefore, as well as the security of the 
kingdom, seemed to require, that it should be 
ie carefully and‘ rigorously from alie- 

ation But, notwithstanding this, it has 
been generally alienated; and the produce of 
it employed} in helping to ‘defray ‘such cur- 
rent ‘expences as the eaipelites of HR state 
rendered necessary... .\ 

dn order tq justify. this, dt ‘has Pes eaduat 
to plead, ‘that when’ money is wanted, ‘it 
makes no difference, whether it is taken from 

3 hence, 
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hence, or procured by making a new loan. 
But in truth the difference .between these 
two methods of procuring money is no less 
than wfinite.—For, by employing the . sINK- 
ING FUND in bearing current expences, 
rather than borrowing néw money on new 
funds; the state, in order to avoid giving 
simple interest for money, is made to alienate 
money, that must have otherwise been im- 
proved at compound interest; and which, in 
time, would have necessarily increased to any 
sum.—Had a faithful use been made from the 
first, of only one THirp of the produce of 
this fund, the greatest part of our present 
debts would now have been discharged *.— 
Can it be possible then to think, without the 
deepest regret, of that misapplication of this 
fund, which, with the consent of parliaments 
always complying, our ministers have prac- 
tised? 


‘8 The pleat observations in this Chapter, I have 
given just “as ‘they: odcurred’ to. my thoughts, without 
knowing that any of;them, had. been, made by. other 
writers. - Some proposals and observations of a similar 
| nawwre, I have since, found in an excellent pamphlet’ pub- 
lished n'1726, entitled; n° ‘dissay on the National-Debts 
of this kingdom,’ wikerein: the importance of discharging them 
is. considered; . and. some general mistakes about thé nature 
and efficacy y of ihe Sinking Funp examined and removed. 
In a Letter to a Member go the House ts ised 
San edition, : 0 3 
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' SUPPLE MENT. 


into the, four following classes or divisions— 
The. Accreeate Funp;_ the SoUTH-SEA 
Funp; the Genera Founp; and the Sinx- 
inG. FUND, hs 


The Aggregate Fund was established by an 


act of Geo. [.-cap..42. im 1715. Ht had this_ 


name given it, because it consisted of a great 
variety of taxes and surpluses. of taxes 
which were in that year consolidated, and 
given as a security for the discharge of the 
interest. and, principal of debts due to the 
Bank, of England, and some other, public 
debts; and also for the payment of s£120,000 
per annum to the civil list. Into this fund 
were brought the two-thirds and one-halt 
subsidy. of tonnage and poundage ; half the 
inland duties on tea and coffee; the house- 
money granted by the 7th of Wil. IlL.; the 
duty on hops; the duties on low wines, 
brandy, and Britesh spirits ; all arrears of 
land-taxes; all public monies not appro- 
priated; the surpluses of the nine-penny 

: eXClse, 
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excise, of the. five-sevenths of the Bank nine- 


penny excise, of the revenues in the annuity 
acts of the 4th, 5th, and 6th of Queen Anne, 
&c. and, by.an act of the ist of Geo. IIL. all 
the duties constituting the. Teyenue of the 
civil list. 

~The South-Sea Fund was s caabkshod. by 
stat. 3 Geo. I. cap. 9. in.1716; and was so 
called, because appropriated to. pay the in- 
terest of the South-Sea company’s capital, 
Tt consisted of a duty on candles, and certain 
imposts on. wines, vinegar, . tobacco, _ and 
East-India goods. 

The General Fund was Aes established, by 
stat. 3 Geo. I. cap. 7. in 1716, and consisted 
of a subsidy on Ad exported; a tax on 
hackney-coaches and chairs; duties on soap, 
hides, stamps, and policies of insurance; 
£700 per week letter-money; a moiety of 
the inland duties. on tea and coffee; and_ 
£30,855 per annum out of the hereditary 
excise on beer for the bankers annuities. 
All these taxes were appropriated to the dis- 
charge. of the interest of £7,808,087, (origi- 


nally £10,000,000,) capital stock of South- 


Sea annuities, together with charges of ma- 
nagement. 

All that remained of the produce of the 
taxes thus digested into these three funds, 
after satisfying the charges upon them, was 
in the same year (or 1716) carried into a 
fourth fund, to which was given the name 


of the Sinking Fund, because appropriated — 
Pm: to 
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to the purpose of sinking the public debts. 
The words of the act of the 3d of Geo. I. 
which established this fund, are, “ All the 
“monies to arise from time to time, as 
“well of the excess and surplus of an act 
“made this session for redeeming the funds 
“of the Bank of England; and of the ex- 
“cess or surplus by. virtue of ‘one other act 
“ made likewise this session for redeeming 
“the funds of the South-Sea company; as 
“also, of the excess or surplus of the du- 
“ties and revenues by this act appropriated 
“as aforesaid; and the overplus monies of 
“the said General Fund by this act esta- 
“blished, shall be appropriated to the dis- 
“charging the principal and. interest of 
“such national debts as were incurred be- 
“fore thé 25th of December, 1716, and 
“are declared to be national debts; and to 
“or for no other use, intent, or purpose 
“ whatsoever.” ‘The transactions with re- 
pect to this fund make a very important 
part of the history of Britain; and furnish 


us with a striking instance of the depravity _ 


and folly which often ruin kingdoms. - 
Before its establishment there had existed 
many smaller funds of the same nature; that 
is, such duties or taxes had been provided for 
paying the interests of particular loans, as 
afforded surpluses by which the principal 
itself was to be gradually redeemed. ‘This 
was the common practice in the reigns of 
King Williamand Queen dnne. Most of the 
public 
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public duties were given for terms of years; 

and at the end of those terms they ceased of 
course, unless continued for farther terms by 

- new acts of parliament: And, in general, it 
was provided, when any money was raised, 
that the principal should be cancelled either 
by time, as in the case of the sale of long 
and short annuities, or by the surpluses of 
the duties charged with the payment-of the 
interest. This was an excellent plan; but 
it was by no means carried into execution. 
In the year 1720, most of the Jong and short 
annuities were converted into redeemable 
perpetuities, at the expence of above three 
millions; and the surpluses of the duties 
charged with particular loans were often so 
broken into, by being either charged with 
new loans before they had cancelled the old, 
or spent on current services, as to be ren- 
dered incapable of answering the end in- 
tended by them. In consequence partly of 
this bad management, the pubtiic debts at the 
accession of the House of Haxover were so 
much increased as to be generally reckoned 
insupportable; and their reduction was made 
one of the first objects of parliamentary at- 
tention. This gave rise, in 1710, to the 
institution of the fund of which we are 
giving an account, the father of which was 
(as has been generally said) Sir Re€ert Wal- 
pole, but, in reality, Earl Stanhope. All 
the taxes, except the land-tax and six-pence 


per 
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per bushel malt-tax, were then made per- 


petual, and distributed into the three funds 
which have been described, the surpluses 
of which, for ever afterwards, were to be 
held sacred, and to be applied znviolably, 
according to the words of the act just recited, 
to the redemption of the national debt. 

- A considerate person might have suspected, 
that the same causes which had rendered 
former partial appropriations ineffectual, 
would destroy the efficacy of this. There 
seemed, however, to be reason for hoping 
the contrary: For, . | 

First, the future happiness and glory of 
the kingdom were thought to depend" on 


this appropriation ; and the law which esta- 
blished it was declared to be a fundamental 


law of the realm. 
Secondly, in conformity to these senti- 


ments, the words of this law were made as” 


strong as possible; and, in order to give 


t These taxes have been always voted by parliament 
from year to year; and are, on this account, distinguished 


by the name of the annual taxes; and wholly employed, 
as far as they will go, in bearing the current expences of. 


every year. _ 


“ The alarm occasioned about this time by the public 
debts (which have been since twice doubled) and the 


eager expectations entertained from this fund, appear 
remarkably, from a fact just mentioned; or from the 
conversion (at the expence of three millions) of most of the 


Jong and short annuities then subsisting into redeemable | 


perpetuities, in order to subject them to the operation of 


this fund. ® 


additional 
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additional force to it, a repetition of it, in 

the same words, was inserted in an act of 

the 5th of Geo. I. cap. 3. Particular notice _ 

should be taken of these words. They order 

that all the surpluses of the taxes then made 

perpetual, shall be applied to the discharge 
of the public debts, and “ to no other use or 

“intent whatever.” When, therefore, a 

debt had been paid off, the addition arising 

from that payment to the surpluses (or the 

annuity disengaged by it) became a part of 

the fund, and, together with it, was to be 
employed in discharging farther debts. And 
the same being true of every successive an- 
nuity disengaged by every payment, the 
Sund, if never misapplied, must necessarily 
have operated in sinking the public debt, in 
the same manner that money accumulates, 
when put out to bear compound interest. 
And in this way this fund did in fact operate 
for a few years. While in its infancy, it 
was watched with great care. The improve- 
ment and the inviolable application of it was 
recommended in most of the speeches from 
the throne, and echoed back in the addresses 
of the House of Commons. It is particularly 
observable, that so well did our ministers 
then understand the nature and importance 
of this fund, that rather than encroach upon 
it, they frequently borrowed money in order 
to defray the necessary expences of govern- 
ment. From some publications in 1726 it 
a ial that some persons had been led to 
5 i aha 
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apprehend this zeal of the ministry would 
not be permanent, because it was not their 
interest to pay off the public debt, on account 
of the dependence and influence created by 
it. In answering this objection, the writers 
on the side of the court called such an ap- 
prehension an indecent jealousy, and took 
upon them to assure the public, “ that in no 
“ possible exigence of affairs could our mi- 
“ nisters ever approve of or recommend the 
“alienation of the sinking fund. Happy 
would it have been for Britain had_ this 
proved true: But in a little time it appeared, 
that the apprehensions which had been stiled 
andecent ycalousies, were too well grounded. 
Men in power came soon. to see, that this 
fund was advancing too fast in its opera- 
tions, and to change their zeal for it into a 
resolution to destroy it. This will abun- 
dantly appear from the foilowing facts. 
Charging the income of the simhing fund 
with the payment of the interest of new 
loans, is an. encroachment upon it, no less 
subversive of its efficacy, than depriving it 
of gross sums; there being no difference 
between taking from it the annual interest 
of a sum, and. that sum itself. Between 
the years 1727 and 1732 several incroach- 
ments of this kind had been made upon it; 
but, being of a less obvious nature, they 
passed without any particular opposition, 
The finishing blow was given in the year 


1733. In that year, in order to keep the 
Jand- 
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land-tax at one shilling in the pound, it was 

necessary either to borrow half a million for 

the current service, or to take half a million 

from the sinking fund. ‘The last method was 
chosen; and proposed by Sir Robert Walpole 

to the House of Commons. Long and 

warm debates ensued. A proposal to alie- 

nate, in a time of profound peace, a fund 

which the law had made sacred, and the 

alienation of which no possible exigence of 

public affairs could justify, only for the sake 

of keeping the land-tax for one year at one 

shilling in the pound, justly kindled the 

indignation of the patriotic party. They 

urged the prohibition of the law, the faith 

of parliament, and the security of the king- 

dom. ‘The proposer of the alienation was 

reminded of his inconsistency and treachery, 

in endeavouring to beat down that very mo- 

nument of glory which he had boasted of 

having erected for himself; and Sir Johz 

Barnard warned him, that he was drawing 

upon himself the curses of posterity. But 

all arguments were vain. The ministry 

pleaded that the landed interest wanted ease; 
that there was no occasion for being ina 

hurry to pay the national debt; and that the 

circumstances of the kingdom had altered so 

‘much since the establishment of the sinking 
fund, that the competition then among the 
public creditors was, not who should be 

first, but who should be das¢ paid. . Thus 
VOL. Ip. x argued, 
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argued, among others, Sir Robert Walpole. 
His reasons. prevailed; and the House of 
Commons consented. _ vor | 
_ The practice of alienating the sinking fund 
having been thus begun, went on of course. 
In the next year, or 1734, £1,200,000 was 
taken from it. In 1735, and 1730, it was 
anticipated and mortgaged. 34 "4 
‘Thus expired, after an existence of a few 
years, the sinking fund; that sacred blessing. 
(as it was once. thought) and the nation’s 
only hope. Could it have escaped, it would 
long before this time have eased Britam of 
all its debts, and left it safe and happy. 
In order to obtain. a juster sense of this, 
let us here compare what it would have done, » 
had it never been misapplied, with what it 
has done. | | 
- Though the act that established it was 
passed, as already said, in 1716, it did not 
. begin its operation till 1719, when three. 
quarters of a million in old Exchequer bills 
were paid off with it. The intermediate 
time had been employed in laying the foun- 
dations of this fund, and providing an in- 
come for it, by a general reduction of the 
public debts, from an interest of six per 
cent. and other higher interests, to five per 
cent. What made this reduction then prac- 
ticable was a rapid fall of the interest of 
money, which begun (in consequence of an 
increase of trade producing an influx of 
,money) | 
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money) a little before the accession*, The 
means used by government for accomplish- 
ing this reduction were, first, the addition 
(at Michaelmas 1717) of the interest of some 
debts bearing five per cent. to the principal, 
in order to make use of the produce of the 
taxes which should have paid that interest, 
in discharging the bankers debt and some. 
other debts bearing six per cent. : 
Secondly, loans at five per cent. obtained 
chiefly from the Bank and the South-Sea 
company, to pay off such of the public cre- 
ditors as did not chuse to accept a lower 
interest than six per cent. haia 

Atter this reduction, the three funds, be- 
fore described, produced a surplus of above 
half a million per annum. In 1727. this 
surplus was increased to £939,103, and in 
1733 (the year when the practice of alie- 
nating it begun) it had been increased so 
much by the redemptions made with it, . 
and by.a second reduction of interest in 
1727 from five to four per cent. that its 
medium for five years had been 1,212,000 
per annum. Had it, from the year 1732,' 
been allowed no increase beyond this sum 
(except from the interest of debts paid by it), 
and been applied for the first twenty-five 
years to the payment of debts bearing four 
per cent. interest, and afterwards to the pay- 


* The legal interest of money was reduced in 17 14, 
from six to five per cent. 


K2 0° ment 


a 


es Of Public Credit, 


ment of debts bearing three per cent. it would 
(in the year 1781) have completed the re- 
demption of more than one hundred and 
sixty millions of debt, leaving the public 
during this whole period, in possession ot 
all the surpluses which have arisen in the 
revenue beyond 21,212,000, except those 
produced by redemptions. It is not possible 
to conceive the beneficial effects with which 
this would have been attended, or the vigour 
which would have been all along given to 
public credit by such a fund, and by the 
prospect it would have given of the total 
annihilation in a few years of all the public 
debts, and the disengagement of the taxes 
supporting them. . No person who duly at- 
tends to this, and wishes well to England, . 
ean avoid execrating the policy which first 
produced, and has since continued, the alie- 
nation of the sinking fund, and converted an 
expedient for saving the kingdom, into a 
supply for extravagance, and a support of 
corruption and despotism. This, however, 
isa policy which it may be expected men in 
power will always use when they can; for 
few of them (except when well watched) 
have ever shewn themselves superior to the 
temptations of power, or virtuous enough to 
avoid using all means to extend it. 

Many schemes of different kinds have 
been formed for paying the public debts; 
and certain it is, that nothing can be of 
more importance. But the nature of things | 


3 doth 
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doth not admit of any method of doing this 
so expeditiously and effectually as an unalie- 
nably sinking fund; for in such a fund (it has 
been shewn) money is improved at com- 
pound interest, and therefore in the most 
perfect manner. The writers, therefore, 
who have employed themselves in contriving 
such schemes might have spared their la- 
bour. The best of all schemes has been 
long known and established, and received all 
the weight and efficiency which could be 
given it by the most solemn acts of the legis- 
Jature. But no legislature can give security 
. against itself. No parliament can do any 
thing which it may not undo. 

We have now seen what the sinking fund 
wovuLp have done, had it suited the views 
of the British ministry in 1733 to suffer it 
to go on with its operations. Let us next 
compare this with what it has done. 

In 1737 and 1738, a million of the stock 
of Bank annuities and two millions of the 
stock of Souwth-Sea annuities were redeemed 
with it. For twelve years after 1738, it 
“was wholly applied to the current expences _ 
of every year. In 1749, the interest of 
near fifty-eight millions of the public debts 
was reduces! from four to three and a half 
per cent. interest for seven years, and after- 
wards to three per cent. for ever. But not- 
withstanding the great addition which this 
turd reduction of interest made to the sinking 
Jund, no more than three millions. of the pub- — 

lic 
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lic debts were redeemed by it, during the in- 
terval of peace between the years 1748 and 
17567 WR? : ate OR 
By an act of the 25th of Geo. Il. 1752, a 
change was made in the sinking fund, which 

it is necessary to mention. - ie 
Before this act the sinking fund consisted 
only of the clear surpluses of the aggregate, 
the general, and the South-sea company s 
funds. By the war, which begun in 1740,. 
there was an addition made to the public 
debts of near thirty-two millions. This oc- 
‘casioned a great increase of taxes; and the 
practice was, whenever any new tax pro- 
duced less than the interest with which it was 
charged, to make good the deficiency out of 
the sinking fund, and afterwards to replace 
the sum taken from it out of the supplies — 
for the following year. But whenever a tax 
produced more than the charge upon ‘it, the 
overplus, instead of being carried to the 
sinking fund, was made a part of the sup- 
plies for the year. By the act just men- 
tioned, all the new taxes, together with ‘all 
the annuities to the payment of which they 
had been appropriated, were ordered to be 
carried into the sinking fund, and formed 
into one general account. Most of the new 
taxes having proved deficient, this fund at 
first lost more than it gained by the change. 
But the loss was afterwards more than made 
up; first, by the saving which was pro- 
duced by the reduction of interest from three 
and. 
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and a half per cent, to three per cent. in 1757 5 
and, secondly, by the addition, in the same 
year, of the salt-duties to this fund, after 
they had completed the redemption of a 
million, with which they had been charged 
EP 7 AS | eat | 
The war which began’ in 17569, added 
seventy-one millions and a half to'the public 
debts. ‘This produced a new increase of 
taxes, which (in conformity to the conso- 
lidating act just mentioned) were brought 
to the general sinking fund account, together 
with the annuities or interests with the pay- 
ment of which they werecharged. And it had 
been, till the last war, the constant practice 
to carry every new fund or tax, imposed for 
paying the interest of a loan, into the sinking 
fund; in consequence of which this fund 
gained when the tax happenéd to‘ pro- 
duce more, but lost when it produced less 
than the interest: which it had been given to 
pay. The sinking fund, theréfore, which, 
before the consolidating act, consisted only of 
the surpluses of the aggregate, general, and 
South-sea company’s funds, consisted after- 
wards of the clear surplus of all the appro- 
priated taxes. ‘There was only one excep- 
tion; namely, the additional tax upon houses 
and windows, granted. in 1758, towards pay- 
ing the interest of four “millions and a half 
then borrowed. ‘This tax was never made a 
¥ See second Tract on Civil Liberty, p. 147. | 

| part 
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part of the sinking fund; and, having always - 
proved deficient to the amount of about 
£43,000 per annum, the deficiency was 
constantly made good by the sinking fund, 
and afterwards replaced from the sup- 

plies. 
Before the last reduction of the interest of 
the public debts, the sinking fund, having 
suffered greatly from various encroachments 
upon it, produced little more than a million 
per ann. But after this reduction, and its in- 
crease by the addition of the salt-duties, it 
produced near two millions per ann. In 
1764 it produced at Michaelmas, after making 
good deficiencies, £ 2,105,000 nearly. For 
five years after 1764, its average produce, 
reckoned to Christmas in every year was 
2,234,780. For five years, ended in 1774, 
its average produce (after making good 
the deficiency of the fund in 1758) 
was 22,610,759. In 1775, it produced 
#£2,917,869. In 1776, £3,166,517. In 
1777, it was charged with an annuity of 
£100,000 per ann. to the civil list; and, 
after paying three quarters of this annuity, 
and half a years interest of five millions bor- 
rowed in that year, it produced from Oc- 
tober 1776 to October 1777, £2,085,660. 
From October 1777 to October 1778, 
1779, and 1780, it produced 2,442,063, 
22,267,399, 22,403,017, after paying the 
said annuity, and also after making good 
'.¢ fhe 


and the National Debt. 313 


the deficiency of the fund in 1758, and all 
the deficiencies 7 of the new taxes. | 
It appears from this detail, that after the 
peace in 1763 the income of the sinking fund 
increased considerably. ‘The causes of this 
have been partly the falling in of lite-annui- 
ties, and the greater productiveness of the 
taxes occasioned by the increase of luxury. 
But the principal cause was the falling in of 
the interest of about ten millions and a half 
of the public debts which were discharged 
during the twelve years of peace between 1703 
and 1775. This diminution of the public 
debts was made, not by the sinking fund, but 
byacontribution from the Last JndiaCompany 
of £400,000 per ann. begun in 1708, and 
continued for five years; by the profits of 
ten lotteries; by the composition for main- 
taining French prisoners; sale of French 
prizes taken before the declaration of war 
in 1756; and other extraordinary receipts, 
amounting in all to above eight millions. 
This fund, therefore, did not pay off more 
than two millions and a half, the rest of 
its produce having been employed in bear- 
ing the expences of the peace establishment, 
which, during that period, were not much 


These deficiencies have had two causes. First, the 
unproductiveness of some of the new taxes; and, secondly, 
the commencement of the interests of the loans before the 
new taxes could be collected, the payment of which in- 
terests, therefore, fell on the Sinking Fund. 

less 


~ 


/ 


314 . Of Public Credit, 


less than double to what they had been in 
any former period, | 

To the sum just mentioned, edd three 
millions paid off in the peace between 
1748 and 1750, and three millions paid off 
in 1730 and 1737, and it will appear that 
the whole amount of the public debts paid 
off by the sinking fund, from its first aliena- 
tion in 1733, to the commencement of the 
American war, is only argh werk ions anda 
half. 

It has been said, that ote money is 

wanted for defraying public expences, it 
makes no difference whether it is obtained 
by diverting the sinking fund, or byanew loan. 
Thavetaken notice of this fallacy in page 297. 
Money in a sinking fund, if never alienated, 
is improved, | have shewn, at compound in- 
terest; but, when procured by a loan, bears 
only simple interest. A nation, therefore, 
whenever it applies the income of such a 
fund to-current expences rather than the re- 
demption of its debts, chuses to lose the 
benefit of compound interest in order to 
avoid paying simple interest; and the loss 
in this case 1s equal to the difference between 
the increase of money at compound and sim- 
ple interest. ‘The following calculation will 
shew what this difference is. 

One penny put out at our Saviours birth 
to five per cent. compound interest, would, 
in the year 1791, have increased to a greater 
sum than would be contained in THREE 

5 HUNDRED 


and the National Debt. 315 


HUNDRED MILLIONS of earths, all ‘solid 
gold. But, if put out to simple interest, it 
would in the same time, have amounted to 
no more than SEVEN SHILLINGS AND SIX- 
pence. All governments that alienate funds 
destined for reimbursements, chuse to im- 
prove money in the /as¢ rather than the jirst 
of these ways. 
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ADDITIONAL OBSERVATIONS, 
BY 


‘THE EDITOR. 


"THe preceding account brings down the history 
of the Sinking Fund to the time in which the | 
fourth edition of this work was published. It was 
the intention of Dr. Price in the fifth edition to 
have given an account of the new Sinking Fund 
which had been established in the year 1786 ; 
but, while engaged in preparing that edition, he 
was seized by a disorder which soon terminated in 
his death, and put a final period to that and all 
the other additions with which he meant to im- 
prove the present work.—Being anxious in some 
degree to fulfil his intentions as well as to render 
justice to his memory, I published in the follow- 
ing year (1792), an account of his writings on the 
public finances, with a view principally of intro- 
ducing the subject of the new Sinking, or Con- 
solidated Fund, and of noticing the great, though 
unacknowledged assistance which the Minister | 
had derived from his councils in the formation 
and establishment of it. 

That pamphlet has long been out of print, and 
as I am uncertain whether IJ shall ever publish an- 
other edition, I know of no better method of per- 
petuating my original design in writing it, as well 
as of supplying, (though very imperfectly), what 

Dr. Price 
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Dr. Price was prevented from accomplishing, than 
by inserting the following chapter, which contains 
all that is most important on the subject in that 
work. , | 


An Account of three different Plans for redeeming 
the National Debt, which were formed by Dr. 
Price in the year 1786, and communicated by him 
at that time to Mr. Pitt, the Chancellor of the 
Lxchequer. | 


Tue measures which had been recommended in 
the King’s Speech during the administration of 
Lord Lansdown were too little regarded by his 
immediate successors. The same destructive plan 
of borrowing money was adopted in the year 1784, 
which had been invariably pursued for the ten 
preceding years, and a needless addition was made 
to the capital of the public debt of near five 
millions more than the sum advanced. When 
Mr. Pitt returned to power, the loans, which were 
still necessary to discharge the expences of the late. 
war, were conducted upon better principles. The 
plan of borrowing at a high rate of interest, which 
had been so often recommended by Dr. Price as 
the best means of facilitating the redemption of 
the debt, was now adopted, and almost the whole 
of the Navy, Victualling, and Ordnance arrears 
were funded in a stock bearing an interest of five 
per cent. In the year 1786 this improvement in 
the method of borrowing was succeeded by others 
of greater importance. The public accounts were 
thrown into new order; the former divisions. of the 
taxes into four classes under the names of the 
Aggregate, the South Sea, the General, and the 
Sinking Funds, were abolished, and all included in 

one 
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ove fund called the Consolidated Fund. The sur- 
plus remaining, after deducting from the whole of 
the taxes thus consolidated all the expences of the 
public debts and the Civil List, correspond with 
what was formerly called the Sinking Fund.’ Out 
of this surplus a million annually was appointed 
by. Parliament to be applied to the gradual dis- 
charge of the public debt; and it was only what 
remained of it after this deduction that was to be 
disposable for the expences of the peace-establish- 
ment.—This was undoubtedly a very important 
measure, and well deserving the praise which the 
Minister assumed to himself as the author of it. 
From a slight perusal, however, of the present and 
of the other works of Dr. Price, it will be readily 
seen that this subject had long engaged his atten- 
tion, and that the nation is indebted to him alone 
for the first idea of the measure, and for the very 
method in which it has been carried into execution. 
Had Mr. Pitt, therefore, derived his information. 
only from those works, he would have had but 
little claim to the lofty pretensions which he made 
on this occasion ; but it will appear from the fol- 
lowing account that his obligations extended much 
further, and that the hope which he expressed in 
the House of Commons of * having his name 
“‘inscribed on a Pillar to Public ‘Credit, as its 
* preserver and restorer,” afforded no very equi- 
vocal proof that his vanity and ambition were equal 
at least to his merit and his gratitude. 

On the 8th of January, 1786, Dr. Price re 
ceived a letter from Mr. Pitt, of which the fol- 
lowing is an extract : P< 


ad 


* Dear SiR, 


“ The subject of the papers which I enclose. 
“* will, 
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“will; [am sure, be an apology for~the liberty. 
‘J take in troubling you, and in requesting your 
“‘ opinion upon them. When you have had suf- 
‘“‘ ficient leisure to consider them, I should be 
* greatly obliged to you, if you will allow me to_ 
«* hope for the pleasure of seeing you at any time 
‘“* that is convenient to you,—The situation of the 
‘revenue certainly makes this the time to esta- 
** blish an effectual Sinking Fund. . The general 
** idea of converting the three per cents. intoa fund 
‘* bearing a higher rate of interest, with a view to 
*« facilitate redemption, you have on many occa~ 
** sions suggested, and particularly in the papers 
“* you were so good to send me last year. The 
“rise of the Stocks has made a material change 
“since that period, and I am inclined to think - 
* something like the plan I now send you may 
** be more adapted to the present circumstances. 
“ There may be, I believe, some inaccuracies in 
“‘ the calculations, but not such as to be very. 
‘‘ material. Before I form any decisive opinion, 
‘© J wish to learn your sentiments upon it; and 
* shall think myself obliged to you for any im- 
‘‘ provement you can suggest, if you think the. 
‘¢ principle a right one; or for any. other proposal 
«which from your knowledge of the subject you 
‘* may think preferable.” 


By the plan inclosed in this letter, which Mr. 
Pitt intended to have established for reducing the 
national debt, it was proposed that 1074 millions. 
of the three per cents. should be converted into 
741 millions nearly of five per cents, by changing 
each £100 stock in the former, which bore an 
interest of 3 per cent. into a capital of £09...10s. 
in the latter, bearing an interest of £3...9s...6d. 


This would have produced an-additional pupae’ 
e 
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of £510,000 per annum nearly, which was to_ 
have been deducted from the million surplus in- 
tended to be annually applied for the purpose of 
redemption ; arid the remaining sum of £490,000 
was to have been employed im discharging the 
principal of this five per cent. stock. 
The whole of this plan seems to be founded on 

a principle which Dr. Price had often publicly 
enforced, and which he appears to have repeated’ 
in his private communications to Mr. Pitt. But 
surely no principle could be more grossly mis- 
applied. If a judgment were to be formed of the’ 
efficacy of a conversion of stock in redeeming the 
public debts from its feeble operation in the pre- 
sent instance, it might well be concluded, that 
instead of quickening, it retarded the progress of 
redemption : for a million annually applied in this 
manner would not have discharged the 744 mil- 
lions of five per cent. stock in less than 44 years, 
or in a shorter period than it. would have dis- 
charged 107+ millions of the three per cents. at QO. 
In the year 1786 the three per cents. were between 
6g and 70, and therefore had this scheme been 
carried into execution, it would have been at- 
tended with the sare disadvantage to the public 
as if 20 per cent. had been then paid on the prin- 
cipal, more than the market price. In delivering 
his opinion of this scheme Dr. Price very strongly 
urged his objections to it, and Mr. Pit appears 
from the following letter to be impressed by his 
arguments. ) 


Holwood Hill, Jan. 15, 1780. 


«© DEAR SIR; 


«Jam much obliged to you for the observa- 


« tions you have been so good to send me on the 
“* papers 


&¢ 
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papers I troubled you with. They appear to 
me on the whole very convincing. I shall. 
think myself much obliged to you, if you 
would do me the honour to call any morning 
after Tuesday néxt in’ Downing-street, when 
you have done with the papers. And if it 
should be in your power to let me know the 
day before, and to fix an early hour, I can be 
certain of being-at leisure. The reason of my 
making this request, is, that I think some points 
may oceur which may: be better explained’ in 
conversation than by writing, and I am anxious 
to avail myself to the utmost of your assistance, 
where it may be so material. I am, dear Sir, 

with great truth and esteem, 
‘* Your most obedient and faithful servant, 
W. Freer.” 


In consequence of the interview which Mr. Pitt 


had requested in this létter; he was at length'so 
far convinced of the weakness and insufficiency of 
his plan as to throw it entirely aside, and Dr. Price 
was induced to communicate to him.the three 
following plans of his own. .. 


, * 
a - 


} 
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Million per ann. Surplus aided by the falling in of the 
_ - “Penporary Annuities, ‘Life “Annuities, Expences ot 
.’ Mansgément, and converting sixty millions of the three 
» per cents. into four per cents. by providing in the first 
five years 3£600,000 per ann. for paying the difference 
nofmeresten 2 258) | : 


Funp. STocK REDEEMED. 
SAOSIN aareiqy 3 motcit ari? Pet Cents, redeemed. 
Surplus ee @€e 2 e 0 6 © & 6 oe Fe, 1,000,000 at 75 @r.oe 1,333,333 


Received in Exchange 
for six millions of three 
per cents. converted 
‘into 4 per cents. at 185 


per cent. . ssesees .. 1,100,000 at 75 .... 1,466,666 
Interest of £1,333,333 

and a1 AGGIES... baces: 84,000 
Expence of management 

at 5624 per million ...... 1,5/5 
Short annuity for ten — 

years lapsed ...--.e+++5: 25,000 
Life Annuities lapsed, at 

£2000 per ant. w..ss- «0 8000 
Management on the Short 

Annuity...) soso. dep nei SO 


Received for 18 millions 
of three per cents. con- 
verted into four per 
cents. at 20 per cent. . (3,600,000) at 78... .4,615,384 


~ One 
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‘Founp. STocK REDEEMED. 
LOT 3 per Cents. redeemed, 
One year_ feoll the first 
payment... 52... 99: Bee ae at 18 +. «+ 1,426,828 
Interest of £4 615,384 UI ETB 
and #£1,426,828 . .. 181,266 - - 
Expence of management . ; 8,611 


Life Annuities lapsed... a ats “2,000 | 

Received for 12 millions. o2qE 
of three per cents. con- 
verted into four - 
cents. at 20 per CORE. . @ 400 000) at 81.... 2,962,962 


es x 


‘Two years from the first a | 
a1 aa a a 1,299, 803 at 81 .... 1,604,695 

Interest of £2,962,962 

' and £1,604,695 . ew 187,029 

_ Expence of management BUC 1056S a 0.95 

Life Annuities lapsed......-. 2,000 


Received for 12 millions 
of three per cents. con- 


verted into four ~ “per ; A per Cents. redeemed. 
cents, at 20 per cent... (2 Jey ,000) at par. 2, 400,006 


EMPCC VEONS cau i eae oe 1,441,400 1,441,400 
Interest of £2,400,000 

and £1,441,400 ...,... 158,656 
Expence of management..... 2,160 | 
Life Annuities lapsed........ 2,000 
Received for 12 millions 

of three per cents. con- 

verted in four per cents. 

at 20 per cents. ...... (2,400,000) 2,400,000 


ec re a rit 


y 2 Four 
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Founp, 


j 
Srock REDEEMED. 


4 per Cents, redeemed. 


wi bee 


Interest of £2,400, nD 


EF , 
Four years, ....,. 4% 90 ose 2,599, 216 


and £1,599,216 . 159,968 
Expence of rasvevernanies of’, 2p AiO 
Life Annuities lapsed «...+... 2,000 |, 


Exchequer Annuities lapsed . . 56,250 


Five years . BORA . 1,819, 684 
Interest of £1, 819, 684. 72,787 
Expence of management . come Lao 
Life Annuities lapsed ....... 2,000 


Six Yeatad «s+ meme ckh dae 1, $95,494 
Interest of £1,895,494 . 75,820 
Expence of management . Se ak 1,066 


Life Annuities lapsed wore 


4 


1,819,684 


1,895,494 


5 per Cents, redeemed at par. 


OVER VONS 6. 5s cnn hee eee 
&c. &e. 


1,974,380 


PREx 


by the Egitor. Ser 


Farr Revenvg. STocKS REDEEMED, 
In 25 years after 
the first pay- C4 


ment ..e4e++-5,190,980.. 13,409,869 three per cents. 
; 52,959, 990 four per cents. 
* 19,953,649 five per cents. 


SSID 


Total #86,323,508 


° cotton 


{In 30 years after 
“the “first pay. £ “laa ate Sealaland| 
ment......., 6,345,566... 13,409,869 three per cen's, | 
. 81,128,473 four per cents. 
19,953,649 five per cents. 


(eg 


Total 114,491,991 


cwneiss 


In 35 years after 
the first pay- 
Ment... se >. 1,911,358. . 35,633,625 three per cents. 

93,074,916 four per cents. 
19,953,649 five per cents. 


Total 148,662,190 
In 40 years after 
the first pay- 
PAGIE nc cee Osh ee 523 .« 75,557,308 three per cents. 
93,074,916 four per cents. 
19,953,649 five per cents. 


Total £188,585,873 


pate es 


* In this plan 25 millions of stock are pald off in seven years, The 
Jive per cents. therefore become redeemable at par, and the whole debt 
in that stock is discharged at the end of 15 years, From that period the 
payment of the four per cents, again commences, and the whole_of them 
is paid off in the 32d year, from which time the three per cents, continue 
to be redeemed at par during the remainder ef the term, . . , 


PLAN 


oy 
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| 
£ 


« ¢ « ‘} . 
i fe i «Urs Ps Ls ‘va oars 
om 6ee44 cee 
43 Tq oy i; L.A N I . 
a ; 
; 


Million per annum Surplus, aided by the falling in of the 
Temporary Annuities, Life Annuities, Expence of 

. Management, and £600,000 per ann. added to the 
Million Surplus by new Taxes, or Savings, in the first 
five Years without Conversions. 


| 


FunD. STOCK REDEEMED. 
3 per Cents. redeemed. 


Surphis<o is oie ciascace nes 2, bp QOOGOOUs, ATS .. .. 15399,308 
Dnterest oe ie ea ee 
PAPE TION “fans ono 0e 282 8 
Annuities lapsed .......... 25,000 
Management on. those 
PUBOGS .. cathe anes a Ok 
Life Annuities lapsed ....... 2,000 


a a a a aR a aa a 


One year ..... 000s 7 TQO6S, 101, at 78.7.5 1669,860 
bythe cng oss As a on SUCRE 
Management..... (Wud ate CO 

Life Annuities lapsed........ 2,000 

Additional tax* ........... 60,000 


* The additional taxes have been introduced into this Table a year 
too late, by which the Fund loses the interest of £600,000 for a year, 
that is, £24,000; which would have made the free revenue, after 40 
years, about £4000 more than it is by this Table, and the total of Stock 
redeemed in the same time about £100,000 greater. 

| Two 


by the Editor...) = © 3.27 


¥ Funp. 


 STocKs REDEEMED. 


3 per Cents. redeemed. | 


Two years’....2+.+++++ 1,171,952, at 81... 1,446,854 


Interestic, oy ..4° Pe ar OMA a .. 43,405 
Management .....++- ee 814 
Life Annuities re BES Seal 2,000 
Additional tax . sareeeens « £80,000 


SMe , : 


4 per Cents. redeemed. 


———— 


Seven yearsS..eeeeereres 2,098,600 
&e. &e. 


Three yeats . obscacsee% $393,171, at = ce R898 AF 1 
Interest ... Eo acta 55 927 

Management . Sore coves. (86 

Life Annuities mii Bee bse -, 2,000 

Additional tax ........... 120,000 

Four years... 060. ste. 1,576,884 ........ 1,576,884 
NGRCTOS. . 505 ce vee PSY: ~ + 63,075 

Management .........5+.5.-- 887 

Life Annuities lapsed AG... . -2j000 
_Exchequer Annuities 7 56,250 

Additional tax oo oss . 120,000 

Five years ......0.+++++ 1,819,096 ......., 1,819,096 
ee ea as cere ee 79.763 , 
Management > ataesedl sis oh Resume ad 

Life Annuities lapsed... .. 2,000 

Additional tax..... Fo cr ck "120,000 . 

DIX YOMTS.c Ke cc ene Pe Oboe? os vince 2OLA BOR 
jnterest so... TERY oe erage 80,595 

Mariagemietit 000066055 > 1,123 

Life Annuities lapsed........ 2,000 


ene vine a02g098,600 
&e, 


In 
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Free Revenve, STOCKS REDEEMED. 
£ = 
In 25 years.. . 5,212,370 .. 21,258,295 three per cents. 
eo | ta LEW 32,769,418 four per cents. 
* 19,968,691 five per cents, 


| Total. £73,996,334 

In 30 years.... 6,069,709 .. 48,983,157 three per cents. 

) 32,769,418 four per cents. 

~) 19,968,691 five per cents. 

lo» Petals2101,721,266 .. 

In 35 years ...., 7,060,130...81,258,874 three. per cents. 
32,769,418 four. per cents. 
19,968,691 five per cents. 


a re ee 


Total £133,996,983 


ae CS 


In 40 years .... 8,206,994 . .118,784,226 three per cents. 
32,769,418 four per cents. 
19,968,691 five per.cents. 
Total £171,522,335 


% At the expiration of 13 years £20,780,355 in the four per cents. and 
4,974,151 Stock in the éarce per cents. are paid off.’ From this period, 
therefore, the five per cents. become redeemable. These are all dis- 
charged the beginning of the 20th year, .and)in two years more the re- 
mainder of the four per cents. is redeemed. From the 22d year the three 
per cents, are paid off at par, to the end of the term. 


PLAN 


by the Editor. 4a 20 


, Pad NAT. 


Million per annum Surplus, aided only by the falling 
in of the Temporary Annuities, Life Annuities, and 
Expences of Management. 


‘Founp. STrocK REDEEMED. 


S per Cents, redeemed. 


#£ ES 
SUEPLUS 0 01 ee so eT ES ee at75-«++<-1,333,333 
PEW CSG ccvekca. 6. esa susiccs ase , 40,000 


Paahagement* ... 465.4425 «70 
Ten Years Arsouition lapsed . "95 ;000 
Life Annuities lapsed...... “ 2,000 


Cre Year ras tae T3067, 750, at’ 78... . 1,368,910 
Dnterests .... nse fGk, eet AT0RF 

Management...... Ria eles cag Ta 

Life Annuities lapsed ........ 2000) 


OO VOM ous ye cede Ak b87 , at 81...,1,372 29 


ee Hele et 41,470 
MAP CIICIE sow iss. sicsig es cts 772 
Life Annuities lapsed .. . 2,000 


* Since these Tables were computed, the expences of management 
have been reduced to £450 per million per ann. ; but the difference this 
makes in the resalts is too inconsiderable to deverve notice. 


, | Three 


\ 
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FUND. STOCK REDEEMED: 


~ 


4 per Gents. redeemed. 
x L 

Three years. .......+.-. 1,155,529, at par... .1,155,529 

Interest........0845.. 74 #40;221 

Management... ..: aE A Ore 650 

Life Annuities lapsed........ 2,000 


Four wears 06.6. 64 Sen Ly eOAg OO oat Re 1,204,406 
PHterGee +. cw a... ++ = apeieneem ate © > 
Management............ Stet os ae 


Life Annuities lapsed ........ 2000 
Exchequer Annuities lapsed . .56,250 


Five years ...... Gi ae 1S h1,508- 942. POP TSTIGOOS 
PHeTeR Es ws a ele hes .. S260 : 

Management .. a4 sécasi foe 

Life Annuities lapsed .4...... 2,000 


Six years... ... 4. se kit 1,866,701 +. sn ORIOL 
Tatetest 2 Pee. eet winate 4,668 
Management........ sane neve goo 
Life Annuities lapsed........ 2,000 


Pr 


a a ea 


Seven years.......e00e+ 1,424,138 ........ 1,424,138 
&e, &e. &é: 


+ All the redemptions in these plans, after the first three years, are 
eupposed to be madeat par. Exchequer Annuities, amounting to £80,000, 
fail to the fand in the 20th year, and £404,332 per ann, (being the 30 
years annuity) tm the ¢2d year, 
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FrEE REVENUE. STOCKS REDEEMED. 


L 


£ 
In 25 years ..... 3,892,831 .. 4,074,572 three per cents. 


In 30 years... 


In S5‘yéars/S.3%: 


In 40 years... 


30,390,243 four per cents. 
18,039,875 five per cents. 


.. Total. £52,504, 690 


veh S PO LON vie 21,056,177 three per cents. 
34, 


283,074 four per cents. 
18, 039 is 5 five us cents. 


pennreenEE sac 


| Total £73,379, 196 


5,330,252... 45,416, 595 ehopbe per cents. 
34,283, 074 four per cents. 
18,039,875 five per cents. 


ea eee ee 


Total £97 ,739,544 

. 6,196,104. 73,747,452 three per cents, 
34,283,074 four per cents. 
18,039,875 five per cents. 


Total £126 ,070,401 


SESE 9S: ee 


os 


EXPLA- 


(. 232.) 
EXPLANATIONS AND REMARKS, 


Bots 


DR. PRICE. 


‘IN the first of these plans the three per cents. 
are supposed at 75, and the difference of price 
between them and new four percents. supposed to 
be made jrst redeemable when under par, but 
irredeemable when above par till 60 millions of 
other stocks were redeemed, is reckoned at 181.— 
The market difference of price between the present 
four per cents. redeemable at pleasure, and the 
South Sea three per cents. when this plan was 
formed (the latter being then at 68) was above 20. 
Was it not reasonable, therefore, to expect that 
the holders of these annuities would eagerly have 
taken at 181 per cent. an exchange of them for 
such new four per cents. as those jast described, 
and therefore much more valuable ?” | 

‘© £18...6s...8d. for every £2100 three per 
cent. stock converted into a four per cent. stock 
would have produced just 2£1,100,000 for the 
conversion of six millions. =:20 for the conver- 
sion of every £100 stock would have produced 

-f£21,200,000 for the conversion of six millions.” 
This conversion was taken in the first plan at 
181 per cent. the first year, and only six millions 
were supposed to be converted, and £1,100,000 
then gained for the fund; because the first year 
was supposed to bea year of experiment only, and 

therefore 
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therefore more liberal terms were supposed to be 
offered.—Should the experiment have succeeded, 
and the difference of price between the three per 
cents. and the new four per cents. have risen 
above 3£20, the former being above 75, a con- 
version might have been offered the second year, 
at 20 per cent. of 18 millions into four per cents. 
not redeemable till a larger amount of stocks 
should have been previously redeemed ; Bib after- 
wards in the three following years, a third, a 
fourth, and a fifth conversion, at the alii price 
of twelve millions each year as specified in this 
plan, the amount of stocks to be previously re- 
deemed to be increased every sticcessive year; in 
consequence of which the last 12 millions would, 
without any effect on the efficiency of the plan: 
have come to be declared the last redeemable of 
108 millions 

“ Should the Stocks have risen, aS iS supposed 
in these plans, greater sums than these specified 
would probably have been gained by the proposed 
conversions, and therefore the results in the first 
plan increased.—There were advantages, not im- 
mediately apparent, which would have been gained 
by these conversions.—First, the public would 
have availed itself by them of the want of con- 
fidence in a plan of redemption which must more 
oer less have taken place at first. For the less the 
public confidence had happened to have been, the 
greater would have been the effect of the regulation 
proposed in raising the value of the new four per 
cents. and consequently in gaining money for the 
fund.” 

“Secondly, it is particularly worth attention 
that it would have diminished the loss that might 
haye accrued from an interruption of the scheme, 

should 
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should an interruption have happened after. 
£660,000 per ann. had been added to a million 
surplus for carrying on the scheme. Should, for 
instance, the scheme have been interrupted in the 
seventh year of its operation, and after the fund 
had increased, according to the* first ‘Table to 
21,974,380 and redeemed 25 millions, and, by 
the 2d Table, to =<£2,098,000, but redeemed 
only eleven millions; the public would have 
gained, by the measure of conversion, the excess 
of the interest of 27 millions above 13 millions; 
and, therefore, the addition of s£000,060 per ann. 
to the fund in the first five years (which both the 
first and second ‘Table suppose) would have been 
nearly. replaced, if the plan in the first Table had 
been adopted. . Two advantages, therefore, would 
in this way have been obtained.—1st. ‘The advan- 
tage of a redemption of fourteen millions more 
than could: have been redeemed by the plan in 
the 2d Table. And, 2dly, the advantage (should 
the scheme have ever been resumed) of having 
had 60 millions of four per cents. to be redeemed 
by a Sinking Fund, instead of 60 millions of three 
per cents. and consequently a much more easy 
and rapid course of redemption.” _ | 
_« At the end of the 40 years it is to be ob- 
served that the plan in the first Table would have 
redeemed 1881. millions, and the .plan in the 
second Table 1714 millions; but that even in the 
‘first four years the first plan would have redeemed 
in the same time only 54 millions, and but little 
more than the plan in the third Table. This 
pointed out a farther and a very considerable re- 
commendation of the first plan, and that was, the 
particular vigour with which it would have ope- 
rated at its outset, when vigour was most wanted, 
and 
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and would consequently have brought the jive per 
cents. into.a course of redemption in six years, 
which would not have been done by the second 
plan in less than 13 years, nor will it be dune by 
the third:(which is now carrying into execution) in 
less than. 10 years.” Scab: : 


Oe ‘ 


_. Such were the observations and arguments urged 
by Dr, Price in favour of the first plan. But the. 
Minister chose to adopt the third and the-weakest, 
from an apprehension, if he adopted either of the 
two other plans, that he should be obliged to 
load the country, in the course of five years, with 
new taxes to the amount of half a million. Happy 
had it been for.the nation if he had always enter- 
tained the same apprehensions.— But he soon 
threw off every anxiety of this kind, and in 
a much shorter term than five years had very 
little hesitation in creating new taxes to the 
amount of £800,000 per annum, for purposes ill 
calculated to assist the operations of the Sinking 
Fund. : 

From the inspection of this plan it appears that, 
with the aid of the temporary annuities, the ap- 
propriated million will in 26 years increase to four 
millions per annum, and redeem above 50 millions 
of Stock, and that in 40 years it will increase to 
more than six millions per annum, and redeem 120 
millions of Stock.—But it was directed by a clause 
in the Act of Parliament which established this 

lan, that the accumulation of the fund should be 
Fs mited to four millions a year, and consequently 
that the operation of compound interest should be 
changed into that of simple interest just at the 
time 
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time when it would have rédéemed a greater por- 
tion of the debt in the next 14 years than it had 
done in the 26 preceding years. Compared, 
however, with what Mr. Pitt first mtended to 
have established, it deserves respect ; and though. 
enfeebled and mutilated by his alterations, ‘it cer- 
tainly was capable of having doue much in ree 
lieving the country from the pressure of its 
burthens, But the public debts have increased 
since its establishment in a degree so enormous as 
to render it now a matter of little consequence 
what plan the Minister, may chuse to adopt for 
their redemption. | erie 

- The following statements exhibiting a view of 
the national debt in the year 1786, when the 
Consolidated Fund was first established, compared 
with its amount in 1802, afford but little en- 
couragement to hope, from the direction in which 
Mr. Pte and his successors have proceeded in theit 
Management of the finances, that the redemption 
of the public debt is likely to be soon accom=. 
plished, unless it be by a process whose operations 
are very difterent from those of compound interest. 


Amount 
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Amount of the Funpep Desr in the year 1786. 


£ ; sage 
131,202 Exchequer Annuities for 8 and 
22 years then worth at 5 per 7 ) 
IEP gee Sais Se 1,359,000 
25,000 Bank Annuities for 10 years Do. 88,500 
82,317 Life Annuities, taken at 10 years 
PUTEN in. cc 4 ie wks eae 823,170 
680,375 Bank Annuities for 76 years, . 
__ then worth at 5 per cent .... 13,274,117 
404,332 Do. for 24 years Do .......... 5,579,781 


ae — Sm Gneieeret Geum 


1,323,226 Life and Temporary Annuities, 


» SOM WOT... reno. 8. e, >.. 21,124,568 
Stock in the 3 per cent. Bank and South | 
Peep RCS 2... ee ee bik ch 187,611,254 
Ditto in the 4 per cent. Consolidated Bank 
NN nS Kart ap ASE as a nk a . 32,750,000 


_ Whole capital of the Funded Debt . . £259,355,815 


The annual Interest and other charges payable on ac- 
count of this debt was stated in the Report from the 
Select Committee of the House of Commons, to be 
£9,266,940, 


VOL, I. Z Amouni 
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Amount of the Funprp Deser in April 1802, 


£80,223 per ann. Exchequer Annuities, il 
| expiring in 3, 4, and 5 years, 
worth in present money*.... 207,002 


Life Annuities granted chiefly before the 
present reign, and amounting to £75,492 


per annum, valued at 7 years purchase. .. 528,444 
Annuities with benefit of Survivorship a- . 
mounting to £540 per annum........ 18,000 


£423,039 per annum Bank Annuities, ex- 

piring in 1808, now worth.. 2,236,900 
1,001,555 per annum Ditto, expiring in | 
1860, now worth. ..0,...s». «22521300 


Present value of Life and Temporary Ann*. 25,511,646 
Stock in the three per cent. Perpetual An- 

TEM IOR cso ce cue vee on se Ad sips eevee g Cie 
Bree tae .. four per cent. Ditto’s.....0.. 49,425,085" 
TEAS, fle percents Ditto I eee 
Borrowed on a Tontine in 1789 .......... 1,002,099 


en et 


: 593,091,456 
Deduct the Stock redeemed by the Sinkmg 


Fund Ose servieorse eevee FT eveoresraeeseor 59,588,904, 


ae di | 533,502,552 
Imperial Loans, Stock in the 

3 per cents. unredeemed.... 7,193,906 
£230,000 per ann. for 18 years 

WOE oo cece p'ste aes aeoa'erg ee ee 


eae 


. . 10,125,026 


Unredeemed Funded Debt of Great Britain £543,627 ,578 


* The values of these and the following annuities have been computed 
at four per cent, and on the supposition that they are payable half-yearly. 
+ Of this Stock £18,001,148 are stated to be redeemed by the sale of 
the Land Tax; but while that tax is annually taken in the ‘“‘ Ways and 
Means” at the usual sum of two millions, it would be as absurd to 
deduct the stock thus redeemed from the amount of the public debt, as 
it would be for a person who had sold his estate to continue reckoning 
the produce of it as a part of his yearly income. Ithas, indeed, of late 
been the custom to designate this tax by a different appellation, and to 
call ita “ tax of 4s, in the pound on pensions, places. &c.” leaving the 
word fand entirely out of the account, But such subterfuges are toe 

contemptible ¢ven for those who bave recourse to them, i 
An 
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In the year 1716, when Sir Robert Walpole 
undertook to redeem the public debts, they did 
not much exceed the sum of 46 millions: But 
during the course of 22 years accumulation and 
redemption proceeded with such equal pace, that 
in December 1738, when the produce of his 
Sinking Fund was wholly alienated, those debts 
amounted nearly to the same sum with which he 
commenced his operations. In the year 1786, 
when Mr. Pitt engaged in a similar process, the 
profusion of his predecessors had so far exceeded’ 
their economy, as to increase the public debts to 
259 millions; but in less than 16 years from the 
establishment of his fund, although 60 millions 
nearly had been redeemed in the mean time, 
those debts had swollen to the enormous sum of 
543 millions, and the annual expenditure necessary 
to provide for them amounted to such a sum as 
would have been sufficient in two years to dis- 
charge the whole debt when the first Sinking: 
fund was established by Sir Robert Walpole ! 

It should be observed that, in addition to the 
million appropriated to the redemption of the debt 
in 1786, the sum of £200,000 was annually 
voted by Parliament for the like purpose, and that 
these sums, assisted by the temporary annuities 
which have expired since that period, had re- 
deemed 40 millions nearly. The remaining 20 
millions have been discharged by another Sinking 
Fund established in the year 1792, agreeable to 
the plan recommended in the preceding chapter 
of this work ;* the design of which was to pro- 
vide that “in all future loans, £1 per cent. on 
the capital borrowed should be applied annually, | 


* See page 285. 
z 4 together 
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together with the accumulating interest, to the 
redemption of that capitital.’ In consequence of 
the unprecedented expenditure of the last war, the 
annual amount of that fund, exclusive of the in- 
terest on the stock redeemed, exceeds £2,500,000. 
Nor does this sum, great and enormous as it must 
appear to be, give an adequate idea of the whole 
expenditure of that disastrous period. The Mi- 
nister finding himself unable to proceed any longer 
on the system of funding, had recourse during 
the last four years to a variety of expedients for 
raising the supplies: such as forced loans, volun- 
tary contributions, tripled assessments, and above 
all to that solid system of finance, the Tax upon 
Income, which was to have discharged the debt 
almost as soon as it was contracted. But these 
wretched expedients having all failed, they were 
successively abandoned, and the Minister was 
again obliged to have recourse to the old system 
of funding, which he had so lately declared to 
have been entirely exhausted. By chusing to 
confide to those expedients rather than to make 
effectual provision for the debt, new taxes be- 
came necessary for 250,445,000 funded on 
the credit of the Income ‘Tax. This debt, to- 
gether with £28,750,000 funded im the year 
1802, requiring ubove two millions and a half per 
annum to be raised merely for interest, it was found 
impossible to raise a further sum of £850,000 
per annum for the redemption of the debt. Hence 
ihe new Sinking Fund was abandoned, and a 
debt of 83 millions created without any parti- 
cular provision for the discharge of it. In order, 
however, to console the nation on relinquishing a 
measure for which the Minister claimed so much 
eredit to himself and the country, anew expedient 
: was 
2 
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was adopted. In lieu of the two former Sink~ 
ing Funds a new ove was established, which 
by lessening the means, was said to have the 
surprising effect of increasing the power of re- 
demption, . By this plan all the debt created be- 
fore and since the year 1786 was consolidated, and 
the sums which were separately applied to the 
discharge of the o/d and new debt were united in 
one account and applied to the discharge of the 
whole. Lhe sum of £200,000 annually voted 
by Parliament in aid of the Sinking Fund was also 
made a perpetual grant for that purpose, and the 
accumulation is no longer to cease, as in the 
former plan, when it has amounted to a given 
sum, but is to proceed until the entire redemption 
of the public debt is completed. The assistance, 
however, which the fund was to have derived 
from the falling in of the temporary annuities, and 
the reduction of stock bearing 4 and 5 per cent. 
to a lower interest is new withholden from it, and 
the Minister has already anticipated some of these 
future resources by borrewing money on the re- 
version of them. But notwithstanding this antici- 
pation—notwithstanding the new Sinking Fund is 
charged with’ the payment of 85 millions’ more 
than the two former ones, our prospects are said 
to be highly improved, and it is demonstrated by 
a long series of computations, that if the nation 
should be blest with an uninterrupted course of 
peace, and the management of its finances be as 
much distinguished for economy as it has hitherto 
been for the want of it, that the debt will be dis- 
charged, and every incumbrance removed about 
the middle of the present century! If any are 
soothed by such prospects, let them look back to 
the events of the last century—let them recollect 

aa that 
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that 40 years of it have been consumed in war, 
and that more than 540 millions have been added 
during that disastrous period to the permanent 
debt of the country. With such woeful experi- 
ence of the past, is it possible to look forward 
with confidence. or even with hope to the future? 
While the same passions prevail among the go- 
vernments of the world, must not the same con- 
sequences inevitably follow? Can any person be- 
lieve that the present century will be exempt from 
the calamities of the last; or that in the war in 
which we are now engaged, the enormity of the 
taxes will not render it necessary to alleviate the 
public burthens* by making fresh inroads into 
the Sinking Fund ?—Perhaps the Minister will, 
like his predecessor on a former occasion, con- 
sole the country by observing that “a few 
years in the existence of a state are not to be 
counted, and therefore that it is of little con- 
sequence whether the bright prospect of re- 
demption shines upon the middle or the close of 
this century.’—The present relief produced by 
the alienation of the fund will give force to these 
delusions, and in proportion as its operations are 
enfeebled and prolonged, the public will become 
less anxious about it ; until, losing all concern for 
the interest of a remote posterity, and glad to 
procure even a temporary relief from the growing 
pressure of their burthens, they abandon it alto- 
gether, without any other prospect of the debts 
being terminated than by the utter extinction of 
the credit and resources of the country. M. 


* See the preamble to the Act for establishing the new 
Sinking Fund. ) 
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Note (A). See Question III. Page 11. 


ET E be any given expectation of Life; and 
4h — 2 
ees 
at the end of a years, arising from p persons left ~ 
annually as widows (or added annually to a town 
or society) at the age whose expectation is E. 
The maximum, therefore, is always pE —. In Mr. 
De Moivre’s Hypothesis, Eis always + the difference 
between the given age and 86. See the Note, p. 2, 
and the latter end of the Note in p. 3g. See 
likewise the beginning of the First Essay, in 
Vol. II. and Note (K) in the following Notes, 
where the investigation of this rule will be given. 

It will not be amiss to give the following ex~ 
ample of the application of this rule. 

At the time of the commencement of the 
scheme among the ministers’ and professors in 
ScoTLanp for making provision for their widows, 
it was necessary, that a calculation should be made 
_ of the number of widows that would be upon the 
scheme at the end of every year till they came to 
a maximum, on the supposition that, (agreeably to 
what particular enquiry had shewn to have hap-. 
pened for many preceding years,) 20 new widows 
would be left every year*. In order to make this 
calculation, let 4 of the 20 widows be supposed 
to be under 32 years of age when left; and let 28 
be supposed their mean age. Let the sane num- 


x pe will be the number of persons alive 


* For a term of 35 years and eight months, being from the 
commencement of the scheme to the year 1783, this number 
was 19 +5. : 

ber 
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ber be left between 32 and 39, and let 35 be their 
mean age; between 39 and 47, and-43 their mean 
age; between 47 and 57, and 52 their mean age; 
between 57 and the extremity of life, and 63 their 
mean age. ‘The number in life together to which, 
in 10 years, 4 widows left annually at the age of 
28 will grow, is, by the rule, (E being 29) 


pa x AO, or 30.55.——The number alive at 


the end of 20 years, will be ese x 80, or 66.2. 
At the end of 30 years, the number alive will be 
89; of AO years, 104.82; of 58 years 110.—— 
These numbers, found in the same way, for the 2d 
class, (EZ being 25.5,) at the end of 10, 20, 30, 40, 
and 51 years, will be 36.7-—64.31—84.7 —97.25— 
102———For the third Class, (E being 21.5) at the 
end of 10, 20, 30, 40, and 43 years, 35.34—61.4 
——78.13—-85.0—s6——For the 4th class, (E 
being 17) at the end of 10, 20, 30, and 34 years, 
34.1 1—50.47--67--68—-—For the 5th class, (E 
being 11.5) at the end of 10, 20, and 23 years, 
31.83—45.2-—-46-—-—-The whole number, there- 
fore, consisting of all the classes, will come to a 
maximum nearly in 58 years; and the totals in life, 
at the end of 10, 20, 30, 40, 50, and 58 years, will 
be 173.37-—-293.58—364.83—401.07-—418.- 
These determinations suppose none to marry, 
In 10 years, from 1757 to 1767, I have been in- 
formed, that but g widows married. Let us then 
suppose, that one widow of the first class marries 
every year; and let»all that marry be supposed 
to continue, one with another, 5 years in widow- 
hood before they marry,. On these suppositions. 
the foregoing totals will, at the end of the same 
periods - of » years, be, 100,23.-—-282 0.3 47.5— 
880.47-—394. 
hese calculations are made from Mr. De 
Moivre’s 


Dieses 
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Moivre’s Hyothesis. Had they been made ex- 
actly from Dr. Halley’s or the Northampton Table, 
the results would have been very nearly the same. 
See more on this subject in note F.(«) 


(~) This theorem is deduced from a fluxional computa- 
tion in Note (K); but it may be demonstrated without having 
recourse to fluxions in the following manner: Suppose at 
the time of admission there were 50 persons aged 36 years, 
or a number equal to their common complement. Suppose 
also the same number were added annually at the same age 
of 36. In the rectangled isosceles triangle ABO let AB 
(i22°BO fi bes 50; or the A 
complement of a life at 36 |\© 
—— CD (= DO) be == 49, EF 
(= FO) be = 48,: and so: on. 
Hence BD will be = 1, BF 
= 2, BH = 3,&c. By the hy- | 
pothesis of an equal decrement 
of life it is evident that un- 
der the circumstances of this 
case the area ABCD, or 


2AB—B 
ma x BD will express 


the number of annuitants at BDFUK oO 
the end of the first year ; the area ABEF, or ZAB — BE x BF 


9 
the number of annuitants at the end of the 2d year; the area 


ABGH, or ae eh 


the end of the 3d year, and so on. If the number of 


' ee ' 8AB—-2 . 
years be x, the annuitants living will be wea ee! 2. OR 


4E vom L " a 
Mig XK 4; for AB being constantly = 50, or the com- 


lement, will be twice the expectation, or 3E.——As 50 or 
paem p 
2, (the numbers of persons admitted annually) “is to 


4E — x ; 
es x a, (the number of anouitants at the end of £ 


x BH, the number of annuitants at 


‘ 4ii— x 
years) so is any other number (p) to — -— x pr, the num- 


4k, 
ber of annuitants in the same time from (~) persons admitted 
yearly at the age whose expectatiou is E; and when w becomes 
equal to BO (= AB = 2E), the number of annuitants wil} 
arrive at its maximum, and be constantly expressed by the area 
pE. Q.E.D, M, 
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Note (B). Question VI. Page 23. 


Ler r signify the sum of <1 and its interest, 
for one year. The value of a life, whose 
complement is n, being (by Mr. De Moire on 
Annuities, Ath edition, p. 14, and page 100,) 
aa ~ n— n— . 
aa "a a &c. the present 
value of the remainder of it after wo years must be 


nm— 3 N~ + : ‘ 1 nt— 2 
Genoese ese ned o W — eee 
a ——-, &C which is equal to5 X —— X 
n-—— 3 Nn — 4 nm- 5 

SS bes cece &XC. 
= 2r ae ties 


Now = is the present value of £1 due at the 


end of two years. “2 is the probability that a 
H. 


Tad 2 TR, a Rm S ; 
years, and =, ~|- Pine © -|- age &c. is the 
value of a life two years older than the life whose 
complement is n. And, therefore, (since any num- 
ber of years less than » may be substituted for 


two years) the first rule given in this Question 1s 


right (8). 
The 


(8) The rules in this and the following Notes are demon- 
strated rather more satifactorily, and with equal ease and per- 
spicuity, from the real probabilities of life. 

Let a represeat the number of persons living in the table 
at the age of A, and 0, c,d, e, &c. the number living at the 
end of the Ist, 2d, 3d, 4th, &c. years trom the age of A. 
Now since the value of an annuity on the life of A is known 


b d | 
to be = — + As aly terry &c, the yalue of this annuity after 


ar ar* 
twe 
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The same process, applied to joint lives, will de- 
monstrate what is said in the Scholium. 


E phi d e 
two years on the same life willbe = —;-+ — F &e. ae 
ar>" ar’ 


Lox fy £4 ZL, + Kc. But is the probability 
fi are SOR + OR gp? S 
€ 

wei a parr ng Z., &C. 
Chan Of oe 

is the value of an annuity on a life two years older than A. 
The general rule therefore in the 6th Question is right ; for the 
reasoning applied to this particular case will also apply to any 
other interval between the present time and the period at which 
the annuity is to commence, | M. 


that A lives two years, and the series 


Note 
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Note (C). See Question VII. Page 25. 


Ler the complements of any two assigned lives 
be nand m. ‘The present value of the first pos- 
sible payment of an annuity to be enjoyed by 
the life whose complement is , provided both 
lives continue 7 years, and the life, whose comple- 
ment is 2 survives the other after that term, is the 
probability, that the life of the expectant shall 
continue 8 years, and the other life 7 years and 


then fail in the 8th year, multiplied by a or by 


£1 discounted for 8 years,—The probability that 


the life of the expectant shall continue 8 years is 
2a — § 


Fe The probability that the other life shall con- 


: ~ m—7 oO , 
tinue 7 years is —-—. ‘The probability that it shall 


continue 7 years, and fail in the 8th year is 
oe 1— 25 22 The probability, therefore, 
a m m 


that the life of the expectant shall continue 8 years, 


and the other lifecontinue7 years and fail in the 8th, 
- 2—8 
is 


i A 
xX —; and the present value of the first possi- 
7% Ht 
1 


ble payment of the annuity supposed, is" xX -. 


See The Doctrine of Annuities, by Mr. Simpson, 
p- O—15, or his Select Exercises, p. 315, &c.—— 
In like manner, the present value of the ad pay- 

ment, 
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ment, at the end of the gtb year, may be found 


RO wee ue Ma FO OS 
to be ne | Se Tie | x | a ay? Or | es x “ and 
the present value. of all the possible payments, 
1 a —8 1 n—9 Oy 2 BO 3 
mes en a ~ 073 x Fr Bice 
: 3 ae iy J n—7 mm 7 
But this series is equal to = X ——- X Ss x 
8 n m 
a—& 1 n—Q 2 n-= 10 3 
=a dees a = ae Sere Aer 
n— 77 m— 7 n—7r m— 7 nan—7r m—7 
nee n—§ 1 n—9 
&e, Nows=e X ——— f= = X —-)» &e. 
n— Tr m—7 n—7r* grat Fier es! 


is the value of an annuity for a life seven years 
older than the expectant, after another life seven 
years older than the life whose complement iS 7. 
a= y™=7 is the probability that both the 

rt m 
assigned lives shall continue 7 years. And 5 is 
the value of 1 due at the end of 7 years. ‘The 
rule, therefore, given for solving this question, 1s 
right. 

This demonstration, as well as that in the last 
note, is, for the sake of more ease and clearness, 
applied to the hypothesis of an equal decrement of 
life. It does not, however, depend upon it, but 
may be applied to any table of observations (y). 


(vy) Leta, &, c, d, e, f, &c., represent the same quantities 
as in the preceding Note. Let m represent the number of 
persons living at the age of B, and ”, 0, D, J % &c. the 
number living at the end of the Ist, ad, 3d, &c. years from 
the age-of B.—By reasoning in the same manner with Dr. 
Price in the solution of this question, and supposing the first 
payment of the annuity to become due at the end of the 
4th year, its present value will be = =i Pai = i 

a mr amr3 


_ Pe —<-~ the present value of the payment at the end 
| of 
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of the 5th year will be =~ Fades ae, 


mrs wes | dr* < dyr* 
the present value of he payment at the end of the 6th 
: Wi A eee omen 8 age dp Pel hase ot 
year will be = pe ble et Pima ns gle Fie and so on. 
ee Le: 
Hence the whole value will be = x 4 24 Se ke. 
amr? dr | .dr*. ars 
1 Fed 
_ tlt es ees + &c. Let A and AB denote 


amr3 * apr “f dpr* + ie 
the respective values of annuities on the single and joint lives 
of two persons 3 years older than A A and B, and the general 


value will become = ae x Ax Ree. E. dD. 


Note 
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Note (D). Question IX. Page 32. 


Ler the complement of any two assigned lives 
be x and m, and the given term be seven years, 
as in Note (C). The probability that the former 
life (supposed to be the life in expectation) shall 
last 8 years, is, by Mr. De Moivre’s Hypothesis, 


eo and: the probability that the latter life 


shall fail in 8 years, is a and the first payment 


of the annuity Sica ned in this question, de- 
pends on the ies Sl of hes Nanas events, the 


=xé —, 
The present value, therefore ie me first possible 


probability ‘of which is + 


payment of the annuity is “ ue Siam realilee 


manner, ne present value “e the sce possible 


— 9 


payment is = x ~; and of all the payments, 


10 | 
ee —, &c. But 


2 n= J v6 Th 
sie tale Se i benoit sn e foregoin “ 
m nr? x m nr? m & & ee 


Li vig. 
ries, aah is equal to the two series’s = Xx 


a— 8 (sede) m— 10 1 
—— X - =f ear = +4 mat =, &e, and 


x 


xt xf tee fy tix 1, &c. orto 
1 +h sels = 3 i =9 

OE Eek aS Saar mex 
way t ia X pop &etg XE xt x 
a &c. which is the very 


rule given for solving this question (0), as will 
appear from Notes (B) and (C). 


__ (2) Retaining the same symbols as in the two foregoing 
Notes, (6) and (v) and suppoing the first payment of the 
annuity to become due at the end of the 4th year, the pre- 


‘ils 
sent value of the several payments will be = a hh ie 
€ m—s go mnt pee a ie ‘36° 
ems ta int TRO = ara ™ ae tas tat TRO 

(Os a AD rk: PIR: RA 
aul * she apt as tO ie amr3 
ae 
A B.———-Q.E.D. tid iis M. 


Note 


Notes. | 358 


Note (EH). See the Scholium to Quest. X. 
| Page 36. | 


ACCORDING to the calculations, the time in 
which the first yearly payment of a reversionary 
annuity becomes due, is the end of the year in 
which the event happens that entitles to it, how- 
ever little or much of the year may then happen 
to be unelapsed. And this, likewise, is the time 
when a reversionary sum becomes due. Those who 
know how the calculations of the values of rever- 
sions are instituted, must know this. But an an- 
nuity, the first payment of which is to be made at 
the same time with another payment of a sum in 
hand, sufficient to buy an equal annuity, is worth 
one year’s purchase more than that sum. For 
instance. Reckoning interest at 4 per cent. and r 
being £1 increased by its interest for a year, or 1.04 


1 - 
“ -f 2 a =, &e. = £25 is the present value of 


an estate of £1 per annum for ever.” That is, it 
is the value of it, supposing the first rent of it 
is to be paid a year hence.—If the first rent is to 
be received immediately, or at the same time with 
another payment of £25, it is worth one year’s 
purchase more, or equivalent to £26.—I have 
not found, that any of the writers on annuities 
and. reversions, have attended to this observa- 
tion. It suggests a correction necessary to be 
applied to the common solutions of several im- 
portant problems: particularly to the 2ist and 
22d in Mr. Simpson's Treatise on Annuities, and 
the 20th, 27th, 32d, 33d, and 4oth problems in 
his. Select Exercises; and to all other problems 
of the same kind in other writers. There can 
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be no great occasion for being more explicit. It 
will not, however, be amiss to add the following 


° 1 be ‘ eye : 
demonstration. —-— = is the present probability 


that a life whose complement is » will fail in any 


es 


one assignable year of its duration. 5 X - 


Sete ete Ae 


—_ 


1 
gr? 


-L 5, &c. (2), or the present value of £1 per an- 


num for n years, multiplied by _ is the present 


value of the sum or legacy denoted by S, payable 
at the failure of the given life. Therefore, (n be- 
ing 56; the life 30; interest 4 per cent. r= 1.04; 
the sum £25) the value of the expectation, by 
Mr. De Moivre’s hypothesis, is 9.919. 
Further. The value of £1 to be received at the 
end of a year, provided the life whose complement 
is n fails, is the probability of the failure of the 
life multiplied by £1 discounted for a year, or 


——— 


nm~g 3 
a 2 +% 
to be received at the end of two years, if the same 


tg x =: In like manner; the value of #1 


. « e ° n—2 1 
life fails in 2 years, is 1 ——-.X_ 5. And, there- 


fore, the value of all the possille payments of an’ 


estate or annuity of £1 for ever, to be entered 


reser 


upon after the given life, is 1 — —— x ; +14— 

teed 42.1 TE etselyom seas 

ries x mn 1. = aie x 73 &e¢. (n) 1. rey + 
I 
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} 1 1 1 
repeat aah 


=r tee es 


n—J] n—-Q 
, «KC, — — —- +. 


RY nr* 


ee ere 


—, &c. that is, the value of the life. subtracted 


from the perpetuity; or, in this example, #1 4.684, 
{the value of a life at 30) subtracted from 25 ; 
that is, £10,316. But 10.316 is to 9.919, in 
the same ratio with 104 to 100, or 26 to 25, 
agreeably to the rule in the Scholium (c). 


(:) The difference between the values of reversionary stems 
and reversionary estates (which was first pointed out in this 
Note) does not depend on the hypothesis of an equal decre- 
ment, but may be as readily demonstrated from the real pro- 
babilities of life. Supposing a, 6, c, d, e, &c.. to represent 
the same quantities as in Note (8), the value of the sam 8S, 
to be received on the death of A, will be properly expressed 


by the series - x a er Le coud aC, ee 
a ¥ r pene 
] b C c d 
at Geddes 2 Doan er © as 
A + ee ila) 


=5 x rapoar Ace Res Pp — A.——(P denoting 


the perpetuity, and A the value of an annuity on the life of 
A).—But in the case of a an annuity or estate, the value of 
the reversion of £1 per annum after the death of A will be 
_a—-b a-~c  a-d 1 1 


+ —— + —— + &c.——(t) + ca an) 


7 a 
ar ar’ ars rt+1 


oe 


1 
vat &c. (t denoting the number of years between the 


age of A and that of the last surviving life in. the table of 
observations). ‘The sum of these two series is easily found 
== P — A.——IfS represent a sum equal to the perpetuity af 
£1 per ann. or, in other words, if S be taken = ne it 


will appear that the value of the reversion of an estate is to 
the yalue of the reversion of an equivalent sum as P — A to 
P—A A : 

Tz» of as r to J, agreeable to what has been observed 
above. M. 


fe eS grote 


356 Notes. 


Note (F). Quest. XIII. Page 48. 
WHEN I here call 48 the mean age of all mar- 


ried men, and 40 the mean age of married wo- 
men, I do not intend to suppose, that there are as 
many married persons who exceed these ages, as 
there are who fall short of them. It is likely that the 
latter are more numerous; and it is necessary that 
this should be the case, to render the supposition I 
make just.—If all marriages commenced at 33 for 
the man, and 25 for the woman, one half of them 
would be dissolved by the time the men were 50, 
and the women 42; for (by the Hypothesis, and 
also nearly by the Breslaw, Norwich, and Northamp- 
ion tables) there is an equal chance for the joint 
continuance of two lives whose ages are 25 and 
33, seventeen years. Forty-two and fifty then 
would be properly the mean ages at which widow- 
hood would commence: meaning by these “ the 
‘© ages on each side of which equal numbers are 
«* left widows and widowers.” But, though in this 
ease half the marriages of every year would be dis- 
solved in 17 years, they would not be ail dissolved 
in twice that time. So far would this be from 
happening, that about a 7th part would continue 
beyond twice 17 years; nor would it be certain, 
that they would be all dissolved till near the extre- 
mity of the possible extent of life. Though, there- 
fore, an equal number of marriages would be dis~ 
solved, or an equal number of widows and wi- 
dowers left before 50 and 42 and afterwards, yet 
the ages of the latter would, one with another, 
much more exceed 50 and 42, than the ages of 
the former (that is, of the widows and widowers left 
before 50 and 42) would fall short of them. And 
the number of marriages also in the world among 

. persons 
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persons of greater ages than these, would be much 
fewer than among persons of lesser ages.—In other 
words: The period, at which the marriages that 
have been contracted are half dissolved, is not the 
period at which the number of marriages constantly 
existing is equally divided, but this period falls 
some years sooner ; and the period I have in view 
falls in that part of the interval between these two 
periods, where the greater ages of the marriages 
on one side, are just enough to compensate (in such 
a calculation as that I have given) their deficien- 
cies in number, compared with the number of 
marriages on the other side. 

In short. Suppose 35 marriages every year, 
between persons 33 and 25%. In 12 years there 
would be half as many in the world, as could 
possibly arise from such a number of yearly wed- 
dings. In 17 years, half every set would be ex- 
tinct. The expectation of every marriage would be 
19 years, by Prob. 21 of Mr. De Moivre’s Treatise on 
Annuities,or by the note (K) in the following notes: 
That is, taking them all together, they would exist 
just as long as an equal number of single persons, 
supposed to be sure of living just 19 years, and no 
more: or, as long as an equal number of single per- 
sons, all 48 years of age, supposed to be subject to 
the common laws of mortality. One with another, 
then, they will be all extinct in 19 years, the 
marriages which continue beyond this term, though 
fewer in number, enjoying among them just as 


> In the Pais de Vaud, Switzerland, the mean age at which 
women marty, is nearly the very age here mentioned: But it is 
shewn in the Supplement, that the expectation of marriage there 
is no jess than 23 years and 4; so much higher are the probabi- 
lities of life in the country than in towns, or than they ought to 
be according to Mr. De Motvre’s Hypothesis. See Supplement, 

Vol, I, 
2 much 
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much more duration, as those that fall short of it 
enjoy less. Widows, then, at a medium, will 
commence widowhood at 44 (that is, 25 increased 
by 19) years of age, and widowers at 52. The 
values, therefore of the lives of the former, when 
they commence widowhood, will, one with an- 
other, be the same with the value of a life at 44 ; 
or, (reckoning interest at 4 per cent.) 12.5 years 
purchase, in one present payment, (the annuity 
to begin at the end of a year); and their expecta- 
tion of life will be 21 years, or half the difference 
between 44 and 86. The value of the lives 
of the latier will be 10.92, and their expecta- 
tion 17 years.—The whole number of marriages 
constantly existing, which would result from 35 
supposed to commence annually, would be 19 X 35, 
or 665; and 53 years (the difference between 33 
and 86) would be the time in which they would 
- increase to this number—The chance of survivor- 
ship would be the odds of 69 to 53, by Prob. 18th, 
Mr. De Moivre on Annuities; that is, in 53 years, 
35 relicts of these marriages would be left every 
year, and the number of widows would be to the 
number of widowers, as 69 to 53; or 19.8 widows 
would be left annually, and 15.2 widowers. The 
maximum of widows in life together, if none mar- 
ried, would be 21 x 19.8, or 416; and they would 
increase to this number in 134 years (or O1 years 
after the number of marriages had arrived at a 
maximum)—The maximum of widowers would be 
15.217, or 258; and they would increase to 

this number in 100 years. i 
An easy method may be hence deduced of solv- 
ing the question which occasions this note.—It 
the number of the members of the establishment 
I have supposed is 665, and the mean ages at 
which marriage may be deemed to commence are 
25 
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25 and 33, 19.8 widows will (it has just appeared). 
be left every year; and the values of their lives, 
when they commence widowhood, will be, one 
with another, 124 years purchase. An annuity of 
£20 will, therefore, be worth, to each widow, 
£250, and 19.8 such annuities must be worth 
£40950, which, consequently, is the annual in- 
come necessary for the support of the establish- 
ment, the first payment to be received immedi-. 
ately: or £7.44 from each of the 665 members ; 
which answers nearly to the determination in p. 48.. 
In the latter part of Essay II. Vol. II. it is 
shewn, that observations determine the chance of 
survivorship in favour of the wife in marriage, ta 
be really so great as 3 to 2; and in some circum- 
stances greater. It is there observed, that in order 
to account for this from the difference of age be- | 
tween men and their wives, this difference must 
be at least 12 years, and the mean ages of all who 
marry annually must be supposed to be about 23. 
and 35. In this case, 19, as before, will nearly 
be the expectation of all marriages. The mean age 
at which widows and widowers will commence such 
will be 42 and 54. The number of annual mar- 
~riages necessary to keep up 005, marriages con- 
stantly existing, will be 35. The number of 
widows left annually, by such a number of mar- 
riages, will be 21; and the values of their lives, 
at the time they commence widowhood, will be 
12,85 years. purchase by Table VI., Vol. IL. 
and, therefore, the whole annual income. ne- 
cessary for the support of the supposed esta- 
blishment, will be £5397, or an annual payment, 
beginning immediately, of £8.11 from each 
member—The number of widows on such an 
establishment will, in 03 years, grow, if none 
marry, to.402; and the number of widowers to 224.. 
It 
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—It may be depended on, that all this would hap- 
pen as far as Dr. Halley’s Table, or the Tables for 
Norwich and Northampton, exhibit the true state 
of human mortality. — 

Among the ministers and professors in Scor- 
LAND, the number of married men being 667, 
or nearly that here mentioned, the number of 
annual weddings has, for many years, been at 
an average 30, and the number of windows left 
annually 191; and, therefore, the chance of sur- 
vivorship in favour of the wife, as 19.2 to 11.8, 
or 5 to 3.. This is not more different from the 
results I have given, than might have been ex- 
pected ; and the chief reason of the difference is, 
that the expectations of single and joint lives among 
the ministers and their wives in Scornanp are 
greater than those given by Dr. Halley's, and the 
other tables of observation.—These tables give the 
expectations of lives as they are among the bulk 
of mankind in moderate towns. The expectations 
of lives among the better sort of men, - living 
mostly in country villages and parishes, are much 
greater. The fact is, that among the ministers in 
Scotland, the expectation of a single life, at the age 
of 27, is near 4 years greater ; and, of jornt lives, 
about three years greater, than the same expecta- 
tions by Dr. fdalley’s Vable. See the latter end of 
the 2d Essay in the next volume. 

I cannot help just mentioning another remark 
here.—It may be observed, that supposing no 
second marriages, and, at the same time, that the 
odds for the woman’s surviving in marriage is 3 to 
9, the number of widows in the world would be 
double the number of widowers. But it has been 
found, in fact, that the number of widows is, m 
some situations, five times the number of widowers. 
How this is to be accounted for, I have shewn in 
the Essay just referred to. Note 
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Note (G). Question XIV. Page 52. 


ET r be £1 increased by its interest for one 
year; ¢ the given time or number of years for 
which the assurance is to be made; a, 6, c, &c. 
the probabilities taken out of a table of observa- 
tions, that the person whose age is given shall live 
I, 25.34 &¢, years ; and bye We ek und that he 


shall live ¢ 2 Then +=2 ag Oe one rn et (Bebe 


tere tA + btea tts f. 
“0 ~F4 LS, &e. (t— 1) ++ 
Pulp 


tem oe anes - <5; &c. will be the exact value 


of an annuity % be entered upon at the failure of 
the given life, provided it happens in ¢ years. 
And the rule is nothing but this value expressed 
in words. In a similar manner may be demon- 
strated the other rule for finding the values of 
assurances for a given time, on two joint lives; or 
the longest of two lives.* 


* Having given a different and more concise rule for an- 
swering this question, (See note, p. 53,).it may not be im- 
proper here to insert the demonstration of it.—Let @ represent 
the number living in the table at the age assigned, let b, ¢, d, e, 
&c. represent the same number at the end of 1, 2, 3; 4, &e. 
years; then will the value of the sum S depending on the 
failure of the life within the term proposed be = S x. 


a—b bt ¢c=—ad d— e 


+- cs eee sigh a 
ar ar* ar3 “art ar 
€ d b c d € 
@xcee dic ei he ear ae 


(). If B’ denote the value of an annuity of £1 on the given 
dife for one year less than the term proposed, and B the same 
value for the whole term, the preceding series will be = S x 


Bae ie co 0. | M. 
Note 
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| Note (H.) Question XV. Page 61. 


Ler r signify as before; S the given sum to be 
assured ; ¢ the given time; N and 2 the number 
of the. living in the table of observations, at the 
age of Band A respectively; A, B, C, &c. and 

, 6, ¢, &c. the numberof the living j in the table, 
at the end of 1, 2, 3, &c. years from the ages of 


Band A; D, D, D, D, &c. and d, d, a: dy Hes 


iit ; yO tee by | 


the decrements ak life in the table, at the end of 


1, 2, 3; &c. years from the same ages. ‘Then, by, 


reasoning in the same manner with Mr: Simpson, in 
p. 316, &c. Select Exercises, it will RP a thatS x 
aeppen BK Gat Genders ailing agate 
“Nar? ‘. Nos? Sie. (4) +> * ne a 
“Agee DE Bd Cd 

, pee mL et ‘Eis, pag 
2Nur3 or QNnzi? c. (4) x ox Nr? 3 N73? 


netmete 


sx ny ae ay 4 

exact answer to Question XV. and the rule is 
as near an approxime nation to it as there is reason to 
desire. - . 
’ In the same manner, retaining all the same sym- 
bols, it may be found, that: the answer to Question 
XVI. ‘18 

_ Dd ‘D+Dxd D+D+Dxd 
9 X ——— aged ole saqaol: a tae 


— hw Te Nur+ 
Te Ss Dd Dd - Dd 
£ pte LUN iL 2) Mb a 
( ); cc. - 5 xX Rive + INnr3 rs ONnrt ? cc 


(¢= 1) 


j 5. De | bd 
&e. 1D) airs ae &e. he ‘This ; 1S the 


No i es. 3 6 3 


Dd PED de! “pHPPL pew 


hs Herik Rect ae SEG <= ae 
Lore aya Set ye DE pos 42, &o. (¢). 


ry" > D+ D D+ D - D 
oe ee 
same with the excess of the ee of an annuity 
certain for a number of years less by one year than 
the given term, above the value of an annuity on. 
the life of A, for the same number of years; from 
whence the reason of the rule for solving this 
question may be easily discovered (¢). 


, &e. (¢ — 1).is the 


Z The solution of the 15th question may be deduced in 
a similar, but rather more accurate, manner from the first 
of the two rules given in Note (OQ); where the value of 


: eons 
the reversion for ¢ years is expressed by the two series re 
| a 


AE SA PFS S cab dda” (2) 
r3 a a oe ‘ 


If « denote the sum of the decrements of life from the age 
of A for ¢ years divided by ¢ (which may be called the com- 


\ 1 
plement of A’s life for the given term), and B and B the 
values of an annuity on the life of B for ¢ and ¢ — 1 years re- 


3 % 
pre ei the sum of these two series may be found = re 


r 
In like manner, the solution of the 16th Question may 
be derived from the second of the two rules given tn 
_ Note (O) ;—the series ; expressing the value of the reversion in 


bacogualie = Cada, cheb an” 


S 
this case being On te arena ane ---(t) +— _ 
ay as 2 
: uh deep alls FY Let & denote the 
r ih 


complement 
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complement of B’s life for ¢ years, A A and A the values of an 
annuity on the life of A for ¢ and #—1 years, and N and 


N the values of an annuity certain for those respective 


terms; then will the above series be found = =f 


ios be 
N—A+ pile setiny —-—It is to be observed, when the decre- 


ments of A’s life for ¢ years, in the first of these rules, and the 
decrements of B’s hife in the second, are equal, that the exact 
value of the reversion is obtained; and if the term do not 
exceed 10 or 12 years, the values are always so nearly true as 
not to require greater accuracy. This also is the case in general 
with regard to Dr. Price’s rules; against which there can 
be no objection, excepting the application of Mr. De Movwvre’s 
hypothesis in one part of therm, which it is best entirely to 
exclude from the doctrine of survivorships. M, 
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“ Note (I). Page 149. 


SUPPOSING r to signify as in the last_notes, 
and n to be the complement of a given life; the 
present value of sf 1, £2, £3, &c. payable at the 
end of 1, 2, 3, &c, years to é years, but subject to 


i : : - n—d n~—-2X2 
failure when the life fails, is —— +- —~— + 


2-3xX3 3 . : 
=, Be: continued to ¢ years ; which expres- 


| e é aa | —2 oe oO & 
sion is equal to 7 X —— 4+ "= 4 —}, &e. (7) 


nr nr3 ? 
eet as ak ie! 
oe ge ee ee 
x ny 7 zy? a ney ? : 


To find, therefore, the value of an annual pay- 
_ ment dependent ona given life, to begin with £1 
and to increase at the rate of $1 every year after 
the first, for a given term; find the value of an 
annuity on the given life for the given term; and 
also the value for the given term of an annuity on _ 
two joint lives both equal to the given life. The 
difference between these two values multiplied by 
the complement of the given life, will be the value 
sought.—If such a course of payment, instead of 
beginning at the end of a year, is to begin imme- 
diately, and to be made at the beginning of every 
year till ¢ -+ 1 payments are made in 7 years ; add 
to the preceding value the value increased by unity 
of an annuity on the given life for ¢ years, found 
by Question VI, and the sum will be the value 
sought. And this value, dividéd by the present 
value of what may happen to remain of the given 
life after ¢ years,’ found by the same question, 
will give the annuity to which such a series of in- 
creasing annual payments, beginning immediately, 

will 


366 Notes. 


will entitle for the remainder of the given life after 
¢ years. 

If such a course of payment is to begin at the 
end of a year, and to be continued during life (that 
is, if ¢ = 7) it is obvious, that its value will be the 
complement of the life multiplied by the differ- 
ence between the value of the life, and the value 
of two joint lives having the same common age 
with it; and that if it is not to commence till the 
end of a given number of years, its value will be 
the value for a life so many years (lessened by one) 
older than the given life, and multiplied by the 
value of s£1 payable at the end of a number of 
years, and also multiplied by the probability that 
the given life will exist for the same number of 
years.—Supposing, for instance, the given life 30 
years of age, and such a course of payment to 
begin when it has completed its 50th year, the 
value would be the value of a life aged 55, di- 
minished by the value of two joint lives both 55, 
and the remainder multiplied by the complement 
of a life aged 55, and also by the product of the 
probability that a life aged 30 will exist 25 years, 
into the value of =£1 payable at the end of 25 
years.—The value thus computed will, in this case, 
come out s£19 nearly, in asingle present payment, 
reckoning interest at 4 per cent. and taking the 
probabilities of the duration of life from the Worth- 
—ampton Table of Observations. | 

With the assistance of these rules, all that is 
said in p. 148 may be investigated. But more 
particular directions for computing the values of 
annuities of this sort may be foundin Mr. Morgan’s 
Treatise on Life Annuities and Assurances, p. 119, 
&e. i 


Note, 


. 
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Note (K). See Essay I. Vol. II. 


yi 
fy HE sum of the probabilities that any given — 
lives will attain to the end of the ist, ad, 3d, 
&c. years from the present time to the utmost 
extremity of life (for instance, +3 + 44 -+ 43, &c. 
to =, = 22+ for lives of 40, by the hypothesis) may 
be called their expectation, or the number of pay- 
ments due to them, as yearly annuitants. The sum 
of the probabilities that they will attain to the end 
of the Ist, 2d, 3d, &c. half years, (or, in the parti- 
cular case specified, £1 + $2 + #3 + 48, &c. 
= % half years, or 22% years) is their expectation 
as half-yearly annuitants. And the sums just men- 
tioned of the probabilities of their attaining to the 
end of the ist, 2d, 3d, &e. moments (equal in the 
same particular case to 23 years) is properly their 
expectation of life, or their expectation as annuitants 
secured by land. 

Mr. De Moivre has omitted the demonstrations 
of the rules he has given for finding the expecta- 
tions of lives, and only intimated in general, that 
he discovered them by a calculation deduced from 
the method of fluxions. See his Treatise on An- 
nuities, page 66. It will, perhaps, be agreeable to 
some to see how easily they are deduced in this 
method, upon the hypothesis of an equal decre- 
ment of life. 

Let 7 stand for a moment of time, and n the 
complement of any assigned life. Then —, cle IF 


mae &c. will be the present probabilities of its 


continuing to the end of the 1st, 2d, 3d, &c. mo- 
ments; and -— the probability of its continuing 


t@ 
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to the end of x time. a x # will therefore be 


the fluxion of the sum of the probabilities, or of an 


area representing this sum, whose ordinates are 


=X wiseaie : . . 
———, and axis x.—The fluent of this expression, or 
n : 


2, is the sum itself for the time xv; and this, 


when x = n, becomes 4n, and gives the expectation 
of the assigned life, or the sum of all the probabili- 
ties just mentioned, for its whole possible duration. 
. . ° i —2x\ ° *4° 
—TIn like manner: since —- ” is the probability 


that two equal joint lives will continue x time, “rat ; 


X wv will be the fuzion of the sum of the probabili- 
2 gs 

ties. The fluent isa — ~ +. =; which,whenz=n, 

is 


3? or the expectation of two equal joint lives.— 


Again: since —— x = is the probability that 


% 


there will be a survivor of two equal joint lives at 
the end of # time, "== x = x 4 will be the 
Jluxion of the sum of the probabilities; and the- 
a On" : 
fluent, or ar ot gd (when x == 7) in, or the 
expectation of survivorship between two equal lives; 
which, therefore, appears to be equal to the ez- 
pectation of their joint continuance. The expecta- 


tion of two unequal joint lives, found in the same 


way, is > — _ m-(n) being the complement of the 


. re : ‘ mm zr 
(x) The expectation of two unequal joint Iives is = ——— 
m 


nN © : : 
xX ——— x x, whose fluent (when 2 =m) is easily found = 


2 bn’ M. 
oldest. 


Notes. So 


oldest life; and the complement of the youngest. 
~The whole expectation of survivotship is == ~ “ 
2 . 
= (3).. And the expectation of stirvivorship of 
the oldest will be to the expectation of survivorship 
ey : : m* n DB m i». me 3 Se: 
of the youngest, as 5, tos a + oi It is easy 
to apply this investigation to any number of joint 
lives, and to all cases of survivorships |) odo 
It may be observed, concerning the first of the 
fluents here given, that it expresses not only the 
expectation of a given life for the time. 2; and 
therefore its whole expectation when,2 = n, but 
likewise the number of persons alive, to which one 
person added annually to a society, at a given age, 
will increase in x tima~-—-Thus:. Suppose one 


. (9). The expectation of survivorship. daé‘to thé oldest life 
is expressed by the fusion fe = ae = x wy!) whose: fluent 


{when ¢ = m) is = The expectation of surviyorship: due 

id roijoggig geile wae-aeod ad 
to the youngest life for m years is the fluent of ——— x — 
a aie this lifé has a 
further expectation, after m years, expressed by the fluent. of 
n—m—= n—m 


« *3; which (when # = m) is rigs 


: x % which (when & 29) — mH) will bé 
hm pout sau 
Oe. |  Aadthacten tant” on cee 
er m+ oa The sum of these two fluents; rear a wag? 
will therefore be the whole expectation of survivorship due 

. : 5 Fa 5 MA F' o mm 
to the youngest life. And this expression added to = 
(which has been found above to be equal to the expecta= 


tion of sutvivorship due to the oldest life) will give ; -~ - 


-} ee for the whole expectation of survivorship due to both 
Y cae | 


lives. . OO) 18h We. 
+ FOL. i, Be annuitant, 
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annuitant, whose ageis.28, (and whose:complement 
of life, therefore, 18.58, or expectation of hfe 29) 
to come upon a society every year; the number of 


annuitants; alive, deduced,from -hence,’ will in 2 
years,.be v7 = ~ Gasp Or Ey a ts and; there- 
fore, .the rubies of..annuitants alive, deduced in 
the same time from B annvitants left annually at 


the: samme ages willbe ae! x ee. In like 


manner, ‘the ‘ad fluent, or; grit kates LX, gives she 


nutnber OF marriages in Nibaiag together, ‘that will, 
in w years,” grow’ out of one yearly’ marriage,” be- 
tween: persons of equal ages, whose com lement of 


life isn. If they are of unequal ages; an ‘the'com- 


plemént' of the oldest life ism; and ‘of the’ youngest 
n tm m X pe 

“Bim dasa And 

if the number of years is regu int which any 

given number of yearly marriages, between men 

and “women ‘at’ given’ ages, will increase so far as 

to bean. any given proportion to the greatest num- 


n, this number. will be. = ins 


ber that can possibly grow out of such marriages, 


this expression must _be’made equal:to theserpecta- 
tion of the joint lives, or of each marriage, multi- 
plied by” the fraction ¢ expressing the given propor~ 
tion,; and. the. rootjef the,equation will-be the an- 
swer. ‘Thus: it may be found, that one marriage 
every “year, between persons 33 and. 25 years of 
ages, would. in. 10, years increase to/8.35 $i 15 
years to 11.38; and in 53 years, to 19, or their 
greatest possible number ; ; and, consequently, that 
$5 such yearly marriages: would, in 10 years, in- 
crease to 2925 i15 years to.398; andini53 years, 
to 665. -And if it is enquired in what number 
of “years 35 such yearly marriages would ‘increase 
te halt the number in pe together, sagen to 

fans i€ »7 be 


be derived from them, the value of'z,:in the cubic 


apa ee lt 
te eo, ee ee 


must be found ; which, in the present .instanice, is 
nearly 1269) tg aap Srt4 noswied soso and & 
‘Thave, in some parts ofthis work, had; occasion 
to make such deductions as these.:, See note (A), 
and note (F) ; and Questions III. page 10, and 
XU. page 46. gis} sw Wh aiBst99 i 


ye 4 rec f ses i gute 
yy 4 
£5 ¥ J e ‘eC dete .e; 


ca 
7 


* RB Note 
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_ Note (L).° Chapter IV. Page 208, 


em ne 


ET’ r signify. #1 increased. a py its. interest for 
one year. ~ 
‘Vthe Prerrerviry. . 
_ m-the difference between the age st the yout gest 
life, and 86; or its complement. 
~m the complement of the oldest life. 
 P the value (in “Table II, Vol. Aig. of an an- 
nuity certain for m years. 
And the exact value of any two given joint a, 
according to the hy ei of an equal decrement 


of life, tO cnt adie” Ege oc aaa 
os a Eb av (x). ec 


9% 


Let 


(x) This general rule is taken from Mr. Simpson’ s Doctrine 
of Annuities, and is easily demonstrated by the assistance of 
the Theorems in the 5th Chapter in this volume, page 257. 
The series expressing the value of an annuity on two joint 
lives, whose complements are 2 and m, is known to be = 


m— 1 n—1 m—-2 nN—2 1 1 1 
Tir Sachi dabadaA Sicanile Malachi. SOS nF 
m+n 1 2 3 1 
ase=(m) ai x< ae ; oho 3 +, &C, ---- (mm) + vere 
x = rg = + Sapa (m). By the Theorems just referred 
to, the first of these series may be found = ae 
é r=—] 
1 m 
== ---- the second = — Se a 4 
7." Pr — 1 * mn e 1)" 
mm + nn 1 m-+-n ” : 
——= X + ———.,, and the third 
mn r-r—l mn ad ae | 


ree mm 1 Qmr # i roe 
Nn. — 1\3 mar r— i] mnr™ r— ] i mnr™ 
lL ‘ 
—— ,~Adding these different series together their sum 
i. (ie | ; 


: will 
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Let the ages be 27 and 38; andthe rate of in- 
terest 4 per cent. Then x = 59.m = 48. V = 25. 


etiam Po 
tg t m+n “> he ae 
will be = — X mse +t oo Ke 
| rat ee we ay ce 
—_ ae Be a3 cot ae r ¢ ois ; ‘yt 
+ may Oe is = V + 1, and 
a 1S: a ae ae | r—} 
a m+n—1 V+) 


phe aap tenp) Po 


n—m— 1 Vit » Bray o V+. 


oe But. 
mn rm] mar mh omnr. aren i . 
i 1 


=== is = P; therefore the above expression 
Preen§ gp £0 
Vv 


——$ P 
becomes = V— E> x ie awe x — + 2V. 


Q.E.D. : ac 
If the annuity be payable half-yearly, and 1 + denote, 


as in the fifth Chapter of this volume, page 238, 1 in- 
creased by its interest for half a year, the series = Senoting 


the value of this annuity will be = 3 X ee pate 24 } x 


mn. 1 + = 


1 n= sn 3 
=, 
T2185 mn, 1 +o) 


ing in the same manner as in os foregoing theorem, and 
putting H to represent the value of an annuity certain, 
payable half yearly, for m years, the general rule in this case 
y 2 b 


may be found = V ~ x n—m—h— —2V x a 2V. 


If the annuity be cage quarterly, and 1 + - denote @1 


increased’ by its interest for three months, the series will be 


eet eee 5 ee 


aextodtzdar Arid py Mr ion $ 


Grete) 


, * 
1 od iw asus * - 
mn, t +g ry i ed ‘ mi +2 ; 


at &e. 
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Px 2). nes ter m= QV = j= = 40. a—m— 


2V—1 « = QV = 50—17.660 = 32.340. And 


—— #5 
vt x arn -2V—1 X — = + 9V=2 5 -— 


7) 
45 X 32.340 = 10.748, the —_~ of two el 


lives whose ages are 27 and 38.. 


Sen 


+ &C. s-+-- (4m), and its sum = V ri 


n~— m= ¥- - 2V x - + 2V, Q representing the value of 

an annuity certain ree quarterly for m years.—In like 
er 

manner, if the annuity be payable momently, and 1 + 1000" Re. 


denote £1 increased by its interest for a moment, the general 
rule for determining the value of the annuity will be = V — 
1 Adie 


V +1000; &c. t " 
n sua Ve 1000, ac. . ee ee 
Mi: NV 
V—-—xn—m— 2x a + 2V; M representing the 


value of an annuity certain payable momently for m years. 

’ Supposing the, ages of two lives to be 20 and 36 years, the 
value of an annuity at 4 per cent. during their joint conti- 
nuance, and payable either yearly, half yearly, quarterly, or 
momently, will, by Mr. De Movrvre’s hypothesis, be 11.227 

pb eO 27 «isk te 565...or 11.629. If their ages be 36 and 61, 
the values will be 7.448...7.073...7.793...or 7.901. If 
both their ages be 36, the values will be 10.394. ..10.600, . 
10.703. ..or 10.808. ..and if both their ages be 61, bie values 
will be 6. 144. 6.374, 0.517. . or 6.602. 

By comparing the values of the equal joint tive, given 
above, with the values of the single lives of the same ages, 
computed in the fifth Chapter (p. 243 and 244), it appears. 
that the differences in the former between annuities payable 
yearly and those which aré payable half yearly, quarterly, or 
momently, are greater than the differences in the latter; and 
therefore that the addition to be made to an annuity on the 
longest of two lives, in conséquence ofits being payable at | 
shorter intervals than a year, will be rather less than the addi- 
tion to be made on this account, either to the single-or the ist 
lives of the same ages. | 

Note 
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Note (M). Chapter IIT. Page 1, 


Tavis plain that the purchaser of A’s right, as 
stated in the first of the’ questions to which this 
note refers, cannot get into possession till the year 
when A and B shall be both dead; nor then, un- 
less A happens to die Jast. Now, supposing the 
common complement of life; the probability 
that A and B shall be. doth dead at the end of the 


2 ' ° . 143 ij 1 m— i 
Jirst year, and A die last, is 1 er ee 
fe ap ae eagle Pe 8 Se | 
sre ae A et to Inlikeman- 


ner, the probability that they shall be both dead at the 
end of the 2d, 3d, &c.-years, and that A shall have 
n— 2 n=-2 , n—Qj* 1 ae | 


as | 
pe Fe Dit 4 py @Me - Qn? *? 2 Qn 


* —3 : — 2 . ‘ 
= a = fis ,&c. The present value, therefore, of 
the Ist, 2d, 3d, &c. rents of the reversionary estate, 


3 n—1 n—I - a aia | m—2 n—2Q 
ise -  oe 
2r Qur Wr 9 *  Qars Q7* Qnr? one 


. n — 2? fel Fj ae “n=3 n= 3}? hoe teks ‘fo 
eg ha ons “gag Suis? ee Oe 
posing r to signify £4 increased by its interest for 
a year; and the estate'to be 1 per ann. And 
the sum of these terms continued in infinitum is the © 


: ip pipe Rippin: RA Te PAF st i nga 
value required. Pe ee op &e. is half 


we ' n—k n—1 nae lh pad 
the perpetuity. And a sa dent anew &e. 
2 ~- n— — 2\? —3 . n—3 Pableval tenn 
n=2 n—- SAY ap Tens oe 2 es ee 
2nr* - Qnr? grit: | Sag? ek 
is half the value of the joznt lives, subtracted from — 
half the sum of the values. of the two single lives 5° 


1 
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that is, half the value of the longest of the two lives, 
A similar demonstration may be applied to the 
other question (a). 


(®) The purchaser of A’s right, in the 2d Question, will 
get into possession.in that year in which A either survives B, - 
or dies after him. The value of his expectation in the Ist 


: | Rat. gee 
year will be = -—— x 1 — +—xl1l-=- a 
nr gr 

n—YI ] Wom 1} 
1-——-=-— — —— ..... In the 2d, 3d, 4th, &c. years, 
n 2r hy) ei! 


his expectation depending on the same events will be worth 
1 n—2\? 1 n—3\> 4 n—4\3 

BF Sine? Bes — Snark? Bet ~ Baar” BO The pre- 
sent yalue therefore of the ist, 2d, 3d, &c. rents of the re- 


versionary estate j : 4 : : + & at 
ers) State 18 — 4+ ——- + —~ + &c. — —-—- — 
ea , or x) Qx* a 2r3 Qnnr 


m— 22 n—3)2 


Sot of — &c-——If instead of an estate, the value 


of a given sum were required, it would, agreeable to the 
foregoing demonstrations, be expressed in the first case 


by Saat x V+ BB — 2B, and in the second case by 
pees x V — BB (V. denoting the perpetuity, B the value 


af-an annuity on the life of B, and BB the value of an annuity 
on two joint lives whose common age is that of B). The 
latter value therefore according to De Moivre's hypothesis, 
and in the particular case where the two lives are equal, 


oie ee x B-— BB.——That 
this is likewjse trae whatever be the decrements of life, or 
the ages of A and B, may be proved from the two Theorems 
in Note (O): ‘For by the second of these theorems the value 

S #&.F-—AF .cP—AP r—1.B—AB 


S$ is= 3g % 


b | br ef stae y 
I EAE 


exceeds the former yalue by 


2 42, 29.4, BFS _ 6) 
and by the first itis =9 x ar et as : 
from which it appears that the latter reversion exceeds the 
_ former bye . x B — AB, and consequently that the dif- 


ference between them wil] be the same in all cases. M. 
Note 


\ 
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Note (N). Chapter IV. Page 204. — 


ET r be #1 increased by its interest for one 
year. egitig a 
Let S represent any given interval of time, or 
number of years, during which the decrements of 
life in a table of observations continue equal. 

_ @the number of the living in the table at the 
beginning of the first year of that interval. 

b the number of the living in the table at the 
beginning of the year immediately following the 
same interval. | ; | 

P the value of an annuity certain for S years. . 

p the value of £1 due at the end of 5 years. 

the value, in Table VI. in the next volume, 
of an annuity for the life of a person whose age 
wants S years of 86. 

N the value, in strict agreement with the given 
table of observations, of an annuity on the life of 
a person whose age is S years greater than the age 
at which the interval of equal decrements begins. 
Then, oe 
Q ee x P—Q will be the value, according 


to the table of observations, of an annuity for S 
years, on a life of the same age with that at which 
the interval of equal decrements begins. And 


Oo." P—Q+)pN will be the value of an 


annuity on the whole duration of that life. 
When S represents one year, Q vanishes, and 


: b hh eae ab 
the last expression becomes rec Mee +N; which 


is the rule for finding, from the value given of any 
life. the value of a life one year younger (1). 
| oe n 


(~) The value of an annuity payable half-yearly during 
-any life (A), may be deduced from the value of the same 
annuity during a life (B), one year yeunger than A, with 

| nearly 
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In like manner, supposing G to signify the va- 
lue of two given joint lives by any table of ob- 


nearly as much ease as the values of annuities payable yearly 
are deduced. Let 6 represent the number of persons living 
in the Table at the age of B, and c, d, e, f, &c. the number 
living at the end of the Ist, 2d, 3d, &c. years from the age 
of B. Let 7 represent the interest of £1 for a year, and 


pl +5 — 5, tien will the value of the annuity be = 3 “fe 


ae d dais 


oN hop? ie abp a top + &c. which may be found = = 


ap a i pr pp ae 


a ig oe, SC From this series, if the age of B be 


wery old, the value of the life annuity will lie obtained with 
little difficulty ; and having this, the value of au annuity on 
a life one year younger may be derived from it in the follow- 
itig manner:—Let a denote the number of persons living 
at the age of (A), who is one year younger than B; then, 
since the series expressing the value of an annuity on the life of 


the latter is found above to be = ache t. rr ae + —— ins ¢ 

Abp — 2bp* bp? 
&c, the series expressing a vig of an annuity on the'life of 

a+ 6 4 +6 - a tt 5 
the former obits be = des + a 7 as =O 46 & eee | 
b b a a ie aiaie’ o +d c+ a. = 

& - ae x $+ fie 4. aby A Ma Th “+ &e. Taeeee alin if 
the value of the dnauity on tl hé life of B be called M, the 
value of the annuity on the life-of A will be = z3 +— rs 
3+ M. 

Fron this Theorént a table may be computed of the values 
of annuities payable half yearly on lives of all ages; and by 
ptoceeding in the same. manner a géneral Theorem. may be ob- 
tained for computing a table of the values of annuities payable 
bees But the labour of forming a table of this kind will 

e rendered unnecessary, if we’ are possessed of the values pay- 
able yearly: for I have found that the differences between 
annuities payable half yearly and yearly are the same, whether — 
those. values be derived from the real probabilities of life and 
the preceding Theorems, or from. M. De. Moivre’s hypothesis. 
atid the Theorems in the 5th Chapter in this volume. M. 


servations, 
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servations, a the living at the age of one of them, 
c the living at the age of the other, and\b.and d 
the numbers living at the two next younger ages, 
ance x1 Topi 1G will be the value of two joint 
lives Beda one year. younger. than the former, 


The method. of calculating the values of lives 
from any given tables of observations, described at 
the end of the fourth Chapter in this volume, 
is founded. entirely on these Theorems; © and’ a. 
distinct explanation of them has been given by 
Mr. Morgan, in the Second Section of the Second 
Chapter of his book on the Doctrine of Life-An- 
nuities and Assurances. 


The expressions O-+ 2 x P— QO, and Q+- 


x P—O + PN, with sas investigation, may be 
found in p. 341, 3d edition of Mr. De Moivre'’s 
Treatise of the Doctrine of Chances(v). But it is 

_ hecessary 


(vy) The Solution of this hon may be deduced in a manner 
aged from that of Mr. De Moivre. Let « be the number 
of persons dying annually in s years, while the decrements of 
life continue equal, then will the value of the annuity during 


G—e& a— Qu a— 3a a-se | 

this term be = —— + ———— 4+. — —-... 4+ — — = 
ar - ar ar3 ar’ r 

Sa l 2 3 
= we Se ere . = ar eee COs But th : 
+: i+ (s) * or sr gr (8) . 
ge 
first series is = P, and the second series is = — a x P—Q Q= = 
oy 
(ct ds a— oi is = Sa) - — —— x'P— G, and therefore bia 


value of the annuity during the first s years will be. 2 Q s 
° x P — Q.... The value of the annuity after s years sup- 


pote. mM, ft, 0, p, g, &e. to denote the’ number of persons 
eet , 


Oe eee 
living in’ - the table at the end of s + a+ s+ 2,5 + 3, &e. 
years 
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necessary to observe, that the direction which Mr. 
De Moivre has given for finding the value of Q 
is wrong. In consequence of calculating agree- 
ably to this direction, he gives the value of a life 
at the age of 42 by Dr. Halley’s table greater than 
the value of the same life by his own hypothesis ; 
whereas, it is evident that the ‘probabilities of 


m n 7) | 6 
Hg SLA Sg EBh I BE aia camilla 


Moth iP | 
br a br? br 
added to the value of the annuity, found above, for the first 
5 years, the whole value will be = Q + : x P—Q + pn. 
QED. ~ | 


; : . @—a 
~It is necessary to observe that the series ee ea &e. 


+ &e. =: x pN. If this expression be 


supposes the annuity to be payable yearly, and therefore that 


Se 1 ei See j ts 
— xX —-++— + —~, &c. expresses the difference, multi- 
a: sr SF. Sr? 


5 gaa ay ee : . 
plied into = between the values of an annuity certain for 


s years, and of an annuity payable yearly during the con- 
tinuance of a life whose complement is s.——The latter of 
_ these values, denoted by Q, is given in the 6th Table in the 
next volume,—-But Mr. De Moivre has deduced the value of @ 


. z % F 
from the fluxional quantity --—-—- — —~=—, which, ex- 
' ' gg eypmaet nr*,.r— 1} 
pressing the value of an annuity secured upon tamd, must 


‘@ 7 R § = 1 5S— 9 
necessarily be always greater than the series —-—-_ + re waa 
| : Sing 


&c.; for the one supposes the annuity to be payable to the 
Jast moment of existence, while the other makes no allowance 
for that part of the year which shall have elapsed between its 
commencement and the extinction of the life. This value of Q 
therefore is improperly applied to the foregoing Theorem, where 
~ the value of N, as well as the whole solution, is founded upon | 
the principle of the annuity’s being payable only at the con- 
clusion of each year, provided the life shall continue so long. 


2 living 
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living after 42, being all along less in Dr. Halley's 
table than in the hypothesis, the value of the life 
must be also less.—The mathematical reader may 
easily satisfy himself, that the value of Q ought 
to be taken, as’ I have directed, from Table VI, 
in thenext volume. — DO) Ry Eo 

-. I cannot help adding here, that though the rules 
for finding, from the value given of any single or 
joint lives, the value of any single or jomt lives one. 
‘year younger, are an obvious’ corollary from the 
two expressions just mentioned, yet it 1s probable 
that Mr. De Moivre didnot attend to them, or 
sconsider ‘the facility which they givé to calcula- 
ions of this kind for ifthe had, he would not 
probably have insisted so much as he has on his 
“hypothesis ‘ofan equal decrement of ‘life; much 
Jess/would:he; in order to obtain an easy method 
of: calculation, have ‘had recourse to that Second 
‘Hypothesis, ‘which, in the fourth Chapter in this 
volume, has been shewn to'be so very erroneous. 

». Mr. Simpson is, I. believe, ‘the first who has 
given these rules, in his Treatise on the Doctrine 
of Annuities and Reversions; but in his Select 
Exercises, p. 275, he has given a rule for ap- 
proximating to the values of single lives, accord- 
ing to Dr. Aalley’s table, which must not be de- 
pended on, for Thave found it half a year’s pur- 
chase, and sometimes three-quarters of a year’s 

purchase, wrong. He | 


P 


Note 
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sciodate(O).—20a1 oe! od dean 


In a note at the conclusion of the: 3d Chapter *, 
Dr. Price refers to the end of this volume: for more 
accurate solutions of his 11th and. 12th: Questions, 
which, had_ been. investigated. by myself, and ipub- 
Jished,in the 78th vol. of the Philosophical Trains- 


png 
52 te A 


hw choca “to shuinethca cela Gea 
Eph Ram eae eateries 


Table at the age of F. But < is sx = ~ : 


cP 
and n= 
B— = Hence if V represent the perpetuity, 


~~ * Page 199, » ea 
€ 
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the above expression may be found equal to : x: 


I+ AP | 7—1V—AB_ BAF 
Sh 4, a Having now the. 
“eS r C5} 91078 © 


value of the given sum payable on the contingency 
of B’s surviving A,.the value of the same sum pay- 
able on the contingency of A’s surviving B is 
easily obtained ;° by subtracting the value found 
above from the ichdle value of the Reversion after 
the; extinetiag vos the joint lives. of A,and B.: ) 

Sonvrion or Qusstion XII. page 43. Retain- 
ing the same symbols as in the preceding solution, 


the value et the sum S will int this case Pade — ts ae 


6 b—c.a’ ea dnent” t wera | 
ye capaidh erp BE ak Ree 


nF oe em par mai Be aA or, “sub. 
ogo 


are 
3 4 


stituting +2 2 for £ vu E and: B non — for = a ek id x 


Ep) = — Bes CAR ca 
ee ae reeds V- = AB AAR when 


Saree Aei8 ideo OF mod 6 


the value of the ‘reversion ‘is required, depending 

on the contingency of A’s having died after B, the 
foregoing value is to be subtracted from the whole 
value of the Reversion after the extinction of both 
lives. ie} | M, 


rx $4 


fy 
Note 
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Note (P.)_ 


SECTION I. 


In the same note to which Dr. Price refers* — 
_ for more accurate solutions of his 11th and 12th 
questions (and which have been given in the pre+ 
ceding pages), a further reference is made to the 
end of this volume, for rules which give in all 
eases correct values of sums payable on. any sur- 
vivorships between any three lives. These rules 
have been deduced by myself; and when, the above 
note was written, it was my intention to have sub- 
mitted the whole of them to Dr. Price, in order 
_ that he might use his own discretion in the man- 
ner of inserting them. But this is no longer 
possible, and I am induced therefore to give the 
greater part of them in this note. But being 
apprehensive of rendering my additions to’ this 
invaluable work much too-long, I shall only in- 
sert the rules, referring the Reader for the demon= 
strations of them to the 7oth, 8ist, 84th, and 
goth volumes of the Philosophical ‘Transactions, 

From the complicated nature of questions in- 
volying survivorships between three lives, it be- 
comes necessary in their solution to have recourse 
to-a great variety of symbols.—In order how- 
ever to prevent repetition, the same symbols are 
uniformly made to denote the same quantities in 
_ all the following rules, and it may not be impro- 
per to begin with explaining them. 


* Page 199s 
A. 


A. 


OPP 


D. 


Se 


Ss f. Bee f 


4 
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denote the value of an annuity on the re- 
- spective lives of A, B, and C. 


denotes the value of S on the contingency of 
C’s surviving A (by Quest. XI. Note O). 

denotes the same value on the contingency of 
B's surviving A, found by the same Ques- 
tion. 

denotes the value of an annuity on a kfe one 
year younger than B. : 

denotes the value of the absolute Reversion of 
S after the death of A (by Quest. X. p, 32.) 

denotes the value of an annuity on a life one 
year younger than A. 

denotes the same value on a fe one, year 
younger than C. 

denotes the value of an annuity on the longest 
of the three lives A, B, and C. 


. denotes the value of S, by the first Problem 


in this Note, on the contingency that A’s 
life shall be the first that fails. i 

denotes the value of an annuity on a life one 
year older than A. 

denotes the same value ona life one year older 
than B. 

denotes the value of S, by the 8th Problem, 
on the contingency of A or B, being either 
of them the frst that fails. 

denotes the value of S on the contingency of 
B’s dying after A (by Quest. XII. Note O). 

denotes the given sum. 

denotes the value of an annuity on a life one 
year older than C. 

denotes the perpetuity. 


W. denotes the value of S on the contingency of 


C's dying after A & Quest. XII. Note O). 


VoL. I I. : & and 
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a and a, denote the number of persons living in 
a table of observations at the ages of H and 
A. 

8 and b, denote the number of persons living at 

the ages of F and B. , 

x and c, denote the number of persons living at 
the ages of K and C. 

s, m, and d, denote the number of persons living at 
the end of the first year from the respective 
ages of A, B, and C. 7 

r, denotes the value of 1 increased by its in- 
terest for a year. 

The combinations of two or three of the several 
letters, A, B, C, F, H, &e. denote the values of 
annuities on the joint continuance of two or three 
of those respective lives. 


PROBLEM If. 


To determine the value of a given sum, payable 
if A should be the frst that fails of the three lives 
A, B, and C. 


SOLUTION. 


When B or C are the oldest of the three lives 
the value of the Reversion will be = S into <- x. 


6.FK—AFK | BK — ABK Tay ag 
@.FK—AFK , BK + 6 x FC—AFC + 


Sr en & nde. fis - 
r=... SiR m. PC — APC d 
BT — ABT m. PT — APT 


ES LOL, cD ee) Barr mentee eeceregs 


sa aati “6 
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When A is the oldest of the three lives the value 


a 


LAFC 


. Crete a. sO aah omy Se we 3) 48 - 3r 
K SSeS: AB = ABC) + wx 
.PN—PNC . 
“A —-—= — AP — APC. 
‘t= -« doodle a & 


& ny ee FT # eis , re 7 S-? of aoe a haky Do 3 
When the three lives are equal, the value will 
Bete Boyd teh VHOGE lint vad tudo! od 
== 9 en Nae 
r 


rs: = 
tied” death 4 4 


a ‘ 
j , 2,9 
ca? tii 


« v 
. ae fa 


~ 


YVOTTILICg 
PROBLEM ‘Il. 


so Lo determine the value of a given sum, payable 
if A should be the second that fails of the three 
lives AS Brand €.- © 7 ey 


ee Sa 
wah ® tod 


SOLUTION. 


_ When the ages are unequal, the-value of the 
Reversion will be = D + E =~ 2M, 
When the ages are equal, its value will-be == 


ee ce 
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PROBLEM III. 
To determine the value of a given sum, payable 
_on the death of A, if his life should be the Jast 
that fails of the three lives A, B, and C. 


cee SOLUTION. 


; The value of the Reversion in this case will be 


; an | ’ 
either G + M — 1} -+- H, or = ——, 3c 


cording as. the ages of the lives are unequal or 
equal. BhSAES 9 


SOLU 


J Ye 


ee. 


PROBLEM IV. 

To determine the value of a given sum, payable 
on the extinction of the lives of A and B, should 
they be the jirst that fail of the three lives A, B, 
and GC. 

SOLUTION. 


Let £ denote the value of S on the contin- 
gency of C’s surviving B (by Quest. KI. Note 
©), and the general rule, when the lives are un- 


yee A ohak 
equal, will be = & X se x HC — HBC — == 


a ee a ' <ceeinte 
HR HBK .Yeetod@er — 27-1! 
x So PAR ABK — ae x 
¢ 4 < i; 4 ’ Ss. , 
ACABCL! SNe NEC 
ar cr 
ae s j 
AT ABT + ‘Sto *™. ------ If the three 
lives be egual, the Rule becomes aie a x 


V — acc — 2CCC. 


*" PROBLEM V. 


To find the value of a given sum, payable on 
the death of A, if his life should be the jirs¢ or 
second that fails of the three lives A, B, and C. 


SOLUTION. 
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' SOLUTION, | : 
_ The value of the Reversion, when the lives are 
unequal, will be = D+ E—M <a 
When the lives are equal, it will be = ars : 


aV — 3CG — CCC. 


PROBLEM VI. 


To find the value of a given sum, payable on 
the death of A, should his life be the second or 
third that fails of the three lives A, B, and C. 


SOLUTION. : 
_ If the lives be wnegual, the value of the Reversion. 
will be = G — M.——If the three lives be equal, 
its value will be = tok 6 2V¥ aC CCC, 


PROBLEM VIi. 


“To find the value of a given sum, payable on 
the death of A, should his life be the frst or the 
fast that fails of the three lives A, B, and C, 


SOLUTION. 

In this case the value of the Reversion will be 
se G -D+E -+- 2M, if the lives be unegual, 
and = stat x 2V—3C — 3CC + 2CCC, if 
the lives be equal. — | 


PROBLEM 
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PROBLEM VIII. 


To determine the value of a given sum, payable 
on the death of A or B, should either of them be. 
the oe: that fails of the three lives A, B, and C. 


SOLUTION, - woe cee 


Let ©, as in Prob. IV. denote the value of 
S on the contingency of C’s surviving B, and 
the value of the BG ap when C is the pidast 


of the ager a6 will b “= S into — x 


Se : dt '¥ Blak 
eR A 4 BRO ABE. BCR ARC 
Poi BC — ABC. ...m PC — APC d 


3r OSE 66r~ “Scr 
ry aig «3 at et g,----Butif A be 


Nye oldest, “She-valie gill be = == S into 
_ £ y eH HIC + Hib = HBC ¢.AF—AFC 


ane V.— AB AB 
“” 


xX 


nn ee 


3a b pees rer Qes 65 
$25 —— rr ne an ABC whe ded x 
eae adi ae — PNC 
Rr ye cer Ao, -. ee And if, the three 

2.S.r—1 


lives be equal, the value will be == sat 


| PROBLEM IX. 


To determine the value of a given ae payable 
on the death of A or B, should either of them be 
the second that fails of the three lives A, B, and C, 


SOLUTION. 
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SOLUTION. 


When the lives are of unequal ages, the value of 


—_———— ee AS ae 


the Reversion will be == 22M AP +D+5— 


2Q ---- (Z denoting the same rie as in Prob. IV. 
and VIII.) When the ages of the 3 lives are equal, 


the value will be = ee x V—3CC— 2CCC. 


PROBLEM X. 


To find the value of a given sum, payable on 
the decease of B or C, should either of them be the 
last that fails of the et lives A, B, and €; 


SOLUTION. 
_ The value of the Reversion, when the lives are 
poe will be = FS te BC — ABC+R-- 


W — M, and when the lives are all egual, it will 


be = 282-3 ¢ Vo £. 


r 


PROBLEM Al. 


To determine the value of a given sum, payable 
‘on the contingency of C’s surviving B, provided 
the life of A shall be then extinct. 


SOLUTION. 
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SOLUTION. 


When either Bor C are the oldest of the three lives, 
the value of the given sum will be = S into ‘es x 


a ety egy) + = x FC—AFC 


ee BE — ABC x PG ARC 


m, PT — APT 
<x BI — ABT = isigl ns a a 


W, hen Avis the oldest of the three lives, the value 


ac x HO = BBC 71 % ACH ABC + = 


au ic AOE BOO GEENA 
x NOLIN) Ay ADEABTp GRE SNET 


3cr a 
‘(2 denoting the same value as in Prob. IV. VIII. 
and IX.) ---- When the three lives are equa/, the 


value of the Reversion wil te = S: Se ‘ 4 


Vso 2000, 
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SECTION II. 


Ts HE remaining problems involve a contingency 

which makes it extremely difficult to give an 
exact solution of them. By the assistance, how- 
ever, of the tables inserted at the end of this Note 
the difficulty may in a great measure be sur- 
mounted ; but it is to be observed that the rules 
are unavoidably rendered more complicated, and 
therefore, in addition to the symbols already used, 
it has become necessary to have recourse to the 
= , 


oT Y; and x, denote the differences between the re- 
spective ages of A, B and C, and of the oldest 
person in the Table of Observations. 
k, the number of persons living at the age of A 
at the end of 2,-y,+or z years, according as 
. A,B or Cis the oldest life in the Problem. 
p, the like number at the age of B.. 
g, the like number at the age of C. 
d, the probability (by Table II. at the end of this 
Note) that A dies after C. 
s, the probability (by the same Tabl e) that C dies 
after 
A, the probability (by Table Eat the end of this 
~ Note) that C survives B. 
yw, the probability (by Table IL.) that C dies 
after 
y, the probability (by the same Table) that B dies 
dfterC.  : 
7, the probability (by, the same Table) that 4 dies 
- . after J 
, the probability (by Table I.) that B Dea A. 
my, a Ae yey oe O, BY, BC, Go, Ce 
CO, 


. * i 
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C’, CAl*, &c. the values of annuities on the 
single or joint lives for 7, y, % years. 

Ai: A’, B;, B:, C3, OF, &c. the values of an- 
nuities on single lives, a, y, or z years older 
than A, B, C, &c. 7 

” 4s “cy the value of £1 at the end of z, y, or 
vs years. 


PROBLEM XII. 


To find the value of an annuity on the life of C 
after A, on the particular condition that A’s life 
when it fails shall fail before the life of B. 


SOLUTION. 
If C be the oldest of the three lives, the value 
will be = SAS 4 BOARS. IfA be the oldest, 


the value will be = ae +>%C—-C— 


ACT BAC If B Le the oldest, the value will be = 

pti noe nti fe CU ee. eee 

three lives be equal, the value will be = on Ske. 
PROBLEM XIII. 

To determine the valué of an annuity during 

the life of C after A, provided A should survive B. 


SOLUTION. 
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SOLUTION. 


} The value when C is the oldest of the three lives 


: C— AC BC — ABC A 
will be = shag hi aie eos; when A is the 


pide: ibubilidbe never Motes Orhede le ro Eton 


AC — AB ‘ | 
AC — ABC, when B is the oldest = C — AC — 
Cy — AC} — ABC aa a 
ee RE ean eae, , and when 
the three lives are equal, the value will be = 
© -296¢ + Cc 

ee 


PROBLEM XIV. | 


To determine the value of a given sum payable 
on the death of A and C, provided B should sur- 
vive one life in particular (A). 


SOLUTION. 


Let the value of an annuity of <1 depending 
on the contingency in Problem XII. be denoted 
by Y, and the value required, when the ages are 
unegual, will be = Ib — Sef m1 ¥ ESBut ifthe 


7 


Sir—1 
ages be egual, the value will bow see, & 
- x 


1 gy 9! ea ARNO a T* 


PROBLEM XV. 


To find the value of a given sum payable on 
the death of A and C, should B die before one life 
in particular (A). 

SOLUTION. 
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SOLUTION. 


Let the value of an annuity of 341 depending 
on the contingency in Problem XIII. be denoted 
by Z, let the value of the given sum after the - 
death of A and B, provided B should die before A — 
(found by the 2d Question in Note O) be repre- 
sented by X, then will the value réquired be = 
ee S.7—1 

* 


x X if the ages of the three lives be 


| S.r—1 
unequal, or = — 


x V—Lifthe ages be equal. 


2r 


PROBLEM XVI. 


To find the value of a given sum payable on 
the decease of B and C, should their lives be the 
fast that shall fail of the three lives A, B, and C. 


SOLUTION. 
if Band C are both of them older than A, and 


both of ihem nearly of the same age, the value re- 


; tf —1}.,V—ABC B+C 
quired will be = S into — ' owe Fes : ; 


sl ed AR Y AC Ls ue y 1 AP—“CuAre 


Ir 


J nani Gers 3T — AB’ 4m. 1+ APY 
a *x¥1—APr — Ber BRE sen wl = 
2cr 3 36 


i ——— = x BK — ABK +<*""; But 


BC — ABC Ff wy; erp caste 
Reo of tyne AE A A 


3r r Oe. b 


Notes. 2 307 — 


<a a ce COSTED rr ~ eee cera 


— ee a a ee 
8 FC= AFC, m .,4d.PT—APT PC—APC 
bit ee 


ap." Shr a - 

Pr— AP) — case Ae a ‘ATP rf 
yon erren = 

agg fF ~ -|- — oes “ov —C- —— lf 

A be the oldest of the three lives, the general 

rule will be S into EVE 4 BUCS 

=e oe x gg ge) aie 

. 2c 

haaInee Re Le 

a fe pA eg oe ag 

NCINEC 4 4 x Poor’ 4p SENET 


ee ee ee 
SP pe eet el RO EO eer 


x V — B.——And if the three lives be equal, it 
will be simply —- x V—L. 


PROBLEM XVII. 


To find the value of a given sum payable on 
the death of C, provided A should be the first, 
B the second, and C the third that shall fail of 
the three fives A, B, and C. 


SOLUTION. 


When C is the oldest of the threee lives, the 
4 


value of the given sum will be S into — 
vig 
~ 1 Sbe 
x 


ek aes ABC 


APE = ADK 


898 Notes. 


x SERS APT SAPOUL AO. (OM = OU 


C—AC d BT — ABT 
ek eee TS A Tie ies 


B 1s the oldest of the three lives, the value will be 

2 pa, BO ABC ye A EK — AF 
5 into Ch aes 3 & poy pine ~ 
ST ea Tee -PF—-APT =———~o5 
BK — ABK + 2 x S214" _ pC—APC— 
8. FC — AFC a _ "Oy d BT — ABT — 
. 66 (ree — hee Qrc x 3 


Po ATP 4 M82=1 y VOU C:——When A 


is fa oldest, and B the youngest of the three lives, 
the general rule becomes S into riNot +. 


7 taki BE Pome 


BCc}}— AC + CG 
we 


Aaa TET ~ ati Ar 


NC — NEC + aCe MET | o ~ x HC— HBC+ 
x HBK 


+. opt oe or @PNT oo when 


Cc crxt+ 
A is the oldest, and C the youngest of the three 


lives, it becomes S. into ie x V—3C— ABC 


r—i-BC — AC @ “AF—ArC «Hit ~ 
m2 2r ~ 95 3 = 3a Smoot 
2. HB — HBC ings ee 
a waren oe ae neg 
APL Oe 4, 4 ae 
x i4+PC4 aie gee i B 
| Met ste be Meme, CG: pP- *. pint Ve —~ BC): nies 
} cra+i We ee ee AT 


when 
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when-the-three lives are equal, the general ir? is 


S. V 
reduced to ae 


en 


PROBLEM XVIII. 


To determine the value. of a given sum payable - 
on the death of A or B, should either of them be 
the first or second that fails of the three lives 
A, B, and C.. 


| eos 
The value of this reversion in all cases is — 
«x V — AB. 
PROBLEM XIX. 


To determine the value of a given sum payable 
on the decease of A or B, should either of them 
be the second or third that shall fail of the three 
A, B, and C. 


SOLUTION. 


The value of this reversion when A and B are 
older than C, and both of them nearly of the 


oa 


same age, will be 5 into a “ V4 ABC 
ASBYC4AC_ aB— & x AK+BK—2ABK 

+ 5x AF— AFC+ 2x) pears 
But if B be considerably ais Keg of the hea lives, 
the value will be S into “ >x V + ABC — 


Av’+B+BC 


pia. A gps x AR) BK —2BK 


+ 5x AF— arO4.2" xT PAP ea 


r = va If C be the oldest of 


ar’ - ; 
the three lives, the ville of the. reversion will 


"+ ABC 


os r—1X 
int BC AC 
be = S$ into e + Mi 
r Qr 
AB i ATF — ABC if e. HB} — HBC A Es x 
we gene pa 2a Qar 
Ay ‘1+ NPC 1+PC pwr —1.V 8B; 
1-BINCH— x ae eae ee 
<doonad Vis at ae ee 
a 2 x 1+ ABC a 


If the three lives be equal, the value will bes 


Oty Vn G CeO ee 


PROBLEM XX. 


To determine the value of a given sum after the 
decease of A or B, should either of them be the 
first or last that shall fail of the three lives A, B, 
and C, , 


SOLUTION. 


If B be the oldest of the three livesy the 
wd 


value of the given sum will be 5 into 


oh BGi ae Ah Seat SAB ie 


Noteés: | AQK®?. 


a +2 A AKY+ BK —2ABK 4 57. 


aoe ai tS KAP + * BB Ry a 


Lf C be the oldest of rs three lives, the value 


will -be ‘5 jnto, "Y= ABC —1A°+ B — 


6. AF? — AFC _ Ea HFC roe PC 

26 ee Sa be Gad IT ale et ce 
s. + NPC ae = Ee 
a. oo + AB+ & x TENCH 
Ober — 1 


fo ks x VB 4 2 x 


por byt th a 


x” ey A 


ee Was Dy ~~, x AB!.—And 


if the three lives he equal,-the value will be Sr ot 


% A aC FOC COO: 


PROBLEM XXI. 


To find the value of a given sum payable on 
the death of A, should his life be the frst or 
second that fails, and should B’s life, if it fails, 
become extinct before the lite of C, 


SOLUTION. 


The value required in this Problem is no more 
than ‘* the value of a given sum on the death 
“ of A, should C:survive him,” and therefore is 
obtained by the Solution of the first Question in 
Note O. 


VOL. Dp 7 PROBLEM 


AO2 Notes. 


PROBLEM XXII. ~~ 


To determine the value of a given sum payable 
on the death of A, should his life be the second 
or third that fails, and should B’s life when it 
fails become extinct before the life of C. 


SOLUTION. 
When B is the oldest. of the three lives, the 


, : wer 
value of the reversion will be = 5 into —— x 


SS x ——_—_-—__—— , fx. AFK 
oV — 3A’ — ABC — = 4+ BK—ABK+ —G; 
+ x PO ape — SHEAR 4 GX 


Ase eek ee d a 
FC — AFC + 3AF — £ x BI—ABT— 5° x 


res 1 
AK) + ———— et ( Se 


ary + } 


When C is the oldest of the three lives, the value 
will ke <=: S into a= x 2V—3A7—ABC— = x 


BK — ABK + & 4 AFK4 2 x PC—APC— 


De Bi Gk © ee 


gili-# HL blnwtie Die..glist Jade See, 
- ras x BI—ABT + ~ x FC—AFC 


AT “ ; —AB\ g — — = 
-f 3AFl—~ x AK 45° AB rN k.r—1.V—A : 


se: att} 
When A is the oldest, the value will be = 5S 
a ae | a ee ee % eae St 2 ae 
into“ x 2V—3A—ABC — — x AK — ABK 
__ HBK e te Sapte d 


Am ART s. 1+ NBT $ NC — NBC 


7+ NB 


AB - 
————=s\and when the lives are e Mental 


Tq NB 4 AC= AB 
the value will be a x BV 3C— CEG, 


PROB LEM  XXIIL. 


~ To determine the value of a given sum payable 
on the death of A, should his Me be the frst or 
ast that shall fail of the three lives; and should 
B’s life, if it fail, she extinct before the life 
of C, 


~ SOLUTION; 
If B be the oldest of the three lives, the value 
x V=AP ABC + AC_ 48 


thi 


- 


will be S into — 


ta FR x FFAG TER 
ae >. AFK + 5; x AFP FC= AFC}. +8 


eh eT ame Le ACL 
yy ft trey Seticcenaye =H ¢ 


ary+i gacry+t 

be the oldest, the value becomes S into a x 
—— AB” ma 
V-A'— —ABC + = git es & er x eae 
rae. ie AE | 

a ee ee ker — 1. gate — A- 2 
x AF) ab FC = AFC + a tees hee 
If i be the oldest, it becomes S into - mnie 4 
 aaeraregenar a cor AB «. HBC x, AK 
V—A—ABC 4 = _ 3B 4 SHBG pA 
d a /. TACT s y Se 
aon AT—ABT -b = x : oh NC — NBC : 

DD2 ee 


Qacr 
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= x 1+ NBI _____- And if the three lives be 
PC! A EO en 
equal, it becomes = A Va Ga, 0C CCE. 


PROBLEM XXIV. 


‘To determine the value of a given sum payable 
on the death of A, B, and C, provided Chall die 
after one life in particular (A). 


SOLUTION. 
The value of the reversion in this case, when 


B is the oldest of the three lives, will be S into = 


x BC B—ABC+=5 — AB 4 x 1 AP 


oa SABE ey BR ARK W Whee C 
is the oldest of the three lives, the value will be 


Sinto“s+ x BC—B— ABC + — shel 
x 7p APY— Etta’ 2 = BRS ABK+W 


-1,V — B. 
1. ae a oe A is the oldest 


of the three hives, the value will be = S into a 


tt Re A eee = 
x V—B—2C+2BC+4+ AC—ABC + —9--— a 6 +. 


= x HB+HC— HBC — — x BK)*+ 2 Di pic 


+ets TT =p pre VORE 4 boprnt.V— aa, 


brett bcrx+i 
When the three lives are of equal age, the value 
will be = 22=* x Vo3C-+3CC—CCC, thatis 


«half — 


Notes. A405 


*‘ half the reversion after the extinction of the 
three lives.” | 

In the further pursuit of these enquiries I have 
discovered a simple method of approximating to 
the values in the preceding Problems; but it 
would be improper to enter more fully into the 
subject at present. I shall only observe here, 
that the solutions of those cases which involve 
three lives, and even those which involve two 
lives in the survivorship, being formerly deduced 
from an erroneous hypothesis, it was impossible 
to determine how far any approximations could 
be depended upon. By the assistance of the 
foregoing rules which have been derived from the™ 
real probabilities of life, and which I believe ex- 
haust the subject in regard to three lives, this 
point may now be ascertained; though perhaps 
it may not often be adviseable to have recourse 
to approximations, when the exact values can be 
obtained with so little additional trouble. , 

The following Tables are inserted, as being 
necessary to the solution of the Problems in this 
Section. The demonstrations of the rules by 
which they have been computed may be seen in. 
the 79th and s4th yolumes of the Philosophical 
Transactions. 5 ae M. 
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a TABLE 1. 


‘Shewirg. the paobalitliti of survivorship Hetween. two 
persons of aliages, whose common difference of age is 
not less than ten years, computed from the North- 
ampton Table of Observations, 


Ten years difference. Twenty yearsdifference Thirty years difference, 


Ages, |Probabilities.| Ages. |Probabilities,| Ages. |Probabilities, 


5859|.4141 (21 11,52461.4754/31— 1|.4823).5177 


Fy Y 
12— 2/.5136).4864 |22— 2}.4433}.5566|32— 2!.3936).6064 
13— 3].4823).5177 |23— 3|.4088|.5912|33— 3|.3557).6443 

~ 14— 4).4598).5402 |24—— 4/.3900].6100/34— 41.3286 .6714 
15— 5}.4470].5530 |25—— 5|.3769|.6231 |35— 5].3135'.6865 
‘16— 6).4343).5657 |06— 6/.3040].6360 |36— 6|.2985).7015 
17— 7|.4253).5747 |27— 7|.3548!.6452|37— 7|.2883).7117 


18— §8}.4191).5809 |28— 8|.3484|.6516138—  8|.2798).7202 
19— 9).4160).5840 |29— 9|.34,52|.6548 |39— 9|.2753].7247 
20—10].4153|.5847 |30—10}.34411.6559 |40—10|.2733].72607 
Qib—1 11.41 58).5842 |3¥—111.34.40].6560.]41—1 1.2724).7276 
22—12).4168).5832 |82—12},3442!.6558 |42-—12).27 18.7282 
23—-13).4178'.5822 |33—13|.3444'.6556 |43—15}.2714).7286 
24,——14|.41 90.5810, |34——14).34.47|.6553 |44—14).2711).7289 
25—-15}.42021.5798 185—1 51.34511.6549 |45—15).2708].7292 
26—10}.4216).57 84 36—16).3456].6544: |46—16].27061.7294 
27—17 |.4226|.5774 |37—17|.3458|.0542 |47—-17|.270 1.7299 
28—18}.4232).5768 |88—18|,3454!.6546 |48—18].2690'.7310 
29—19].4234'.57 66 |39—19].3444|.6556 |49—19].2672).7328 
30—20}.4231)}.5769 |40— 20].3429).657 1 |50—20}.2650}.7350 
31—21).4229).5778 |41—21].3408).6592 15 1—21|.2621'|.7379 
32—22}.4209).5791 [42—22|.3384!.6616 |52—22).2589|.7411 
33—23|.4197|.5803 |43—23].3359].6641 1583 —22}.2556 1.7444 
34—241.4183).5817 |44—24!.3335|.6665 |54—24|,2522'.7478 
35—25}.4170).5830 |45—25|.3309|.6091 |55—25].2487).7513 
36-—261.41561.5844 46—261.32831.6717 |56—261.24521.7548 
37 —27|.4141|.5859 |47— 27|.3256|.6744 |.»7—27|.2416].7584 
38—28}.4126 .5874 |48—28].3228].6772 |58—28|.2379].7621 
39—29].4110).5890 |}49—29|.3199}.6801 |59—29].2341|.7659 
40~—30).4094).5906 |50—30|.3170).6850 |60—3}.2302|.7698 
41—31).4078).5922 |51—31|.3143].6857 |61—3 1|.2263].7737 
42—32).40603!.5937 |52—32/.31161. 0884 /62—32), PIO FIT Ee 
43-—33|.4040,.5951 |53—33),3088).6912 | O38 nei: sds ig 

: i eg 


59=49 
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Ten years difference. |Twenty yearsdifference|Thirty years difference, 


Ages. |Probabilities.;} Ages. 


eeetone 


44—34.|.40341.5966 |54—34'.3060|.6940. 
45—35}.4019/.5981 |55—35|.3032).69068 
46—36).40041.5996 |56—36].3003|.6997 
47 —37'|.3988|.0012|57—37|.2973|.7 027 
48—38).397 1|.0029 |58—38].2943}.7057 
49—39'.39541.6046 |59—39|.2913].7 087 
50—40/.3938].6062 |60-—4.0].2882).7118 


_ §1—41'.3923}.6077 |61—4.1}.2849].7151 


§2—4.2|.3907|.6093 |62—42|.2814|.7186 
$343} 3890].61 10163—43}.27741-7 226 
§4—4A4!.388 11.6119 |64—441.27 331.7267 
§5—45|.3853|.6147 |}65—4.5|.2690|.7310 
§0—46|.3835}1.6165 |66—46|.264.6|.7354 
57 —47|.3816|.6184 |67—47 |.26011.7399 
§8—48!.37 97 |.6203 |68 —48|.2555|.7445 
3777 (6223 |69—=4.9}.2509|.749 1 
60—50'.3756|.6244 |70—50].24611.7 539 
61—51'.3730).6270 17 1—51).24.061.7 594 
62—52).3700}.6300 |72—52|.234.9|.7651 
63-—53|.3668!.6332 |73—53]-2291|.7709 
64—54'.363.41.6366 |174—541.29235|.7765 
65—55'.3597|.6403 |7 5—55|.218 1.7819 
66—56).35581.6442 |76—561.213 11.7869 
67—357 |.3517|.6483 |77—57 |.2080]:7 920 
68—58 .34741.6526 7 8—58|.2024!.7976 
69—59|.34301.6570 79—50).1959)|.8041 
70—601.3385|.6615 |80—E€6|.1890'.8110 
7 1—611.3338|.6662 |81—611.1823|.8177 
72—62 .3290|.67 10 82-69].1757|.8243 
73—65 .3246|.6754 83—63].1703|.8297 
74—64 .32041.6796 |84—64).167 3|.8327 
75—651.3170|.6830 85 —65).1655|.8345 
76—66'.31451.6855 |86—66].1629 .8371 
77—67|.3120)|.6880)\87 —67|.16038!.8362 
78—68'.3090|.6910 |88—68}.1644).8356 
79—69 .3047}.6953 |89—69|.1623)|.8377 
80—70!.30001.7000 |90—701.1'567|.8433 
81—71 .2958|.7042 19 1—7 1).1450}.8550 
§2—7 2. .2919].7:08 1 |92—72}.1305|.8095 
$3=73).28901.7:1'10 |93—73'.11081.8892 


84—74'.2902|.7098 94—74).0924.9076 | 


85—75 .2917|.7083 95—75).0717|.9283 
86—76).2925|.7075 90-—76).0512'.94.88 


Probabilities,| Ages. 


64——34. 
65—35 
66—36 
607—37 
68—38 
69—39 


71—41 
72—A42 


74—44 


76—46 
77 —A7 


80—50 
81—51 
8252 
83——53 
$4.— 54 
85—55 
86—50 
87—57 
88—58 
89——59 
90—60 
01—61 
92—62 
93—63 
94—64. 
95—65 
96—66 


Probabilities. 


.2138].7862 
.20931.7907 


.2047 |.7953 


.20011}.7999 
.19541.8046 
.1906].8094 
70—40}. 


1859}.8141 


.1810/.8190 
.1758|.8242 
73—43!, 


1705}.8295 


.1653|.8347 
75—~—A5\, 


16041,8396 


.1560}.8440 
1515}.8485 
78—48), 
7949 


1468]|.8532 


1416).8584 


13611.8639 
.1304].8696 
.12461.8754 
119418806 
.11601,8840 


.1130),.887.0 


.11041,.8896 
.1080).8920 
.1063).8937 
.1025|.8975 
.0965!.9035 
.0868).9132 
07541.9946 
.0618'.9382 
.0493'.9507 
.0308).9632. 
0258|:9742 


Ten 
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‘Ten years difference. 


Ages. 


37—77 
88—78 
89—-79 
90—80 
91—81 


92—8 2}, 


93-+-83 
QAm— $8 4 
95—85 


Probabilities, 


.2942|.7058 
.2994.7006 
.3029]|.6971 
.3029].697 8 
2897.7 103 
27 201.7280 
.24201.7580 
.2049|.7951 
-1606}.8394 


06—86).1173|.8827 


Tables. 


g 


inlitiiginal ected tuk Diesel ee D1 as IE own Se iat a Se ae eames 
Forty years difference.|Fifty years difference. |Sixty years difference, 


Ages. |Probabilities.| Ages. |Probabilities.| Ages. |Probabilities, 


4jl— ] 
42— 2 
43— 3 
A4a— 4 
A5— 5 
 46— 6 
AT — 7 
48— 8 
49— 9 
50—10 
51—11 
59-12 
53—13 
54—14 
55—15 
56—16 
57 —.17 
58—18 
59—19 
60—20 
61—21 
62-—22 
63-—-23 


435715643, /51— 1|.3916|.6084 |61— 1|.3494'.6506 
3398/6602 |52— 2).2887|.7113162— 2|.2413'.7587 
-2985|.7015 |53— 3/.2446|.7554/63— 3].1952 .8048 
.2688}.7312 |54—— 4].2128).7872 |64—. 4|.1619 .8381 
.2520).7480 |55— 51.1948|.8052 |65— 5].1428).8572 
.2353).7047 |56— 6|.1768|.8232 |66—~- 6|.1237).8763 
.22301.7770 |57— 7|.1635|.8365 |67— 7|.1092|.8908 
.2140).7 860 |58— 8}.1535|.8465/68—— 8}.0082'.9018 
-2086|.7914 |59— 9|.1474).8526 |69— 91.0912|.9088 
.2059].7941 |60—10|.1442|.8558 |7©—10|.0873|.9127 
.204.5|.7955 |61—11}.1422|.8578 |71—11].0846|.9154 
.20351.7905 |62—12].1406].8594 |72—12|.0825|.9175 
.2020}.797 4 |63—13].1390|.8610 |73—13).0805|.9195 


-2018].7982 |64—14).1876 
-2011}.7989 |65—15).1362 
-2005|.7995 |e@6—16}.1350 
.1996}.8004 |67—17|.1335 
-19811.8019 |}68—18).1314 
-1959|.8041 |(69—191.1286 
.1931|.8069 |7O—20).1253 
.1896|.8104 /71—21/.1211 
-1855).8145 |72—22].1165 
-1812).8188 |73—23'.1120 


8624 |74—14).0788|.9212 
8638 |75—15|.0775|.9225 


8650 |76—16|.0768|.9232 _ 


8665 |77—17|.0759|.9241 
8686 |78-——18}.074.3|.9257 
.87 14 /79—19].0719|.9281 
.8747 |80—20!.0690|.93i0 
8789 |S1—21].06551.9345 
8835 |82—22}.06 i 6|.9384 
8880 |83—23!.0581}.9419 


§4-—~24).1768].8232 |74—-24 .1075|.8925 |84-—24!.0556].0444 


mae 


Forty 


| cemmetioaia | 
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65—25].1722|.8278 |75—25 
.1676}.8324 |76—26).0991|.9009 |86—26 
.1629|.8371 177 —27 


66—26 
67—27 
68—+28 
69—29 
70—30 
71—31 
7o-—32 
73—33 
74—34 
75—~35 
70—306 
77 —-37 
78—38 
79—39 
80—40 
81—41 


$4—44, 
85—45 
86—46 
87—47 
88—48 
89-—4.9 
90—50 
91—51 
92—52 
93—53 
94—54, 
95—55 
90-50 


15811. 
15321. 
1483}. 
1434). 
1384). 
1335). 
1287]. 
1242). 
1189). 
1156}. 
1112). 
1064). 
10211. 


8517. 
8566 
8616 
8665 
8713 
8758 
8801 
8 844. 
8888s 
8936 


8419 |78—28 


80—30 
812231 
82—32 
83—33 
§4-— 34 
§5—35 
86—36 
87—37 
88—38 
89-—39 


8979 |90—40 


.0968}.9032 |91—41 
82—42].0919].9081 |92—4.2 
83—43}.0876].9124 |93—43 
.9846|.9154 |94—44. 
.0818}.9182 |95—45 
-0795}.9205 |96—46]|.0123|.9877 


.0774).9226 
9759|.9241 
.0732|.9268 
.0690|.9310 
.0017/.9383 
.9533|.9467 
.0432).9568 
.0342|.9658 
.0251|.9749 
.0173|.9827 


oe 


.1032|.8968 |S5—25 


.0950].9050 {87 —27 


.0907|.9093 |S8S—28 
8468 \79—29|.0861).9139 |S9—29 


.08151.9185 |90—30 
.0770|.9230 |91—31 
.0727|.9273 |g2—32 
.0688}.9312 |03—33 
.0660|.9340 |94—34 
.06351.9365 |95—35 
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a A TT SIN EB rt 
Forty years difference.| Fifty years difference. |Sixty years difference. 


Ages, |Probabilities.| Ages, prrowabiiiie. Ages. Probabilities. 


.0532|.9468 
.0511!.9489 
.04.90!.9510 
0473).9527 
.04.48!.9552 
.04:13!.9587 
.0363].9637° 
.0310).9690 
.024.8).97 52 
.0194'.9806 
.014.0'.9860 


.061 2}.9388 |96—36).0095|.9905 


.0591}.9409 
05741-9426 
.054.8|.94.52 
.0511|.9489 
.0455|.9545 
.0392}.9608 
.0315|.9685 
02471-9753 
.0180}.9820 
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Tables. 


Seventy years difference|Highty years difference.|Ninety years difference. 


Ages. |Probabilities. 


71— 1|.3049.6951 
72— 91.1945'.8055 
73— 3}.1487|.8513 
74— 41.1159).8841 
75— 5|.0980'}.9020 
76— 61.0798|.9202 
77— 7|.0660|.9340 
78— 8|.0553).9447 


79— 9|.0484).9516 
80—10}.04.441.9556 
$1—11].0418].9582 
§82—12}.0397|.9603 
83—13].0380|.9620 
$4—141.0372).9628 
85—15).0368).9632 
80—16|.0370)}.9630 
87—17|.037 3|.9627 
88—18|.03751.9625 
89-—191.0367|.9633 
90—20}.034.5}.9655 
91—21|.0309|.9691 
92—22|.0263].97 37) 
93—-23).0210].9790 
94—24.0164).9836 
95—25|.0118).9882 
96—26'..0080'.9920 


85— 5|.0634|.9366 |95— 5|.0212 
86— 6|.0492).9508 |96— 6].0115|.9885 


JO—10).0216}.9784 


92—12|.0157|.9843 
93—13).0125|.9875 


Ages. |Prebabilities.| Ages. 


Probabilities. 


SI— 11.2495|.7505 |91— 1).1893|.8107 
82— 2).1437|.8563 |92— 2].0918'.9082 
83— 3|.1034|.8966 |93— 3/.0553 .9446 
84— 4/.0763|.9237 |94— 41.0312.9688 

.9788 


87— 7|.0385|.9615 
§8— 8/.0304) 9696 | 
89— 9].0250).9750 


91—11).0186].9814 
94—14'.0097|.9903 


J5—15'.007 0}.9930 
96—16).004.9).9951 


Tables. 


TABLE II. 


All 


- Shewing the probability of one’s life dying after another.* 


‘Ten years difference.|T wenty years differ. 


Ages. 


ewosseses 


Youngest; Eldest. 


5858 


1/111.3973 
12).46604 
3/13}.4.962 
4/14/.5176 
5\15|.5297 
6116|.5412 
7\17'|.5501 


.5136 
4822 
4597 


A347 
4252 


4469. 


8)18|.5559 |.4190 


| 4 
40 


12/291, 
13/23). 
74/24). 
15/25). 
16/26). 
|27). 
28). 
29), 


25/35 
26:36 
27 37 
28138 


1),5490 


19|.5580|.4159 
90).5591|.4152 
21|.5583'|.4157 


§571|.4167 
5558\.4178 
5544|.4189 
6530|.4201 
56131.4215 
5500 |.4225 
5490 |.4232 
5486 |.4.233 
5485 |.4230 
4221 
4209 
4196 
5515'.4183 
5524 A169 
5533 4155 
5543 '.4140 
5553.41.25 


5498 
5506 


Ages. 


1 


2)22) 


3 


AlQ4 
5125! 
6/26 


7 
8 


9|29 


10 
Ed 
i2 


13 


14\34 
15/35). 
16/36}. 
17/37|. 
18/38). 
39}. 
4.0). 


19 
20 


21 
22 
23 
24 
25 
26 


28, 


Q1 


23 


PN 
pi 


30: 
31 
a2 
85 


41}. 
42). 
43}. 
44. 
45). 
40 
47 
48 


Youngest Eldest. 


— 


Ages. 


SLi. 


Youngest 


3885. 
4530. 
4803 . 
4934. 
5028 . 
5120). 
5183 |. 


a2 
33 
34: 


i F) 
36 
3f 


3934, 
4155 
A307 
4382 
4450 
4498 


5223. 


5237 | 
5232 |: 


5223|. 


5209 |. 
5187. 
5179!. 
3449 
.3454|16)46 
3456 
33452 
3442 
a7 
3406 
ros ts Pe 
3356 
91101, 


5162 
5144 
5128 
5117 
5109 
5105 
5105 
5107 | 
5110 


oLI2 |: 


51121, 
5113 |. 
5114132 


38 
39 
40 
41). 


OO ON DOF WW 


45}. 
14\44. 
15/45 


17|47' 


19 
20 
21 
122 
23 
3332'24 
3306/25) 
3280 


49 
50 
51 


53 


Jo 


20 
3253 27157 
28 


Ok 


AD, 


4533 
A541 
4532 


A42|. 


4430 
44.05 
4381 
18/48. 
4342 
4325 
4312. 
52". 
4.284 
54. 
4253 
56. 
A2V2 .2413 
EIB 


4821 
3934 
0559 
3284 
3133 
2983 
288 1 
2796 
27 51 
273% 
12704 
44.97'.2716 
44.70.2712 
4:453|.2709 
-2700 
2704 
22699 
2088 
2670 
2648 
2618 
2586 
£2553 
4268 .2519,24 
-2484125 
2449 26 
oT 


4.199 .2376|28 


3384 1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
|e 
13 
14 
15 
16 
17 
18 
19 

20 

21 

22 

23 


4516 


4,800 


4298 


| 


4235. 


Al}. 
AQ}. 
43}. 
AA. 
45). 
46}. 
47 |, 
AS}. 
40}. 
50}. 
51}. 
5Q\. 
53. 
54. 
55}. 
56). 
57 |. 
158}. 
59). 
601. 
611. 
92 
63 
64 
65 
06 
67 
68 


Thirty years differ. |Forty years difference, 


Eldest. | Ages. |Yo | Eldest. 


nemerenes ame ne 


2908 
3355 
3526 
3642 
3694 
3746 
3777 
379i 
3788 
Site 
3747 
3719 
3690 
3659 
3626 
3591 
3551 
3523 
3491 
3459 
3428 


3399 
3244, 
3339 
3307 
wool ® 
3238 
3201 


14355 
3396 
1.2983 
.2086 
2518 
2351 
2228 
-2138 
.2084 
2057 
£2043 
-2033 
2024 
.2016 
.2009 
.2003 
1994 
.1978 
-1956 
1928 
.1893 
.1852 
1809 
1765 
1719 
1073 
.1626 
1578 


* In this and the preceding Table the certainty of both lives becoming extinct is 
denoted by unity, this number being best suited to the solutions in the foregoing 


problems. 
tiie decrements of 


It may not be improper to add, that both tables, though deduced from 
life at Northampton, may be safely used, even when the values 


of the life annuities are derived from a different source, as the probabilities they 
express are very nearly the same, from whatever table of observations they are 
computed, 
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Ten years difference.|Twenty years differ. 


Eldest. Ages. Younges 


21.4110/29/49].5115 
4094}30)50}.5115 
407 8131151}.5112 
.4063/32/52).5108 
.4.048}33}531.5 104 
.403.4/34154].5099 
4022135155} .5092 
.4003|36|56}.5086 
.3986|371571.5072 
 1.3968/38]58].507 1 
.3951139/59}.5051 
14.1.3934/40160).5049 
9 }.3920]41|611.5038 
76 |.390442/62|.5026 

-1,3886|43|/63).5017 
.38681441641.5007 
.384.9]45105 
3830146166 
381114797 
13792148168 
.3773|49/69 
.3751|50|70 
3725/5171 
3695152172 
.3602153/73 
.3629/5417 4: 
3591155175 
.3551/56\76 
3511157177 
.3467158!78 


4982 


4907 
4885 
4860 
4830 
4793 
A747 
4691 
4628 
4561 


4.995 |. 
2041 |46176 
4967 |.2596 |47 
4950). 
49457. 
24,55 150 
2400151 
2342152 
62284 153/83 
2227 154/84 
2473 
2122 |56186].2338 
2070 
£2013 
'.3423159'79}.44.94). 1947 


Tables. 


Eldest. Ages. 


eee 


3196 |29|59|.4179 
3167 |30/60 
3140 |31|61 
3113/3262 
3085 
.3057 134104 
23029135105 
.3000 136166 
2969 |37|67 
2939 138168 
-2909 139/69 
.287 8 |40|70 
2845/41. 
.2810 {4.2172 
.2770|43|73 
£27 28 |4.417 4 


4159 
4136 
4112 
33|63).4089 
4037 
.4009 
3978 
3945 
3910 
JO 2 
.3829 
20/85 
3736 
3681 
3017 
3544 
3465 
3383 
3308 
3207 
3105 
2993 
2864 
.2706 
£2530 


41\71 


2685 |4.5|75 


‘ih 
78 
tee 
80 
81 
82 


9550/48 
2503 149 


55|85 


57|87|.2127 
58/88|.1891 
59|89|.1057 


Youugest| Eldest. 


4066 |. 
.2089)/35/7 5|.2858 
.2043|36176}.2788 
.1997137177|.2715 
.1950|38|78}.2637 
.1902|39|79|.2559 
.1854140/80].2470 
.1805|41/8 1|.2384 
17 $3/42|82|.2286 
.1699|43/83}.2174 
1647 |44|84).2040 
.1598)45}85].1598 
.1553/46/86].1743 
.1508]47187|.1576 
-1460/48/88}.1393 
.14.07|4-9|89].1214 
-1381/50/90].10352 
.¥293/51/91|.0865 
.1234152/92!.0691 
.1180]53/93}.0520 
.1143/54|94).0324 
1110/55) 95).0126 


Ages. 


.2338/29|69].3 164. 
.2299/30/70}.3122 
.2260/31171|.3077 
.2220|32|72|.3029 
.2177133|73|.2977 


2134/341741.2921 


1079 


1049 
1025 


0979 


Thirty years differ. |Forty years difference. 


Youngest; Eldest. 


1528 
.1479 
.1430 
.1380 
1331 
1282 
1237 
1194 
.1150 
.1106 
.1057 
.1014 
.0960 
.0910 
.0865 
0824 
.0803 
.0776 
0751 
0731 
.07 00 
.0649 
.0569 
0476 
.0363 
.0252 
.0126 


pen SE 


Youngest] Eldest. 


Tables. 


Ages. |Youngest 


.1876|60\9001.1424 
.1808]61/91}.1204 
.1740/62/92'|.0973 
.1683|63193|.07 40 
.164.9|64)94'.0467 
.1626165|95|.0184 


Ten years ditference.|I'wenty years differ. |Thirty years difference, 


Eldest. 


£0909 
801 
0074 
.0520 
0364: 
.0184 
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414 Tables. 


Fifty years difference, |Sixty years difference, Seventy years differ.|Lighty years differ, — 


omeere 


Youngest| Eldest. | Ages. Kevpaety Eldest. 


— 


Ages. |Youngest| Eldest. Ages. \Youngest| Eldest. | Ages. 
ee 
115 11.2419)}.3914] 1]611.1957}.3491 | 1:711.1544).3045} 1]81),12904).2485 
2'52).27061}.2885} 2/52].2184). 2411 | 2]721,1622].19421 2/82).1189].1426 
3/53}.2879|.2444] 3/93).22451.1950 | 3173/,1604|.1484| 3/83]. 1042). 1027 
4:'54|.2954|.2126| 4|641.2276].1617 | 4174/.15731,1156] 4/841,0901|.0756 
ste .2979}.1946| 5]05].2275},1426 | 5175|.1523'.0977} 5|85|.0768|.0626 
vi 
8 


a 


| eI 


56].3005 |.1766} 6|661.2275},1235 | 6|761.1477|.0795} 6|86|.064.9].0484 
57|.3011].1633 | 7/07|.2266].1090 | 7|77|.1433|.0657| 7|87|.0546|.0377 
58].3014/.1533 | 8/68].%251}.0980 | 8|78}.1390|.0550] 8/88!.0457|.0204 
~ 9/59}.2998}.1472 | 9/69].2226].0910 | G1791.134.0).0481] 9189/.0382}.0239 
10 66 -2972).1440 |10)70}.21941.0870 |10/86].1301 |.044.0} 10]/90].03 18].0203 
11/611.2940 1.1420 ]11}71}.2156}.0843 |11/811.1250|.0414)11|91}.0274},0158 
12/62/.2906}.1404 |12/7 21.2114!.0822 |12/891.1193!.0392|12|92|.0204|.0140 
13|63}.2870}.1388 |13|73}.2070}.0802 |13|83|.1137 |.0375]13}93|.0149|.0105 
14/64,.2833|.1373 |14|741.2022|.0785 |14/841,1068|.0366|!4194|.0091).007 1 
15)/65}.2793).1359 |15|7 5|.1973].0768 |15}85].0993!.0361)15}95|.0035|.0035 
16/66|.2751/.1347 |16|76}.1909).0764 |16|S6].0912}.0360 
17|67 1.2707 |.1332 |17|77].1845|.0755 |171871.08211.0362 
18/68}.2662)}.1311 |18178}.1780).0739 |18188|,07 23|.0360| Ninety years differ. 
19|69|.2617|.1283 |19}79].1713].07 14 119/891.0623].0350 
20)7 0}.2570}.1250 |20/80].1643|.0685 |201901.0525].0327 
21/7 1).2524),1208 |21|81!.1569/.0649 121191],0433/.0286] 41911,10981.1803 
22/7 2).2476|.1162 |22 82|.1490].06 10 |22/92/,0342}.0235] 91991.07501.0844 
2317 3}.2424|.1116 23.83 1405 |.0574 |23/93].0253|.0177| 31931,05101.0480 
© 24174),.2369].1071 |24 84..1305|.0548 |24}944,0155].0121| 4/941,02911.0234 
25/75).2308 |. 1028 |25/85).1201/.0523 |25}95!|.0059].0059| 4195).01101.0110 
26/76).2242|.0987 |26,86).1091|.0499 / 
27177 |.2174|.0945 |27 '87|.0975|.0476 
28/7 8}.2103|.0902%28 88.085 1|.0456 
29|79|.2031|.0856 [20 89 .0731].0497 
30/80}.1956].0809 |30 90.0615}.0389 
31/81].1876}.0763 |31/91!.0510}.0335 
32)82].1788)|.07 20 |32/92).0402|.0277 
33183],1692|.0680 [33 .93|.02981.0209 : 
34/84).1580}.0650 |34/94).0183}.0143 
35'85/.1460|.0624 135 95|.00591.0059 ] 
36 86].1333].0598 
37/87}.11981.0574 
38/88}.1052}.0553 
39 86].0900|.0523 
40, 90|.0770},048 } 
41 91|.0641|.04.20 
42 92}.0509|,0350 
43/93|.0380}.0265 
44 94.|.0235|.0182 
45,95|,0090}.0090 


Ages. |Youngest| Eldest« 


o ii. 
END OF VOLUME FIRST. 
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a ia, " XM ral 

AR ny 
— ae } 
re Pwd 


ee ae 


